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Preface 
The present volume is an outgrowth of a Conference on Mathematical 

Tables held at Cambridge, Mass., on September 15-16, 1954, under the 
auspices of the National Science Foundation and the Massachusetts Insti
tute of Technology. The purpose of the meeting was to evaluate the need 
for mathematical tables in the light of the availability of large scale com
puting machines. It was the consensus of opinion that in spite of the 
increasing use of the new machines the basic need for tables would continue 
to exist. 

Numerical tables of mathematical functions are in continual demand 
by scientists and engineers. A greater variety of functions and higher 
accuracy of tabulation are now required as a result of scientific advances 
and, especially, 9f the increasing use of automatic computers. In the latter 
connection, the tables serve mainly for preliminary surveys of problems 
before programming for machine operation. For those without easy access 
to machines, such tables are, of course, indispensable. 

Consequently, the C"onference recognized that there was a pressing 
need for· a modernized version of the classical tables of functions pf 
Jahnke-Emde. To implement the project, the National Science Foundation 
requested the National Bureau of Standard<; to prepare suc}l a voiume and 
established an Ad Hoc Advisory Committee, .with Professor Philip M. 
Morse of the Massachusetts Institute of Technology as chairman, to advise 
the staff of the National Bureau of Standards during the course of its 
preparation. In addition to the Chairman, the Committee consisted of A. 
Erdelyi, M. C. Gray, N. Metropolis, J. B. Rosser, H. C. Thacher, Jr., John 
Todd, C._B. Tompkins, and J. W. Tukey. 

The primary aim has been to include a maximum of useful informa
tion within the limits of a moderately large volume, with particular atten
tion to the needs of scientists in all fields. An attempt has been made to 
cover the entire field of special functions. To carry out the goal set forth 
by the Ad Hoc Committee, it has been necessary to supplement the tables 
by including the mathematical properties that are important in compu
tation work, as well as by providing numerical methods which demonstrate 
the use and extension of the tables. 

The Handbook was prepared under the direction of the late Milton 
Abramowitz, and Irene A. Stegun. Its success has depended greatly upon 
the cooperation of many mathematicians. Their efforts together with the 
cooperation of the Ad Hoc Committee are greatly appreciated. The par
ticular contributions of these and other individuals are acknowledged at 
appropriate places in the text. The sponsorship of the National Science 
Foundation for the preparation of the material is gratefully recognized 

It is hoped that this volume will not only meet the needs of all table 
users but will in many cases acquaint its users with new functions. 

June 1964 
Washington, D.C. 

ALLEN V. AsTIN, Director 
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Preface to the Ninth Printing 
The enthusiastic reception accorded the "Handbook of Mathematical 

Functions" is little short of unprecedented in the long history of mathe
matical tables that began when John Napier published his tables of loga
rithms in 1614. Only four and one-half years after the first copy came 
from the press in 1964, Myron Tribus, the Assistant Secretary of Com
merce for Science and Technology, presented the 100,000th copy of the 
Handbook to Lee A. DuBridge, then Science Advisor to the President. 
Today, total distribution is approaching the 150,000 mark at a scarcely 
diminished rate. 

The success of the Handbook has not ended our interest in the subject. 
On the contrary, we continue our close watch over the growing and chang
ing world of computation, and to discuss with outside experts and among 
ourselves the various proposals for possible extension or supplementation 
of the formulas, methods and tables that make up the Handbook. 

In keeping with previous policy, a number of errors discovered since 
the last printing have been corrected. Aside from this, the mathematical 
tables and accompanying text are unaltered. However, some noteworthy 
changes have been made in Chapter-2: Physical Constants and Conversion 
Factors, pp. 6-8. The table on page 7 has been revised to give the values 
of physical constants obtained in a recent reevaluation; and pages 6 and 8 
have been modified to reflect changes in definition and nomenclature of 
physical units and in the values adopted for the acceleration due to gravity 
in the revised Potsdam system_ 

The record of continuing acceptance of the Handbook, the praise that 
has come from all quarters, and the fact that it is one of the most-quoted 
scientific publications in recent years are evidence that the hope expressed 
by Dr. Astin in his· Preface is being amply fulfilled. 

November 1970 

LEWIS M. BRANSCOMB, Director 
National Bureau of Standards 
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Foreword 
This volume is the result of the cooperative effort of many persons and a number 

of organizations. The National Bureau of Standards has long been turning out 
mathematical tables and has had under consideration, for at least 10 years, the 
production of a compendium like the present one. During a. Conference on Tables, 
ca.lled by the NBS Applied Mathematics Division on May 15, 1952, Dr. Abramo
witz of that Division mentioned preliminary plans for such an undertaking, but 
indicated the need for technical advice and financial support. 

The Mathematics Division of the N ationa.l Research Council has also had an 
active interest in tables; since 1943 it has published the quarterly journal, "Mathe
matical Tables and Aids to Computation" (MTAC), editorial supervision being 
exercised by a Committee of the Division. 

Subsequent to the NBS Conference on Tables in 1952 the attention of the 
N a.tional Science Forinda.tion was drawn to the desirability of financing activity in 
table production. With its support a 2-day Conference on Tables was ca.lled at the 
Massachusetts Institute of Technology on September 15-16, 1954, to discuss the 
needs for tables of various kinds. Twenty-eight persons attended, representing 
scientists and engineers using tables as well as table producers. This conference 
reached consensus on several conclusions and recommendations, which were set 
forth in the published Report of the Conference. There was general agreement, 
for example, "that the advent of high-speed computing equipment changed the 
task of table making but definitely did not remove the need for tables". It was 
also agreed that "an outstanding need is for a Handbook of Tables for th0 Occasional 
Computer, with tables of usua.lly encountered functions and a. set of formulas and 
ta.'bles for interpolation and other techniques useful to the occasional computer". 
The Report suggeste4 that the NBS undertake the production of such a. Handbook 
and that the NSF contribute financial assistance. The Conference elected, from its 
participants, the following Committee: P. M. Morse (Chairman), M. Abramowitz, 
J. H. Curtiss, R. W. Ha.mming, D. H. Lehmer, C. B. Tompkins, J. W. Tukey, to 
help implement these and other-recommendations. 

The Bureau of Standards undertook to produce the recommended tables and the 
National Science Foundation made funds available. To provide technical guidance 
to the Mathematics Division of the Bureau, which carried out the work, and to pro
vide the NSF with independent judgments on grants for the work, the Conference 
Committee was reconstituted as the Committee on Revision of Mathematical 
Tables·of.the Mathematics Division of the National Research Council. This, after 
some changes of membership, became the Corn.inittee which is signing this Foreword. 
The present volume is evidenc� that Conferences can sometimes reach conclusions 
and that their recommendations sometimes get acted on. 

v 



VI FOREWORD 

Active work was started at the Bureau in 1956. The o:verall plan. the selection 
oi authors for the various chapters, and the enthusiasm required to begin the task 
were contributions of Dr. Abramowitz. Since his untimely death, the effort has 
continued under the general direction of Irene A. Stegun. The workers at the 
Bureau and the members of the Committee have had many discussions about 
content, style and layout. Though many details have had to be argued out as they 
came up, the basic specifications of the volume have remained the same as were 
outlined by the Massachusetts Institute of Technology Conference of 1954. 

The Committee wishes here to register its commendation of the magnitude and 
quality of the task carried out by the staff of the NBS Computing Section and their 
expert collaborators in planning, collecting and editing these Tables, and its appre
ciation of the willingness with which its various suggestions were incorporated into 
the plans. We hope this resulting volume will be judged by its users to be a. worthy 
memorial to the vision and industry of its chief architect, Milton Abramowitz. 
We regret he did not live to see its publication. 

P. M. MoRSE, Chairman. 
A. ERDELYI 
M. c. GRAY 
N. c. METROPOLIS 
J. B. RossER 
H. C. THACHER, Jr. 
JoHN ToDD 
C. B. ToMPKINS 
J. W. TuKEY. 
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Handbook of Mathematical Functions 
with 

Formulas, Graphs, and Mathematical Tables 
Edited by Milton Abramowitz a.nd Irene A. Stegun 

I. Introduction 

The present Handbook has been designed to 
provide scientific investigators with a compre
hensive and self-contained summa.ry of the mathe
matical functions that a.rise in physical and engi
neering problems. The well-known Tables of 
FUnctions by E. Jahnke and F. Erode has been 
invaluable to workers in these fields in its many 
editions• during the past half-century. The 
present volume extends the work of these authors 
by giving· more extensive and more accurate 
numerical tables, and by giving larger collections 
of mathematical properties of the tabulated 
functions. The number of functions covered has 
also been increased. 

The classification of functions and organization 
of the chapters in this Handbook is similar to 
that of An Index of Mathematical Tables by 
A. Fletcher, J. C. P. Miller, and L. Rosenhead.2 
In general, the chapters contain numerical tables, 
f!raphs, polynomial or rational approximations 
for automatic computers, and statements of the 
principal mathematical properties of the tabu
lated functions, particularly those of computa-

tional importance. Many numerical examples 
are given to illustrate the use of the tables and 
also the computation of function values which lie 
outside their range. At the end of the text in 
each chapter there is a short bibliography giving 
books and papers in which proofs of the mathe
matical properties stated in the chapter may be 
found. Also listed in the bibliographies are the 
more important numerical tables. Comprehen
sive lists of tables are given in the Index men
tioned above, and current information on new 
tables is to be found in the N a.tional Research 
Council quarterly Mathematics of Computation 
(formerly Mathematical Tables and Other Aids 
to Computation). · 

The mathematical notations used in this Hand
book are those commonly adopted in standard 
texts, particularly Higher Transcendental Func
tions, Volumes 1-3, by A. Erdelyi, W. Magnus, 
F. Oberhettinger· and F. G. Tricomi (McGraw
Hill, 1953-55). Some alternative notations have 
also been listed. The introduction of new symbols 
has been kept to a minimum, and an effort has 
been made to avoid the use of conflicting notation. 

2. Accuracy of the Tables 

The number of significant figures given in each 
table has depended to some extent on the number 
available in existing tabulations. There has been 
no attempt to make it  uniform throughout the 
Handbook, which would have been a costly and 
laborious undertaking. In most tables at least 
five significant figures have b.een provided and 
the tabular intervals have generally been chosen 
to ensure that linear interpolation will yield. four
or five-figure accuracy, which suffices in most . 
physical applications. Users requiring higher 

1 The most recent, the sixth, with F. Loesch added aa co-author, was 
publlshed In lll60 by McOraw-Bill, U.S.A., and Teubner, Oermany. • The seoond edition. with L. J. Comri e added as co-author was publlsbed 
In two volumes In 1962 by Addison-Wesley, U.S.A., and Sclentt11c Com
putlnl! Senice Ltd., Great Britain. 

precision in their interpolates may obtain them 
by use of higher-order interpolation procedures. 
described below. 

In certain tables many-figured function values 
are given at irregular intervals in the argument. 
An example is provided by Table 9.4. The pur
pose of these tabl es is to furnish "key- values" for 
the checking of .Programs for autoruat1c computers; 
no question of mterpolation arises. 

The maximum end-figure error, or "tolerance" 
in the tables in this Handbook is '{o of 1 unit 
everywhere in the case of the elementary: func
tions, and 1 unit in the case of the higher functions 
except in a few cases where it has been permitted 
to rise to 2 units. 
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3. Auxiliary Functions and Arguments 

One of the objects of this Handbook is to pro
vide tables or computing methods which enable 
the user to evaluate the tabulated functions over 
compleLe ranges of real values of their parameters. 
In order to achieve this object, frequent use has 
been made of auxiliary functions to remove the 
infinite part of the original functions at their 
singularities, and auxiliary arguments to cope with 
infinite ranges. .An example will make the pro
cedure clear. 

The exponential integral of positive argument 
is given by 

Ei(x)= -du Jz e• 
-CDU 

The logarithmic singularity precludes direct inter
polation near x=O. The functions Ei(x)-ln x 
and x-1[Ei(x)-ln x--yJ, however, are well
behaved and readily interpolable in this region. 
Either Will do as an auxiliary function; the latter 
was· in fact selected as it yields sJightly higher 
accuracy when Ei(x) is recovered. The function 
x-
1lEi(x)-ln x--y) has been tabulated to nine 

decimals for the range O�x�i. For !�x�2, 
Ei(x) is sufficiently well-behaved to admit direct 
tabulation, but for larger values of x, its expo
nential character predominates. A smoother and 
more readily interpolable function for Jarge x is 
u-:tEi(x); this has been tabulated for 2 �x � 10. 
Finally, the range 10 �x �ex> is covered by use of 
the inverse argument x-1• Twenty-one entries of 
u-:tEi(x), corresponding to x-1=.1( -.005)0, suf
fice to produce an interpolable table. 

4. Interpolation 

The tables in this Handbook are not p�ovided 
with differences or. other aids to interpolation, be
cause it was felt that the space they require could 
be better employed b;r the tabulation of additional 
functions. Admittedly aids could have been given 
without consuming extra. space by increasing the 
intervals of tabulation, but this would have con
flicted with the requirement that linear interpola
tion is accurate to four or five figures. 

For applications in which linear interpolation 
is insufficiently accurate it is ·intended that 
Lagrange's formula or Aitken's method of itera
tive linear interpolation 8 be used. To help the 
user, there is a statement at the foot of most tables 
of the muimum error in a linear interpolate, 
and the number of function values needed in 
Lagrange's formula or Aitken's method to inter
polate to full tabular accuracy. 

As an example, consider the following extract 
from Table 5.1. 

X xezEi(X) X xe•E1(x) 
7.5 . 89268 7854 8.0 . 89823 7113 
7. 6 . 89384 6312 8. 1 . 89927 7888 
7. 7 . 89497 9666 8. 2 . 90029 7306 
7.8 . 89608 8737 8.3 . 90129 60'>3 
7. 9 . 89'717 4302 8. 4 . 90227 4695 

The numbers in the square brackets mean that 
the maximum _error in a linear interpolate is 
3 X w-e, and that to interpolate to the full tabular 
accuracy five points must be used in Lagrange's 
and Aitken's methods. 

• A. C. AltkenJ. Onlnterpolatlon by Iteration of proportional parts, with· out tbeuse of dluerences. Proo. Edtnbdrgb Math. Soc. 8,66-76 (1932). 

Let us suppose that we wish to compute the 
value of xe:tE1 (x) for x=7.9527 from this table. 
We describe in turn the application of the methods 
of linear interpolation; Lagrange and Aitken, and 
of alternative metho<ls based on differences and 
Taylor's series. 

(1) Linear interpolation. The formula for this 
process is given by 

f'/)= (1-p)fo+Pft 
where j0, j1 are consecutive tabular values of the 
function, corresponding to arguments Xo, Zt, re
spectively; pis the given fraction of the argument 
interval 

p= (x-xo)/(Xt-Xo) 

and j'/) the required interpolate. In the present 
instance, we have 

fo= .89717 4302 ft = .89823 7113 p=.527 
The most convenient way to evaluate the formula. 
on a de8k calculating mMhine is to set fo and /t 
in turn on the keyboard, and carry out the mul�l
plications by 1-p ll.?dj cumulativelYi a. pR.rt�al 
check is then provtde by the mult1plier dial 
reading unity. We obtain 

J.527=(1-.527)(.891l7 4302)+ .527(.89823 7113) 
=.89773 4403. 

Since it is known that there is a possible error 
of 3 X 10 -a in the linear formula, we round off this 
result to .89773. The maximum possible error in 
this answer is composed of the error committed 
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by the last rounding1 that is, .4403XI0-6, plus 
3 X 10 -a, and so cer1ia.inly cannot exceed .8 X 10 -&. 

(2) Lagrange's formula.. In this example, the 
relevant formula is the 5-point one, given by 
f=A-2(p >J-2+ A_ •. (p )j -• + �(p )fo+ At (p )j. 

+A�(p)f2 
Tables of the coefficients At(P) ar� given in chapter 
25 for the range p=O(.Ol)l. We evaluate the 
formula. for p= .52, .53 and .54 in turn. Again, 
in each evaluation we accumulate the At(P) in the 
multiplier register since their sum is unity. We 
now have the following subtable. 

z ze-E,(:z:) 
7.952 .89772 9757 

10622 
7.953 . 89774 0379 -2 

10620 
7.954 .89775 0999 

The numbers in the third and fourth columns ire 
the first and second differences of the values of 
zeZ E1 (z) (see below) ; the 'smallness of the second 
difference provides a check on the three interpola
tions. The required value is now obtained by 
linear interpolation: 

J,=.3(.89772 9757)+.7(.89774 0379) 
= .89773 7192. 

In cases where the correct order of the Lagrange 
polynomial is not known, one of the preliminary mterpolations may have to be performed with 
polynomials of two or more different orders as a 
check on their adequacy . 

(3) Aitken's method of iterative linear interpola
tion. The scheme for carrying out this process 
in the present example is as follows: 

n :z:. 
0 

y,.=:u·�(:z:) tlo, • t/0,1,• 1/0,I,J, a tlo.J.I,a, • :z:,.-:z; 
8.0 . 89823 7113 . 0473 

1 7. 9 . 89717 4302 . 89773 44034 -. 0527 
2 8.1 . 89927 7888 . 89714 48264 . 89773 71499 . 1473 
3 7. 8 . 89608 8737 
4 8.2 . 90029 7306 
5 . 7. 7 . 89497 9666 

Here 
1 lllo tlo.,.= :z:,.-:z:o y,. 

1 IY0.1 t/O .I , " = ;;-::::::;;: 1/ ...,,. ""'' o .• 

:z:o-:z:l 
:z:,.-:z: 

1 IYO.I . . . .  , •-1.• 1/0,1, . . . . .. -�. ...... = :z;-=-:z; 'SJ " ... 0,1, • • • • --··· 

� 90220 
4 98773 
2 35221 

:z;,..-:z;l 
:z;,.-:z: 

If the quantities z,.-z and Zm-Z are used a.s 
multipliers when forming the cross-product on a. 
desk machine their accumulation (z,.-z)- (zm-Z) 
in the multiplier register is the divisor to be used 
a.t that stage. An extra. decimal place is usua.lly 
carried in the intermediate interpolates to safe
guard against accumulation of rounding errors. 
· The order in which the tabular values are used 

is immaterial to some extent, but to achieve the 
maximum rate of convergence and at the same 
time minimize accumulation of rounding errors, 
we begin, as in this example, with the tabular 
argument nearest to the given argument, then 
take the nearest of the remaining tabular argu
ments, and so on. 

The number of tabular values required to 
achieve a given precision emerges naturally in 
the course of the Iterations. Thus in the present 
example six values were used, even though it was 
known in advance that five would suffice. The 
extra row confirms the convergence and provides 
a valuable check. 

(4) Difference formulas. We use the central 
difference notation (chapter 25), 

2394 . 89773 71938 -. 1527 
1216 16 89773 71930 . 2473 
2706 43 30 -. 2527 

:to /o 
&flit ,,,, :z;1 ,, 8/an ,.,., 

2:s ,, �� 8'f, 
,,,, ""''' 

:ta Ia "'fa 
.8/uJ 

:z;, ,, 
Here 
6fll,=ll-fo, 6/an=/2-ft, · · · ,, 

62ft=6f81s-6ht2=fs-2h+fo 
61fan=ti'f,-{jlf1=fa-3h+3ft-fo 

64fs = 61/an-ll'fan = f,-4fs +6ft-4/J + /o 
and so on. 

In the present example the relevant part of �he 
difference table is as follows, the differences bemg 
written in units of the last decimal place of the 
function, as is customary. The smallness of �he 
high differences provides a check on the ftmctlOn 
values 

X :z:ezE1(:z;) 
7. 9 . 89717 4302 
8. 0 . 89823 7113 

82f 
-2 2754 
-2 2036 

,., 
-34 
-39 

Applying, for example, Everett's interpolation 
formula 
f.=(l-p)fo+Es(P)6'fo+E,(p)a4fo+ · . · 

+ P/1 + F:(p) 8'f, + F,(p)tJCf, + 

and taking the n\imerica.l values of the interpola
tion coefficients E�(p), E.(p), F2(p) and l!'•(P) 
from Table 25.1, we find tliat 
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10'/.&27= .473(89717 4302) + .061196(2 2754)- .012(34) 
+ .527(89823 7113) + .063439(2 2036)-.012(39) 

=89773 7193. 
We may notice in passing that Everett's 

formula shows that the error in a linear interpolate 
is approximately 

E2(pW/o+ F2(p)62/•"" �[E2(p) + F2(p)}[B2/o+B2ft) 
Since the maximum value of /E2(p)+Fz(p)i in the 
range O<P<l is�� the maximum error in a linear 
interpolate is approximately 

116IB2fo+B2fd, that is, 1
1
6 1!2-ft-!o+f-•1· 

(5) Taylor's series. In cases where the succes
sive derivatives of the tabulated function can be 
computed fairly easily, Taylor's expansion 

f(x) =/(Xo) + (:z:-xo) /'(:to)+ (:z:-:z:o)2f"(xo) 
11 21 

+ (:z; -:to)•!"' (zo) + 
31 

can be used. We first compute as many of the 
derivatives j<"> (Xo) as are significant, and then 
evaluate the series for the given value of x. 
An advisable check on the computed values of the 
derivatives is to reproduce the adjacent tabular 
values by evaluating the series for z=z-1 and z1• 

In the present example, we have 

f(x� =xe"Es(x} 
f' (x = (1 +x-1)/(x} -1 

f"(x =(1+x-1)f'(x)-:z;-2j(x) 
!"' (:z;) = (1 +x-•)f" (:z;)-2x-SJ' (x) + 2x-1f(x). 

With z0=7.9 and x-:�:o=.0527 our computations 
are as follows; an extra decimal has been retained 
in the values of the terms in the series to safeguard 
against accumulation of rounding errors. 

k JU>(x0)/kl (x-xo)kjCt>(x0}fkl 
0 .89717 4302 .89717 4302 
1 .01074 0669 .00056 6033 3 2 -.00113 7621 -.00000 3159 5 
3 .00012 1987 .00000 0017 9 

.89773 7194 

5. Inverse Interpolation 

With linear interpolation there is no difference 
in principle between direct and inverse interpola
tion. In cases where the linear formula provides 
a.n insufficiently accurate answer, two -methods are 
available. We may interpolate directly, for 
ex_ample, by Lagrange's formula to prepare a new 
table at a fine interval in the neighborhood of the 
approximate value, and then apply. accurate 
inverse linear interpolation to the subtabulated 
values. Alternatively, we may use Aitken's 
method or even possibly the Taylor's series 
method, with the roles of function and argument 
interchanged. 

It is important to realize that the accuracy of 
an inverse interpolate may be very different from 
that of a direct interpolate. This is particularly 
true in regions where the function is slowly 
varying, for example, near a. m!Uimu.m or mini
mum. The maximum precision attainable in an 
inverse interpolate can be estimated with the aid of 
the formula 

llx�llf/rx
_ 

in which llj is the maximum possible error in the 
function values. 

Example. Given z�Et(X)=.9, find x from the 
table on page X. 

(i) Inverse linear interpolation. The formula. 
for pis 

p= (fp-fo)/(jt-fo). 
In the present exll.IIlple, we have 

.9-.89927 7888 72 2112 p .90029 7306-.89927 7888 101 9418 ·708357· 

The desired x is therefore 

x=zo+p(x1-:z;0) =8.1+ .708357(.1) =8.17088 57 

To estimate the possible error in this answer, 
we recall that the maximum error of direct linear 
interpolation in this table is llj=3X 10-6• An 
approximate value for dffdx is the ratio of the 
first difference to the argument interval (chapter 
25), in this case .010. Hence the maximum error 
in xis approximately 3Xl0-6/(.0lO), that is, .0003. 

(ii) Subtabulation method. To improve the 
approximate value of x just obtained, we inter
polate directly for p=.70, .71 and .72 with the aid 
of Lagrange's 5-point formula, 

X xe�E1(x) 4 6' 
8. 170 . 89999 3683 1 0151 
8. 171 . 90000 3834 -2 

1 0149 
8. 172 . 90001 3983 

Inverse linear interpolation in the new: table 
giv:es 

=.9-.89999 3683 6223 p .00001 0151 . 

Hence x=8.17062 23-. 

is 
An estimate of the maximum error in this result 

llj/dj � 1X10-o lXl0-7 dx .010 
(iii) Aitken's method. This is carried out in the 

same manner a.s in direct interpolation. 
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n y,.=:usE,(x) x,. :z:o ... Zo,l.ft Zo,l,J ... Zo,I.J.J,,. y,.-y 
0 . 90029 7306 8. 2 . 00029 7306 
1 . 89927 7888 8. 1 8. 17083 5712 -. 00072 2112 
2 . 90129 6033 8. 3 8. 17023 1505 8. 17061 9521 . 00129 6033 
3 . 89823 7113 8. 0 8. 17113 8043 2 5948 8. 17062 2244 -. 00176 2887 
4 . 90227 4695 8. 4 8. 16992 9437 1 7335 415 8. 17062 2318 . 00227 4695 
5 . 89717. 4302 7. 9 8. 17144 0382 2 8142 

The estimate of the ma.xllnum error in this 
result is the same as in the subtabulation method. 
An indication of the error is also provided by the 

231 265 -. 00282 5C�8 

discrepancy in the highest interpolates, in this 
case :ro .1.2 .a ,4. and Xo .1 .2 .a ,5· 

6. Bivariate Interpolation 

Bivariate interpolation is generally most simply 
performed as a sequence of univariate interpola
tions. We carry out the interpolation in one 
direction, by one of the methods already described, 
for several tabular values of the second argument 
in the neighborhood of its given value. The 
interpolates are differenced as a check, and 

interpolation is then carried out in the second 
direction. 

An alternative procedure in the case of functions 
of a complex variable is to use the Taylor's series 
expansion, provided that successive derivatives 
of the function can be computed without much 
difficulty. 

7. Generation of Functions from Recurrence Relations 

Many of the special mathematicft.l functions 
which depend on a parameter, called their index, 
order or .degree, satisfy a linear difference equa
tion (or recurrence relation) with respect to this 
parameter. Examples are furnished by the Le
gendre function P,.(x), the Bessel function J,.(x) 
and the exponential integral E,.(z), for which we 
have the respective recurrence relations 

(n+ 1)P,.+1- (2n+ 1):z:P,.+nP..-1=0 
2n 

J,.+.--J .. +J .. -.=0 X 
nEtt+t +xE,.= e-•. 

Particularly for automatic work, recurrence re
lations provide an important and powerful com
puting tool. If the values of P,..(x) or J,.(x) are 
known for two consecutive values of n, or E,.(x) 
is known for one value of n, then the function may 
be computed for other values of n by successive 
applications of the relation. Since generation is 
carried out perforce with rounded values, it is 
vital to know how errors may be propagated in 
the recurrence process. If the errors do not grow · 
relative to the si.ze of the wanted function, the 
process is said to be stable. If, however, the 
relative errors grow and will eventually over
whelm the wanted function, the process is unstable. 

It is important to reame that stability may 
depend on (i) the particular solution of the differ
ence equation being computed; (ii) the values of 
x or other parameters in the difference equation; 

(iii) the direction in which the recurrence is being 
applied. Examples are as follows. 

Stability-increasing n 
P,.(x), P;:(x) 
Q,.(:z:), Q:(x) (:z:<l) 

Y,.(:z:), K,.(:z:) 
J-..-}S(:z:), /....,.-1-f(:z:) 
E,.(z) (n<:z:) 

Stability-decreasing n 
P,.(:z:), P;:(:z:) (x<l) 

Q,.(:z:), Q:(x) 
J,.(x), l,.(x) 

J ... }S(:z:), /�lf(:r;) 
E,.(x) (n>.:t) 
F,.(,, p) (Coulomb wave function) 

illustrations of the generation of functions from 
their recurrence relations are given in the pertinent 
chapters. It is also shown that even in cases 
where the recurrence process is unstable, it may 
still be used when the starting values are known 
to sufficient accuracy. 

Mention must also be made here of a. refinement, 
due to J. C. P. Miller, which enables a recurrence 
process which is stable for decreasing n to be 
applied without any knowledge of starting values 
for large n. Miller's algorithm, which is well
suited to automatic work, is described in 19.28, 
Example 1. 
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2. Physical Constants and Conversion Factors 

The tables in this chapter supply some of the 
more commonly needed physical constants and 
::onversion factors.* 

The International System of Units (SI) 
established in 1960 by the General Conference 
of Weights and Measures under the Treaty of 
the Meter is based upon: the meter (m) for 
length, defined as 1 650 763.73 wave-lengths 
in vacuum corresponding to the transition 
2Pto- 5d� of krypton 86; the kilogram (kg) 
for mass, defined as the mass of the prototype 
kilogram at Sevres, France; the second (s) for 
time, defined as the duration of 9 192 631 770 
periods of the radiation corresponding to the 
transition between the two hyperfine levels of 
cesium 133; the kelvin (K) for temperature, 
defined as 1/273.16 of the thermodynamic tem
perature of the triple point of water; the am
pere (A) for electric current, defined a� the 
current which, if flowing in two infinitely long 
parallel wires in vacuo separated by one meter, 
would produce a force of 2 >< 10-7 newtons per 
meter of length between the wires; and the 
candela ( cd) for luminous intensity, defined as 
the luminous intensity of 1/600 000 square 
meter of a perfect radiator at the temperature 
of freezing platinum. 

All other units of SI are derived from these 
base units by_ assigning the value unity to the 
proportionality constants in the defining equa
tions ( official symbols for other SI units appear 
in Tables 2.1 and 2.2) . Taking 1 /100 of the 

•see also "Preface to Nlnth Prlntlog," page lila and page II. 

meter as the unit for length and 1/1000 of the 
kilogram as the unit for mass gives rise simi
larly to the cgs system, often used in physics 
and chemistry. 

SI, as it is ordinarily used in electromagne
tism, is a rationalized system, i.e., the electro
magnetic units of SI relate to the quantities 
appearing in the so-called rationalized electro
magnetic equations. Thus, the force per unit 
length between two current-can-ying parallel 
wires of infinite length separated by unit dis
tance in vacuo is 2f = 11nU�f4,., where 11" has 
the value 4,. X 10-�H/m. The force between 
two electric charges in vacuo is corresponding
ly given by f = q1qj4,.(ur\ Ej, having the value 
l/�.�.c,C2, where c is the speed of light in meter::; 
per second. (<n�8.854 X 10-��F/m) 

Setting J.&.l• equal to unity and deleting 471' 
from the denominator in the first equation 
above defines the cgs-emu system. Setting (n 
equal to unity and deleting 4,. from the de
nominator in the second equation correspond
ingly defines the cgs-esu system. The cgs-emu 
and the cgs-esu systems are most frequently 
used in the unrationalized forms. 

Table 2.1. Common Units and Conversion 
Factors, CGS System and SI 

SI CGS 
Quantity Name - Name Factor 

Force newton (N)  dyne lOS 
Energy joule (J) erg 107 
Power watt (W) ························ 107 

Table 2.2. Names and Conversion Factors for Electric and Magnetic Units 

SI emu esu emu-SI esu-SI 
Quantity name name name factors fact{)rs 

Current ampere (A) abampere !ltatampere 10-1 -3 X 109 
Charge coulomb (C) abcoulomb statcoulomb 10-1 .-3 X 108 

Potential volt (V) abvolt statvolt 108 - ( 1/3) X  10-2 
Resistance ohm (n) abohm statohm 109 - (1/9) X 10-1 1  

Inductance henry (H) centimeter ························ 109 - ( 1/9) X 10-11 

Capacitance farad (F) ·········-·············· centimeter 10-9 -9 X 1011 
Magnetizing force A · m-1 oersted ········ ··············-· 411' X 10-3 -3 X 10• 
Magnetomotive force A gilbert ························ 4,. X 10-1 -3/106 
Magnetic flux weber (Wb) maxwell ........................ 108 .- ( 1/3) X 10-� 
Magnetic flux density tesla (T) gauss (G) ........................ 104 - (1/3) X 10-e 
Electric displacement --···················· · · · · · ···················· .......................... 10-s I -3 X 105 

---
Example: If the value assigned to a current is 100 amperes its value in abamperes is 100 X 10-1 = 10. 
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The values of constants given in Table 2.3 are based on an adjustment by Taylor, Parker, and Langenberg, 
Rev. Mod. Phys. 41, p.375 (1969). They are being considered for adoption by the Task Group on Fundamental Con
stants of the Committee on Data for Science and Technology, International Council of Scientific Unions. The uncer
tainties given are standard errors estimated from the experimental data included in the adjustment. Where appli
cable, values are based on the unified scale of atomic masses in which the atomic mass unit (u) is defined as 1/12 of 
the mass of the atom of the uc nuclide. 

. 
Table 2.3. Adjusted Values of Constants 

Constant Symbol 

Speed of light in vacuum ................ c 
Elementary charge ............................ e 

Avogadro constant .......................... . N ._ 
Atomic mass unit ............................ -11 u 
Electron rest mass . . ...... .... ......... .. ... m. 

I Proton rest mass .............................. , m,. 
! 

Neutron rest mass ..................... -... m. • 

Faraday constant ............................ F 

Planck constant ................................ h 
X 

Fine structure constant ···········-···- 11 
1/Cl 

Charge to mass r��o for electron.. elm. 

Quantum-charge ratio ·········-····-······ hie 

Compton wavelength of electron .... >.0 
Xo/2r 

Compton wavelength of proton .... Xo,p 

Rydberg constant ............................. . 

>-o.p/211' 
RaJ 

Bohr radius ...... ........... ..... ................ 44 
Electron radius ................................ .,. • 

Gyromagnetic ratio of proton ....... . 'Y 
-y/2r (u���;re_��-�--���--���-���.:: .... { � /2r 

Bohr magneton .................................. p.s 
Nuclear 'magneton ............................ P.M 
Proton moment ................................. . 

(uncorrected for diamagnetism, 
H.O) ....................................... ......... p.'Jp.N 

Gas constant ...................................... R 
Normal volume perfect gas ............ v. 
Boltzmann constant .......................... k 
First radiation constant (8�rhc} .... c, 
Second radiation constant .............. c. 
Stefan-Boltzmann constant ............ t1 · 
Gravitational constant ···········--····· G 

Value 

2.997 926 0 
1.602 191 7 
4.803 250 
6.022 169 
1.660 531 
9.109 668 
5.486 930 
1.672 614 
1.007 276 61 
1.674 920 
1.008 665 20 
9.648 670 
2.892 699 
6.626 196 
1.054 591 9 
7.297 361 
1.370 360 2 
1.758 802 8 
5.272 759 
4.135 708 
1.379 623 4 
2.426 309 6 
3.861 592 
1.321 440 9 
2.103 139 
1.097 373 12 
5.291 771 6 
2.817 939 
2.675 196 5 
4.257 707 
2.676 127 0 
4.257 597 
9.274 096 
5.050 951 
1.410 620 3 
2.792 782 

2.792 709 
8.314 34 
2.24136 
1.380 622 
4.992 579 
1.438 833 
5.669 61 
6.673 2 

Unit 
Uncer- ----------------,---------------------
tainty Systeme International Centimeter-gram-second 

t (Sl) (CGS) 

±10 
70 
21 
40 
11 
54 i 
34 
11 ' 

8 

Xl08 
10-18 

1013 
lo-u 
lO-st 
10-4 

m/s 
c 

mol-l 
kg 
kg 
u 

lo-u kg 
10' u 

11 i 10-lf kg 
10 10' u 

C/mol 54 
16 
50 
80 
11 
21 
54 
16 
14 
46 

, ............... _ ·········-·····-······�··· 

74 
12 
90 
14 
11 
81 
13 
82 
13 
82 
13 
65 
50 I 99 
17 

17 
35 
39 
59 
38 
61 
96 
31 

lo-34 
10-34 
lO-S 
10' 
1011 Clkg 

1o-u J .  s/C 

10-12 m 
lO-IS m 
l0-15 m 
10-U m 
10' m-1 
10-11 m 
10-15 m 
101 
10' 
108 
lOT 
10-14 
10-lf 
lO-U 
10• 

rad· s-1T-1 
Hz/T 
rad . s-1T-l 
HuT 
J/T 
J/T 
J/T 

100 ·-····-··············· 

10° J • K-1 mol-1 
10-1 m3/mol 
10-23 J/K 
10-24 J • m  
to-1 m •  K 
10-1 W • m-1K-• 
10-11 N • m1/kg' 

XlOIO cm/s 
10-20 cml/tgl/2 • 
10-1 o cm3/2gt/2s-t t 
10n mol-1 
10-t� g 
lo-u g 
104 u 
10-14 g 
10' u 
10-24 g 
10• u 
103 
1014 
to-n 
l0-21 
10-3 
101 
10' 
1017 
to-T 
10-IT 
to-10 

cmt/2gtltmol-t• 
cm'llgl/ls-lmol-1 t 
erg · s 
erg ·  s 

cml/2/gl/1 • 
cm3/lg-1/2g-1 t 
cms/zgt/2s-t • 
cml/2gt/2 t 
em 

lo-11 em 
l0-18 em 
10-H em 
105 cm-1 

em 
em 

to-ll 
lo-u 
104 
103 
104 
103 
to-t! 
lo-u 
to-n 
10° 

100 
10' 
104 
10-18 
lo-15 
10° 
to-5 
to-a 

rad • s-1G-1 • 
a-tG-t • 
rad • s-1G-1 • 
s-1G-1 • 
erg/G * 
erg/G • 
erg/G • 

erg • K-1 mol-t 
cm3/mol 
erg/K 
erg • cm 
cm • K  
erg • cm-2s-1K-4 
dyn• cm'/gl 

*Based on 1 std. dev; applies to last digits � preceding column. *Electromagnetic system. tElectrostatic system. 
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Table 2.4. Miscellanooue Conversion Factors 

Standard gravity, go 
Standard atmospheric pressure, Po 

1 thermodynamic calorie, 1 cale 
1 IT calorie2, cal, 
1 liter, 1 
1 angstrom unit, A 
1 bar 

1 gal 

1 astronomical unit, AU 
1 light year 
1 parsec 

= 9.806 65 meters per second per second* 
= 1.013 25 X 105 newtons per ·square meter* 
= 1.013 25 X 108 dynes per square centimeter* 
= 4.1840 joules* 
= 4.1868 joules* 
= 1()-3 cubic meter* 
= 1D-10 meter* 
= 105 newtons per square meter* 
= 108 dynes per square centimeter* 
= 10-2 meter per second per second* 
= 1 centimeter per second per second* 
= 1.496 X 1011 meters 
= 9.46 X 1015 meters 
= 3.08 X 1016 meters 
= 3.26 light years 

1 curie, the quantity of radioactive material undergoing 3.7 x 1010 disintegrations per second*. 

1 roentgen, the exposure of x- or gamma radiation which
. 

produces together with its secondaries 
2.082 X 109 electron-ion pairs in O.OD1 293 gram of air. 

The index of refraction of the atmosphere for radio waves of frequency less than 3 X 1010 Hz 
is given by (n - 1) 108 = (77.6/t) (p + 4810e/t) , where n is the refractive in4ex; t, temperature 
in kelvins; p, total pressure in millibars; e, water vapor partial pressure in millibars. 

Factors for converting the customary United Geodetic constants for the international 
States units to units of the metric system are (Hayford) spheroid are given in Table 2.6. 
given in Table 2.5. The gravity values are on the basis of the re

Table 2.5. Factors Cor Converting Customary 
U.S. Units to SI Units 

1 yard 
1 foot 
1 inch 
1 statute mile 
1 nautical mile (inter

national) 

1 pound (avdp.) 
1 oz. (avdp.) 
1 pound force 
1 slug 
1 poundal 
1 foot pound 

Temperature 
(Fahrenheit) 

1 British thermal units 

0.914 4 meter* 
0.304 8 meter* 
0.025 4 meter* 
1 609.344 meters* 
1 852 meters* · 

0.453 592 37 kilogram* 
0.028 349 52 kilogram 
4.448 22 newtons 
14.593 9 kilograms 
0.138 255 newtons 
1.355 82 joules 

32 + (9/5) Celsius 
temperature* 

1055 joules 

1 Used principally by chemists. 
s Used principally by engineers. 

vised Potsdam value. They are about 14 parts 
per million smaller than previous values. They 
�re calculated for the surface of the geoid by 
the international formula. 

Table 2.6. Geodetic Constants 

a =  6 378 388 m; f = 1/297; b = 6 356 912 m 

Length of Length of 
Latitude 1' of 1' of � 

longitude latitude 

Meters Meters mls1 
oo 1 855.398 1 842.925 9.780 350 

15 1 792.580 1 844.170 9.783 800 
30 1 608.174 1 847.580 9.793 238 
45 1 314.175 1 852.256 9.806 154 
60 930.047 1 856.951 9.819 099 
75 481.725 1 860.401 9.828 593 
90 0 1 861.666 9.832 072 

3 Various definitions are given for the British thermal u.nit.  This represents a rounded mean value differing 
from none of the more important definitions by more than 3 in 10•. . 

* Exact value. 
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3. Elementary Analytical Methods 

3.1. Binomial Theorem and Binomial Coeffi
cients; Arithmetic and Geometric Progres
sions; Arithmetic, Geometric, Harmonic and 
Generalized Means 

Binomial Theorem 
3.1.1 

(a+b)"=a"+(�) a"- 1 b+(�) a"-2b2 

+(�) a"-3b3+ . . . +b" 

(n a positive integer) 
Binomial Coefficients (see chapter U) 

3.1.2 

n! (n)- ()' n(n-l) . . .  (n-k+l ) * k - ,  .t k! (n-:k)!k! 

3.1.3 (�)=(n 
n 

k)=(-1).t (k-�-1) 
3.1.4 (nt 1 )=(�)+(k 

n 
1) 

3.1.5 (�)=(:)=1 

3.1 .6 1+(�)+(�)+ . . .  +(�)=211 

3.1.7 1 -(�)+(�)- . . .  +C-1)" (:)=o 

Table of Binomial Coefficie.nts (�) 
3.1.8 �k 0 1 2 3 4 5 6 7 8 9 10 

� ,_ 1-
1 _ _ _ _  1 1 
2 _ _ _ _ 1 2 1 
3 _ _ _ _  1 3 3 1 
4 _ _ _ _  1 4 6 4 1 
s _ _ _ _  1 5 10 10 5 1 
6 _ _ _ _  1 6 15  20 1 5  6 1 

7 _ _ _ _  1 7 21 35 35 21 7 1 
8 _ _ _ _  1 8 28 56 70 56 28 8 1 
9 _ _ _ _  1 9 36 84 126 126 84 36 9 1 

10 _ _ _ _  1 10 45 120 210 252 210 120 45 10 1 
u_-- - I 1 1  55 165 330 462 462 330 165 55 1 1  
12 _ _ _ _  1 12 66 220 495 792 924 792 495 220 66 

1 1  

1 
12 

For o. more extensive table see chapter 24. 

• See page n . 
10 

12 

1 

3.1.9 

Sum of Arithmetic Progreasion to n Terms 

a+(a+d)+ (a+2d) + . . .  +(a+(n-1)d) 

3.1.10 

1 n 
=na+2 n(n-1)d=2 (a+l), 

last term in series=l=a+(n-l)d 
Sum of Geometric Progre88ion to n Terms 

a(l -r") 
s,.=a+ar+ar2+ . . . + ar"- 1=�

1
-� 
-r 

lim s,=a/(1 -r) n-+<» 
Arithmetic Mean of n Quantities A 

· I 11 A a1 +�+ · · · +a,. 3. • 

3.1.14 

3.1.15 

n 
Geometric Mean of n Quantities G 

Harmonic Mean of n Qua.ntities H 

Generalized Mean 

(1 n )1/t 
M(t)= - � a� n t-1 

M(t)=O(t<O, some a" zero) 
3.1.16 lim M(t)=max. (a1, �, . . .  , a,.)=m1tx. a 

1-+<» 
3.1.17 lim M(t)=min. (a11�, • • •  , a,.)=min. a 

3.1.18 

3.1.19 

3.1.20 

1-+-oo 

lim M(t)=G 
I-tO 

M(l)=A 
M(-l)=H 

3.2. Inequalities 

Relation Between Arithmetic, Geometric, Harmonic 
and Generalized Means 

3.2.1 

A>' G?::.H, equality if and only if a1=a2= . . .  =a,. 

3.2.2 min. a<M(t)<mu.x. a 
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3.2.3 min. a< G<max. a 
equality holds if all ac are equal, or t<O 

and an a�: is zero 
3.2.4 M(t)<M(s) if t<s unless all a�: are equal, 

or s<O and an a.�: is zero. 

3.2.5 

3.2.6 

Triangle Inequalities 

la� I- I<L215 Ial+<L215I�I+Ia21 

lf:a.�: l 5  ±i ak l  t=i t-1 
Chebyshev's Inequality 

If ll:t� ��aa� . . .  � a  .. 

b1� b2� bs� . . .  � b,. 

Holder's Inequality for Sums 

equality holds if and only if lb.t!=c!a.t!P-1 (c=con
stant>O). If p=q=2 we get 

Cau�y'a Inequality 

bl. (equality for a.t=Cbt, 

Minkowski's Inequality for SUDls 

If P>J and a.t, b.�:>O for all k, 

3.2.12 

equality holds if and only if b�r.=Ca.t (c=con
stant>O). 

Minkowski's Inequality for Integrals 

If P>l, 
3.2.13 

( fb )
1/t> 

( 
f b 

)
1/t> Ja IJ(x)+g(x)jt>dx 5 Ja 

jj(x) jt>dx 

( 
fb )

1/t> + Ja jg(x) j11dx 
equality holds if and only if g(x) =cf(x) (c=con
stant>O). 

3.3. Rules for Difi'erentiation and Integration 
Derivatives 

3.3.1 

3.3.2 

3.3.3 

d du 
dx (cu)=c dx ' c constant 

d dv du 
dx (uv)=u dx +v dx 

Holder's Inequality for lntegrala 3.3.4 i:._ ( I ) vdu/dx-udvfdx 
dx u v v2 

If !+!=l, p>l, q>l p q 3�� 

3.2.10 

i6lf(x)g(x) jdx5[i6lf(x)jt>dx J l/p[i6 jg(xWdx J 11' 3.3.6 

d du dv 
dx u(v)= dv dx 

d (v du dv) - (u') =u• --+In u -dx u dx dx 
equality holds if and only if jg(x) l=ciffx)jt>-1 
(c=constant>O). Leibniz's Theorem for Differentiation of an Integral 

If p=q=2 we get 
Schwarz's Inequality 

3.2.11 

[16 j(x) g(x)dx J 2 5 i6 lf(x) ]2dx ib [g(x) )2dx 
3.3.7 

d J.b(�) de j(x, c)dx a(c) f.b(c) () db da = ()cj(x, c)dx+ j(b,c) de -j(a,c) de a(c) 
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Leihniz's Theorem for Differentiation of a Product The following formulas are useful for evaluating J (a:�xi:�c)" where P(x) is a polynomial and 

3.3.9 

3.3.10 

3.3.11 cPx --[cPy dy _3 (d2y)� (dy)-6 d?/- di' dx dx2 J dx 

Integration by Parts 

n> l. is an integer. 

3.3.16 

J dx 2 2ax+b 
(ax2+bx+c) (4ac-b2)t arctan (4ac-b2)t 

3.3.17 

3.3.18 

3.3.19 

(b2-4ac<O) 
1 12ax+b-(b2-4ac)il 

(b2-4ac)t In 2ax+b+ (b2-4ac)t 

-2 
2ax+b 

(b2-4ac>O) 

J xdx 1 2 b J dx 
ax2+bx+e 2a In lax +bx+cl-2a ax2+bx+c 

3.3.12 J udv=uv-J vdu 3.3.2-0 

J dx 1 1 le+dxl 

3.3.13 J uvdx=(J udx) v-J (fudx) �� dx (a+bx) (c+dx)= ad-be n a+bx 

3.3.21 

Integrals of Rational Algebraic Functions 

3.3.22 
(Integration constants are omitted) 

3.3.23 

3 3 14 J( +b)"d (ax+b)"+l 
• • ax x a(n+1) (n�-1) 

3.3.15 

3.3.26 . 

3.3.27 

3.3.28 

3.3.29 

Integrals of Irrational Algebraic Functions 

f dx 2 c-d(a+ bx)]1'2 
[(a+ bx) (e+dx)]l'2 (-bd)112 arctan b(c+dx) 

-1 . (2bdx+ad+be) 
(-bd)112 arcsm be-ad (b>O, d<O) 

= (b:)112 ln l[bd(a+bx)]112+ b(e+dx)112l (bd>O) 

f dx 2 [d(a+bx)]''2 
(a+ bx) ll2(e+dx) [d(bc--;-ad) pt2 arctan (be-ad) (d(ad-bc)<O) 

(ad�be) 

3.3.30 
1 ld(a+bx)1'2-[d(ad-bc)]'12 1 

[d(ad-be) ]l12 ln d(a+bx)112+[d(ad-be)p12 (d(ad-be) >O) 



3.3.31 

J [(a+bx) (c+dx)]l12dx 
(ad-bc)��b(c+dx) [(a+bx) (c+dx)pn 

3.3.32 

(ad-bc)2 J dx 
8bd [(a+bx)(c+dx)]1'3 

f[c+dx]1tz 1 
a+bx dx=b [(a+bx) (c+dx)]112 

3.3.33 

3.3.34 

3.3.35 

3.3.36 

3.3.37 

3.3.38 

(ad-be) J dx 
2b [(a+bx) (c+dx)ptz 

' 

_ -ltz · h (2ax+b) -a arcsm (4ac-b2)112 
(a>o, 4ac>b2) 

=a-112 ln l2ax+bi(a>O, b2=4ac) 

--(-a)-112 • (2ax+b) - a.rcsm (b2-4ac)ll2 
(a<O, b2>4ac, l2ax+bl<(b2-4ac)1'2) 

f dx 
J 

dt 
x(axz+bx+c)ltz - (a+bt+ct2)112 where t=1/x 

3.3.39 

3.3.40 

3.3.41 

3.3.43 

3.3.44 

3.3.45 

3.3.46 

3.3.47 

3.3.48 

f dx 1 a 
( 2 2)' arccos -

X X -a • a X 

f (x-a) a2 x-a (2ax-x2)ldx=-2- (2ax-x2)t+2 arcsin -a-

3.3.49 

f dx 
(ax2+b) (cx2+d)* 

3.3.50 

1 x(ad-bc)i 
[b(ad-bc)]t a!_ctan [b(cx2+d))t 

1 ln l[b(cx2+d)Ji+x(bc-ad)*l 
- 2[b(bc-ad)]l [b(cx2+d)]*-x(bc-ad)* 

(bc>ad) 

3.4. Limits, Maxima and Minima 

Indeterminate Forms (L'Hoapital'a Jt�e) 
3.4.1 Let j(x) and g(x) be differentiable on an 
interval a5;x<b for which g'(x) ;CO. 

If 

or if 

and if 

limj(x)=O and lim g(x)=O 
r-+b- :-+b-

limj(x)= oo and lim g(x)= oo 
r-+b- :-+b-

lim f',(i) = l  then lim f(x) =l. 
:-+ll- g (x) r-+b- g(x) 

Both b and l may be finite or infinite. 
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Maxima and Minima 

3.4.2 (1) Functions of One Variable 
The function y j(x) has a maximum ut X=Xo 

if f1(x0) =0 and f"(x0)<0, and a minimum at 

:L=Xo if f'(Xo)=O and f"(x0)>0. Points :t0 for 
which f1 (x0) =0 are called stationary points. 

3.4.3 (2) Functions of Tivo Variables 
The functionf(x, y) has a maximum or minimum 

for those values of (x0, y0) for which 

of=o of=o 
QX I 0y I 

· . I o2ffbx'Oy and for wh1eh ()2j/'Oy2 
(a) j(x, y) has a maximum 

3.5.8 

3.5.9 

3.5.10 

3.6.1 

Approximate V aluee 

(a+b).t ::::>a.t+ka"-1b 
(1 +E) (1 +11) � 1 +E+?) 

3.6. Infinite Series 

Taylor's Fonnula for a Single Variable 

f(x+h) =J(x) +hf1 (x) +;;r I (x) 

. o2f ?>2f If or<O and Oy2<0 at (xo, y0) , 3.6.2 

(b) f(x, y) has a minimum 

. o2f o2f if br>O and ay2>0 at (x0, y0) . 

3.5. Absolute and Relative Errors 

(1) If Xo is an approximation to the true value 
of x, then 

3.5.1 (a) the absolute error of Xo IS .:1x=x0-x, 
X-Xo is the correction to x. 

(b) h l . f 
. .:1x ilx 

3.5.2 t e re atwe error o xo IS ox=- r:::::-x x0 

3.6.3 

3.6.4 

f(x)= f (a) + (xI! a) fl(a) + (x;a)z j"(a)+ 

+(x-a) "- ' j <n-ll ( )+R . . · (n-1) 1 · a " 

3.5.3 (c) the percentage error is 100 times the 3.6.5 (a<�<x) 
relative error. 

3.5.4 (2) The absolute error of the sum or 
difference of several numbers is at most equal to 
the sum of the absolute errors of the individual 
numbers. 

3.5.5 (3) If f(zl, X21 • • •  , x,.) is a function of 
x., Xz, . . ., x,. and the absolute error in x. 
(i= 1, 2, . . n) is i1Xt1 then the absolute error 
in f is 

3.5.6 (4) The relative error of the product or 
quotient of several factors is at most equal to the 
sum of the relative errors of the individual factors. 

3.5.7 

(5) If y= j(x) 1 the relative error oy= �� ::::>f;,�{ .:1x 

Lagrange's Expansion 

If y j(x), Yo j(xo)1 j'(xo) >=O, then 

3.6.6 
"' (y-yo)" d"-1 x-xo " x=xo+ � k! [dx"-1 {j(x) -yo} lr�r0 

3.6.7 

g(x) =g(xo) 

"' (y-y0)" [d.t-l ( 1 { X-Xo �)] 
+ f.;t k! dx"-1 g (x) f(x)-yof · :r-:ro 

where g(x) is any function indefinitely differenti
able. 

Binonrlal Series 
3.6.8 

(I+x)a=i; (�) x" 
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3.6.9 
( + )«-1+ a(a-1) 2+a(a-1)(a-2) ....3+ 1 x - ax+ 21 x 31 ;�;· . . .  , 

3.6.10 
(l+x)-1=1-x+x2-r+x4- • • •  

3.6.11 
x x2 x3 5x4 7x5 21x6 

(1+x)t=l�S+16-128+256-1024+ · · · 

3.6.14 

( + )_1 · 1 2 2 14 za 35 4 
1 X =1-3 x+g X :-81 +243 X 

91 6 728 6 -729 X +6561 X - . . . 

Asymptotic Expansions 

... 

15 

(-1<x<1) 3.6.15 A series � atx-t is said to be an asymp-
k•O 

3.6.12 
(1 + ) -;= 1 _£L 3x2 _ 5r +35x' _ 63x6 

X 2' 8 16 128 256 
totic expansion of a functionj(x) if 

231x6 + 1024 - · · · (-1<x<1) 

3.6.13 
for everyn=1, 2, . . . . We write 

1 1 5 10 ' (l+x)t=1+3 x-g z2+81 r-243 x_ 

3.6.16 

3.6.17 

3.6.18 

3.6.19 

3.6.20 

3.6.21 

3.6.22 

3.6.23 

3.6.24 

22 5 154 6 +729 X -6561 X +  • . •  
The series itself may be either convergent or 

divergent. 

Operation Ct 

sa=s1' -a, 
aa=B12 -2a1 

sa=s!' 
1 
za• 

sa=siH 1 -20' 

ss=a� na1 

sa=s1s, a.+b1 
Ba=atfa, a,-bl 

sa=exp Cs1 -1) a. 

sa= 1 +ln 81 a1 

Operations With Series 

Let s1 = 1 +atx+�:t+asr+a.:t+ 
82= 1 +btx+b2:t+ba:t+b,:t+ . .  . 
sa=1 +ctx+c2x2+cat'+c,x'+ . .  . 

a�-a2 
3a�-2a2 
1 1 2 2a2-ga, 

3 2 1 
Ba,-za• 

� 

1 
2cn-1)ctaJ+na, * 

bt+a1b1+a2 
a2- (b1c1 + b,) 

+ 1 • a, 2a• 
1 aa-zatCI 

ca 

2a,a,- aa- a� 
6a1a2-2aa-4af 
1 1 + 1 a -aa--a1a, -a1 2 4 16 
3 1 5 a 4a,a2-2as- 16a, 

.c,a,(n-1) 
+!.c,�(n- 1) (n- 2) • 6 +naa 

ba+a.bt+a,bl+aa 
aa- (b.�+ b,c, + ba) 

1 aa+ata2+5af 

1 aa-3(a,c, + 2atcs) 

c, 

2a,aa-3afa2-a•+�+at 
6a1a3+3�-2a, -12a�a,+5at 
1 1 1 '+ 3 • 5 • 
2a' -4a,aa-sa• 16a,a,- 128a, 
3 3 • 1 15 2 + 35 • 
4a,aa+ sa; -2a' - 16a,a2 128a, 

na,+c1aa(n- 1) +�n(n- 1)al 
1 +z(n-1) (n-2)c,a,a, 

+ 2�(n-1) (n-2) (n-3)c1a� 

b,+a1ba+a,b,+aab.+a• 
a,- (b,ca+btc2+bsct+bJ 

+ + 1 '+1 '+ 1 .  a. a,a, za· 2a,a, 24a, 

1 a,-4(aac1+2a�+3aJ�) * 
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Revenion of Series 

3.6.25 Given 

y=ax+bx2+cz8+dx'+ex�+fz6+gx1 + 
then 
x=Ay+Btr+W+Dy'+Er+F?t+6V+ . . .  

where 
aA=1 
a8B=-b 
a50=2b2-ac 
a1D=5abc-a2d-5b8 
a8E=6a2bd+3a2c2+14b"-a8e-21ab2c 
a11F=7a8be+7a8cd+84ab8c-a4j 

-28a2bc2 -42 b6-28a2b2d 
a13G=8a'bf+8a'ce+4a'd2+ 120a2b8d 

+ 180a2b2c2.+ 132b6-a�g-36a3h2e 
-72a8bcd-12a8c3-3030ab'c 

Kummer's Tranaformation of Series 
.. 

3.6.26 Let>: a�=s be a given convergent series and t=O .. 
� c�=c be a given convergent series with known t-o 
sum c such that lim at=X�O. k�• Ct 
Then 

Euler's Tranafonnation of Series 
.. 

3.6.27 If >: ( -l)ta.t=ao-a1 +�- . . .  is a conk-0 
vergent series with sum s then 

Euler-Maclaurin Summation Formula 

3.6.28 

�f�:= fo"J(k)dk-� [f(O)+J(n)]+1; [j'(n)-j'(O)] 

-7;0 [ f'"(n)-j"' (0)]
+
30�40 [J<V>(n)-j<V>(O)] 

120�600 [j<VIl) (n)-j<VIn (O)J+ . . .  

3. 7. Complex Numbers and Functioll8 

Cartesian Form 

3.7.1 z=x+iy 

3.7.2 

3.7.3 

Polar Form 

z=re'-'=r(cos e+i sin 8) 

3.7.4 Argument: arg z=arctan (y/x)=8 (other 
notations for arg z _are am z and ph z). 
3.7.5 

3.7.6 

3.7.7 

3.7.8 

3.7.9 

3.7.10 

3.7.11 

3.7.12 

3.7.13 

3.7.14 

3.7.15 

3.7.16 

3.7.17 

3.7.18 

3.7.19 

3.7.20 

Real Part: x= 1lz=r cos 8 

Imaginary Part: y=.Fz=r sin 8 

Comple][ Conjugate of s 

z=x-iy 
lzl= lzl 
-

arg z=-arg z 
Multiplication and Division 

lztZal =lzti iZal 
arg (ZtZa)=arg z.+arg Za 

Zt z1z2 x1x2+YtY2+i(�y.-:2:.y2) z2
= lz2)2

= �+1A 'Zt
\=� 

z2 ) z2! 

Powers 
z"=r"e'"' 
=r" cos n8+ir" sin nO 

(n=O,± 1,±2, . . .  ) 
z2=r-y2+i(2xy) 

z3=x3-3xy2+i(3ry-y3) 

z'=x'-6ry2+y'+i(4:zfly-4xy3) 
3.7.21 z5=z6-10xly2+5xy'+i(5x'y-10x2if+if) 

3.7.22 

z"=[x"-(�) x"-2if+(�) x"-'y'- . . .  ] 

(n=l,2, . . .  ) 
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3.7.23 Un+t=XU"-yv,.; Vn+t=xv,.+yu,. 
f?l z" and ..1 zn are called harmonic polynomials. 

3.7.24 

3.7.25 

1 z x-iy 
;=rzr= xz+y2 

1 z" - 1 " 
z"=lzl2"=(z ) 

Roots 

3.7.26 z•=..fZ=rtettB=rt cos !D+irt sin iO 

If -?!'< 8 � 11' this is the principal root. The 
other root has the opposite sign. The principal 
root is given by 

3.7.27 zf=[!(r+x)]f±i[!(r-x)]l=u±iv where 
2uv=y and where the ambiguous sign is taken to 
be the same as the sign of y. 

3.7.28 zll"=r11"et81", (principal root if -?r<8�11'). 

Other.roots are r11"eHB+2r.tl/n (k=1, 2,  3, . . .  , n- 1} . 

Inequalities 

3.7.29 

Complex Functions, Cauchy-Riemann Equations 

f(z)=f(x+iy)=u(x,y)+iv(x, y) whereu(x, y), v(x, y) 
are r�al, is analytic at those points z=x+iy ·at 
which 

3.7.30 

3.7.31 

Ou. C>v Ou. C>v -=-, -=--C>x ()y C>y C>x 

C>u 1 oo 1 C>u  oo -=--, - -= --() 1' r ?J8 1' ?J8 ()r 

Laplace's Equation 

The functions u(x, y) and v(x, y) are called 
harmonic functions and satisfy Laplace's equation: 

Cartesian Coordinates 

3.7.32 

Polar Coordinates 

3.7.33 

3.8. Algebraic Equations 
- Solution of Quadratic Equations 

3.8.1 Given az2+bz+c=O, 

z1 :a= -(_!J_ )± _!_ qt q= b2-4ac 
· 2a 2a ' ' 

Zt+Z:�= -bja, ZtZ:�=cfa 
If 2>0, two real roots, 

2=0, two equal roots, 
q<O, pair of complex conjugate roots. 

Solution of Cu.bic Equations 

3.8.2 Given zB+�z2+a1z+ao=O, let 

1 1 1 1 3 2=3 a�-9 CZ.:; r=6 (a�az-3ao)-27 �· 

If g'+r>O, one real root and a pair of complex 
conjugate roots, 

Let 

then 

g'+r=O, all roots real and at least two are 
equal, 

g'+r<O, all roots real (irreducible case). 

1 az i./3 z2=-2 ��+s2)-:- 3-+2 (s�-�2) 

1 az i./3 z3=-2 (s1+s2)-3-2 (s�-.s�). 

If z�, ez, z3 are the roots of the cub1c equation 

z1+z2+za= -a2 

Solution of Quartic Equations 

3.8.3 Given z'+aszB+�z2+�z+ao=O, find the 
real root u1 of the cubic equation 

u3 -�u2+ (a1aa -4ao)u-(a� +a�-4aoCL2) =0 
and determine the four roots of the quartic as 
solutions of the two quadratic equations 

v2+[�3=F(�+u1-a2YJ v+ �1=F[(�1Y-aoJ=o 
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If all roots of the cubic equation nrc real, usc 
the value of ·u1 which gives real coefficients in tlw 

*quadratic equation nnd select signs so tho.t if 

z'+a3il+�z2+atz+ao= (z2+ptz+!Zt) (zZ+p2z+!b) , 

then 

If z11 22, z3, z. are the roots, 

3.9. Successive Approximation Methods 

General Comments 

3.9.1 Let x=x1 be an approximation to x= � 
where !W=O and both x1 and � are in the interval 
a=:;x=:;b. We define � 

x"+1 =x,.+c,.J(x,.) (n= l ,  2, . . .  ). 
Then, if f'(x)� O  and the constants c,. are 

negative and bounded, the sequence x,. converges 
monotonically to the root �-

If c,.=c=consta.nt<O and f'(x)>O, then the 
process converges but not necessarily monotoni
cally. 

Degree of Convergence of an Appro:dmntion Procese 

3.9.2 Let x11 x2, xa, . . . be an infinite sequence 
of approximations to a. number �- Then, if 

(n=l ,  2, . . .  ) 
where A and k are independent of n, the sequence 
is said to have convergence of at most the kth 
degree (or order or index) to �- If k= 1 and 
A< 1 the convergence is linear; if k=2 the con
vergence is quadratic. 

Regula Falsi (False Position) 

3.9.3 Give� y=f(x) to find � such that f(�) =O, 
choose Xo and x1 such that f(x0) and f(x1) ho.ve· 
opposite signs and compute 

x -x _ (x.-xo) f _].Xo-fox• z- 1 <J,-fo) ,- J,-Jo . 

Then continue with x2 and either of x0 or x1 for 
which f(xo) or f(x,) is of opposite sign to f(x2). 

Regula falsi is equivalent to inverse linear inter
polation. 
·� ... _.,.. _..,. .. 

Method of Iteration (Succeuive Substitution) 

3.9.4 The it�ra.tion scheme X��;+J=F(xA:) will 
converge to a zero of x=F(x) if 

(1) IF'(x) l 5 q<l for a5x5b, 

(2) a5xo±IF(���xol ::; b. 

Newton's Method of Succeeeive Approximations 

3.9.5 
Newton's Rule 

If x=xt is an approximation to the solution 
x=� of f(x) =O then the sequence 

j(x,;) . XHt= X.t-f'(xA:) 
will �onverge quadratically to x=�: (if instead of 
the condition (2) above), 

(1) Monotonic convergence, f(xo)f"(:z:o)>O 
and f'(x), f"(x) do not change sign in the 
interval (Xo, �), or 

(2) Oscillatory convergence, f(:z:o)f" (xo) <O 
and f' (x ), f" (x) do not change sign in the 
interval (xo, x1), xo:S�:Sx1. 

Newton's Method Applied to Real nth Roote 

3.9.6 Given x"=N, if Xt is an approximation 
x=N'1" then the sequence 

will converge quadratically to x. 

If'ft=2, X�:+t=� (� +x�:} 
Ifn=3, xH1=& (�+2x�:} 
Aitken's 6t-Proce11s for Acceleration of Sequencee 

3.9.7 If Xt, xt+., Xt+2 are three successive iterates 
in a· sequence converging with an error which is 
approximately in geometric progression, then 

XtXHz-Xl+l. 
il2Xt 

is an improved estimate of x. In fact, if x.�:=x+ * 
O('A.t) then i=x+O(>.t), 1>-I<L 
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3.10. Theorems on Continued Fractions 

Defi.nitions 
3.10.1 

(1) Let f b a1 . = o+bt+<l2 
b2+cta 

ba+ · · · 

If the number of terms is finite, f is cnlled u, 
termin11 ting continued fraction. If the number 
of terms is infinite,} is called nn infinite continued 
fmction and the terminating fraction 

j A,. b + at � a,. 
,.=B,.= o b1+ b2+ . . . b,. 

is called the nth convergent off. 

(2) If lim AB
,. exists, the infinite continued fruc-n�<O n \1 

tion j is SRid to be convergent. If a,= 1  and the 
b, are integers there is always convergence. 

TheoreD111 

(1) If a, and bt ttre positive then f2n<f2n+2, 
J'lfl-l>J2n+1• 

(2) Ifj,.=�:' 

A,.=b,.A,.-t+a,.A,.-2 
B,.=b,.B,.-t+a,.B,.-2 

where A_1 =1,  A0=h0, B_1=0, B0= 1. 

(3} 
[A"]

=
[A,._I 

B,. B,._l 

(4) 
(5) 

I! 
A,.B,._t-An-lB,.=( -1)"-1 IT ak 

k-l 
For ev�ry n� 0, 

• 

J =bo+ Ctal CtC2a.l c�cseza c,._1c,.an. " C1b1+ C2b2+ Caba+ . . . C,.b,. 
(6) 1+hz+b2ba+ . . .  +h2ba . . .  b,. 

1 . b2 ba b,. -1- b2+1- b8+1- · · · -b,.+1 
_!_+_.!_+ . . .  +..!_=_1_ u.� . . . U.�-1 
U1 U2 u,. u1- ul+uz- -U,.-t+u,. 

1 2 " 
__ 2_+_x_ . . .  + {-1),. x 
ao aoa1 aoalaz . aoala.l . . .  a,. 

y 

2.0 

1.8 

1.6 

1.4 

1.2 

1.0 

. 8 

. 6 

. 4 

.2 

0 

__ 1_ aox a1x a,._1 x 
ao+ a1-x+ az-x+ · · · +a .. -x 

... / ... 

' 
' 
I n•-S 

' 
n.-- I ,. .... -"-:<=:..-.��,-;:. --.,----,-----� ---.-----i---.----i-"""""""'i ...:...... • 

0 .4 .6 .a t.o 1.2 1.4 1.6 1.8 2.0 

FIGURE 3.1. y=x". 
1 1 

±n=o, 5
, 2. 1, 2, 5. 

Numerical Methods 

3.11. Use and Extension of the Tables 

Example l .  Compute x1g and x47 for x=29 
using Table 3.1. 

= (1.45071 4598 · 1013)(4.20707· 2333 · 10It) 
=6.10326 1248 · 10Z7 

xn = (x!•)2fx 
= (1.25184 9008 · 103�)2/29 
=5.40388 2547 · 1068 

Example 2. Compute x-3" for x=9.19826. 
(9 .19826)114= (919.826/100)1"= (919 .826)1'4/lOl 

Linear interpolation in Table 3 . 1 gives 
(919.826)114 :::::< 5.507144 . .  

By Newton's method for fourth roots with 
N=919.826, 

! [ 919·826 +3(5 507144)]=5 50714 3845 4 (5.507144)3 • • 

Repetition yields the same result. Thus, 

z1tt=5.50714 3845/10'=1.74151 1796, 
x-314=xifx=.18933 05683. 

3.12. Computing Techniques 

Example 3. Solve the quadratic equation 
xf- 18.2x+.056 given the coefficients as 18.2±.1, 
•See Pll8e n. 
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.056± .001. From 3.8.1 the solution is 

X= t{l8.�± ( (18.�)2-4(.05.fi) ]I) 

=!( 18.�±[331.016]�)= !(18.2± 18.1939) 
= 18.1969, .00.3 

The smaller root may be obtained more accurately 
from 

* .05§/18.1969= .0031 ± .0001 .  

Example 4. Compute (-3 + .0076i)l. 
From 3.7.26, (-3+ .0076i)•=u+iv where 

Thus 

r=[ ( -3)2+ (.0076)2]1= (9.00005776)1=3.00000 9627 

v=
[3.00000 9�27-(-3)T= l.7�205 2196 

y .0076 -
u 2v 2(1 .73205 2196) .00219 392926 

We note that the principal square root has been 
computed. 

Example 6. Solve the quartic equation 

x.4-2.37752 4922x3+6.07350 5741x2 
- 1 1.17938 023x+9.05265 5259 =0. 

Resolution Into Quadratic Factors 

(x2+p,x+qx) (x2+P2X+ q2) 
by Inverse Interpolation· 

Stnrting with the trinl vttlue q1 = 1 we compute 
successively 

q, q2=� 
p1=a,-a3q1 P2=a3-p, y(q,)=q,+q2+PxP2 

q, q2-q1 -a2 

1 9. 053 - 1. 093 - 1. 284 5. 383 
2 4. 526 -2. 543 . 165 .'032 
2. 2 4. 1 1 5  -3. 106 . 729 -2. 023 

-

q, q2 Pt 

Example 5. Solve the cubic equation x3-18.1x 
-34.8=0. 

To use Newton's method we first form the 
table of f(x)=x3-18.1x-34.8 

X f(x) 
4 -43.2 
5 - .3 
6 72.6 
7 181.5 

We obtain by linear inverse interpolation: 

0-(-.3) 
Xo=5+72.6_ ( _ .3) =5.004. 

Using Newton's method, J'(x)= 3x2- 18.1 we get 

Xt �Xo-f(xo)/f'(xo) 

-5 004 (-.07215 9936) �s 00526 - . 57.020048 . . 

Repetition yields x1 =5.00526 5097. Dividing 
f(x) by x-5.00526 5097 gives x2+5.00526 5097x 
+6.95267 869 the zeros of which are -2.50263 2549 
± .83036 800i. 

We seek thu.t value of q1 for which y(qt) =0. 
Inverse interpolation in y(q,) gives y(q1) �o for 
q1 �2.003. Then, 

q, q2 Pt P2 y(q,) -
-- --

2. 003 4. 520 -2. 550 . 172 . 0 1 1  

Inverse interpolation between q1=2.2 and qt= 
-2.003 gives q1=2.0041, nnd thus, 

PI y(q,) 

2. 0041 4. 51706 7640 -2. 55259 257 . 17506 765 . 00078 552 
2. 0042 
2. 0043 

4. 51684 2260 
4. 51661 6903 

- 2. 55282 851 
-2. 55306 447 

. 17530 358 . 00001 655 

. 17553 955 -. 00075 263 

Inverse interpolation gives q1 =2.00420 2152, nnd we get finnlly, 

q, q2 Pt P2 y(qt) 

2. 00420 2152 4. 51683 7410 -2. 55283 358 . 17530 8659 -. 00000 0011 
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-4:--I!Jlementary 'l'ranscendental Functions 

Logarithmic, Ex:pon�ntial, Circular and Hyperbolic Functions 

Mathematical Properties 

4.1.1 

4.1. Logarithmic Function 

Integral Repreaentatiqn 

- 'I' 

ln z= -l' dt 
I t 

0 

FIGURE 4.1. Branch cutjor ln.z and tJ. 
(a not an integer or zero.) 

where the path of integration does not pass 
through the origin or cross the negative real 
axis. In z is a single-valued function, reg]llar in 
the z-pl�e cut along the negative real axis, rea] 
when z is positive. 

4.1.2 In z=ln r+i6 (- 11'<6$;..) , 
4.1.3 r=(x2+ys)t, x=r cos 6, y=r sin 6, 

6=arcta.n 1!.. X 
The general logarithmic function is the many

valued function Ln z defined by 

4.1.4 
l' dt 

Ln z= -
I t 

where the path does not pass through the origin. 

4.1.5 
Ln (re'')=ln (re")+2k'll"i=ln r+i(6+2k-x·), 

k being an arbitrary integer. In z is said to be the 
principal branch of Ln z. 

Logarithmic Identities 

4.1.6 

(i.e., every value of Ln (z12z) is one of the values 
of Ln z1+Ln Zz.) 
4.1.7 

4.1.9 

4.1.10 

4.l.ll 

4.1.12 

4.1.13 

4.1.14 

4.1.15 

ln (z1z2)=ln z1+ln Z2 

(-1r<arg z1+arg Zz::;11') 

In �=In z1-ln z2 
z2 

( -w<arg z1-a.rg zz::;11') 

(n integer) 

ln z"=n ln z 

(n integer, -1r<n a.rg z$w) 

Special Values (see chapter 1) 

ln 1=0 

ln 0=- co 

ln (-1)=ri 

In (±i)= ±tni 
4.1.1� ln e=l, e is the real number such that f ' dt=l J l t 
4.1.17 e=lim (1+!)" =2.71828 18284 . . .  

n-+"' n 

4.1.18 

4.1.19 

4.1.20 

4.1.21 

Logarithms to General Base 

log0 z=ln zfln a 

1 log11 z 
og

o
z=

log11 a 

1 
logab=1-

ogll a 
log, z=ln z 

4.1.22 log10 z=ln zfln lO=logiO e ln z 

(see 4.2.21) 

=(.43429 44819 . . .  ) ln z 
67 
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4.1.23 ln z=ln 10 log10 z= (2.30258 50929 . . .  ) log10 z 

(log. x=ln x, called natural, N apierian, or hy-per-
bolic logarithms; log10 x, called common or Bnggs 
logarithms.) 

Series Expansions 

4.1.24 ln (l+z)=z-!z2+iz3- • • •  

(izj :51 and z�-1) 
4.1.25 

ln z=(z z 
1)+� (z z 

lY+� (z 
z 
1Y+ . . . 

(!?iz�!) 
4.1.26 

ln z=(z-1)-i(z-1)2+i(z-1)3- •
• •  

(Jz-1j $ 1, z�O) 
4.1.27 . 

ln z=2 [(:+�)+�(:+�J+�
(:+�Y+ . . .  J 
(�z�O, • z¢0) 

4.1.28 ln (:+D=2 (�+3�s+s�6+ · · .) 
(lzl� 1 , z� ± 1) 

4.1.29 

ln (z+a)=ln a+2 [ (2a�z)+� (2a�zY 

4.1.30 

4.1.31 

4.1.32 

+� (2a�zY+ · · .J 
(a>O, f?lz� -a¢z) 

Limiting Values 

lim x-a ln x=O 
(a constant, !?la>O) 

lim xa In x=O 
:r�o 

(a constant, !?la>O) 

lim ('E -k1-ln m)='Y (Euler's constant) 
m-t"' .t-1 

4.1.33 

4.1.34 

= .57721 56649 . . .  
(see chapters 1, 6 and 23) 

Inequalities 

X 
1+x <ln (1+x)<x 

(x>-1, x¢0) 
X x< -ln (1-x)< 1_x 

(x<1, x¢0) 

4.1.35 

4.1.36 

4.1.37 

4.1.38 

4.1.39 

4.1.40 

4.1.41 

3x ll.n (1-x)l< 2 (O<x:5 .5828) 

In x:5x-1 (x>O) 
ln x$n(x11n-1) for any positive n 

(x>O) 
Jln (l+z) j$-ln (1-jzi) (lzj<1) 

Continued Fractions 

z z z 4z 4z 9z 
In (1+z)=1+ 2+ 3+ 4+ 5+ 6+ · · · 

( z in the plane cut from -1 to - co) 

In (1 +z)= 2z � 4z2 9z2 • • • 

1-z 1- 3- 5- 7.-
(z in the cut plane of Figure 4.7.) 

Polynomial Approximations 2 

�<x< '10 -yJ.V- _1j1U 

log10 x=att+aat3+E(x), t=(x-1)/(x+l) 
jE(x) j$6XlO-<l 

at= .86304 a3=.36415 

4.1.42 

log1o x=a�t+a8t3+a6t6+G.?t7 +a9t9+E(x) 
t=(x-1)f(x+1) 

4.1.43 

jE(x) J:$ 10-7 
a1 = .86859 1718 
aa=.28933 5524 
a6=.17752 2071 

G.?=.09437 6476 
ao=.19133 7714 

O$x$1 
ln (1 +x)=atx+azx2+aar+a�t.+a5x5+E(x) 

jE(x) J$ 1X 10-6 

at=.99949 556 
a2=- .49190 896 
aa=.28947 478 

a.=-.13606 275 
a6= .03215 845 

' The appro�ati�ns 4.1.41. t? 4.1.4.4 are from q. Hast
ings, Jr.,  Approx1mat10ns for d1g1tal c�mputers; ;prmceton 
Univ. Press, Princetou, N.J., 1955 (w1th permlSSlOn) . 
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4.1.44 

ln (1 +x) =alx+a2x2+aax3+a.x4+a5x6+a8x6 

+a7x7+a8x8+E(x) 

a1 = . 99999 64239 
aa= - .  49987 41238 
aa= . 33179 90258 
a,= - . 24073 38084 

as= . 16765 40711 
a6= - .  09532 93897 
a1= . 03608 84937 
as=-.  00645 35442 

Approxim.ation in Terms of Chebyshev Polynomials a 

4.1.45 

T .. *(x)=cos nO, cos 8=2x-1 (see chapter 22) 

ln (1 +x)= � A,.T .. *(x) 

n A .. 

n•O 

n A,. 

0 . 37645 2813 
1 . 34314 5750 
2 - . 02943 7252 
3 . 00336 7089 
4 - . 00043 3276 
5 . 00005 9471 

6 -. 00000 8503 
7 . 00000 1250 
8 -. 00000 0188 
9 . 00000 0029 
10 -. 00000 0004 
11 . 00000 0001 

4.1.46 

4.1.47 

4.1.48 

4.1.49 

4.1.50 

Differentiation Formulas 

d 1 
- In z=
dz z 

Integration Formulas 

J d
z
z
=ln z 

J In z dz=z In z-z 

f z"+t z"+t 
z" In z dz= 

n+ 1 In z-
(n+ 

1)� 
(n¢-1, n integer) 

4.1.51 

f z"+1 (In z)m m f 
z" (ln z)m dz z" (In z)�-1dz 

n+l n+1 
(n¢ -1) 

a The approximation 4.1.45 is from C. W. Glenshaw, 
Polynomial approximations to elementary functions, 
Math. Tables Aids Comp. 8, 143-147 (1954) (with per
mission) . 

4.1.52 

4.1.53 

f dz 
-1 - =ln ln z 
z n z 

Jln [z+(z2±1)1]dz=z ln [z+(z2±1)']-(z2±l)l 

4.1.54 

4.1.55 

4.1.56 

4.1.57 

4.2.1 

Definite Integrals ll In t -dt=-r/6 0 1-t 

f 1 In t dt=-r/12 Jo 1+t 
r= dt . 

J
- -1 -=h(x) (see 5.1.3) 0 n t 

4.2. Exponential Function 

Series Expansion 

z z2 z3 
e'=exp z=1+11+21+3 1+ · · · (z=x+iy) 

where e is the real number defined in 4.1.16 

Fundamental Properties 

4.2.2 Ln (exp z)=z+2k?ri (k any integer) 

4.2.3 In (exp z) = z  ( -r<fz�r) 

4.2.4 exp (In z)=exp (Ln z)=z 

4.2.5 

4.2.6 

4.2.7 

d 
dz 

exp z=exp z 

Definition of General Powers 

If N=a•, then z=Loga N 

a"=exp (z In a) 

4.2.8 If a= JaJ exp (i arg a) (-11'<arg a�r) 

4.2.9 

4.2.10 

4.2.11 

Ja'J = JaJ:e-y o.rc a 
arg (a•)=y In JaJ+x arg a 

Ln a•=z ln a for one of the values of Ln az 

4.2.12 In a==x In a (a real and positive) 

4.2.13 
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4.2.14 

........... 
-.8 

-12 

.... ----;:/" I 

I / 
I . 

I 
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2 

4.2.22 

4.2.23 

4.2.24 

4.2.25 

4.2.26 

4.2.27 

4.2.28 

Special Values (aee chapte-r 1) 

e=2.71828 18284 . .  

e"' = ro 

e±n=- 1 
::�:!! 

e 2 = ± i  
e2r.t1= 1  (k any integer) 

Exponential Inequalitiea 

If x is real and different from zero 

4.2.29 

4.2.30 

:t 
e -l-x<1-x<e-x (x<1) 

e">1+x 

FIGURE 4.2. Logarithmic and exponentialjunCtions. 4.2.31 1 e'"<1_x (x<I) 

4.2.17 

4.2.18 

4.2.19 

Periodic Property 

(k any integer) 

Exponential Identities 

4.2.32 

4.2.33 

4.2.34 

4.2.35 

1tx<(l-e-z)<x (x>-1) 

x<(e"-1)<1 X 
X 

(x<l) 

The restriction ( - 1r<Jz1 :$1r) can be removed rv 
if Z2 is a.n integer. 4.2.36 e'">(1+�)"

>e:t+1' (x>O, y>O) 
Lbniting Values 

4.2.20 4.2.37 e-:r<I-� (O<x:$ 1.5936) 
lim z"e-•=O (jarg z / :$ }11"-E<!?r, a constant) 
1:1� .. 1 7 4.2.38 

4.2.21 lim (1 +�)m =e• m�oo m 4.2.39 

4lzl<!e•- tj<4lzl (O<Iz/<1) 

/ez-l/ :$ e 1"1-1 :$ /z/e 1' 1 (a.J.l z) 

4.2.40 

4.2.41 

Continued Fractions 

• 1 z z z z z z e =1 - I +  2- 3+ 2- 5+ 2- · · · (/z/< ro) 

z z z z z z z = I+ I_ 2+ 3- 2+ 5- 2+ 7- 0 0 0 
(/zl< ro) 

= I +  z z2/4 ·3 z2/4 - 15 z2/4 - 35 z2/4(4n2-l )  (/ l< ro ) (1-z/2)+ 1+ I+ I+ . . . 1+ - . .  z 

• z" _ nlz z (n+l)z 2z (n+2)z 3z e -e,.-J(z)-nl- (n+l)+ (n+2)- (n+3)+ (n+4) - (n+5) + (n+6)- · · · (/zl< ro ) 
(For e,.(z) see 6.5.11) 
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4.2.42 

e2a arctan �=1+� a2+1  a2+4 a2+9 
z-a+ 3z+ 5z+ 7z+ · · · 

4.2.43 

(z in t.he cut plane of Figure 4.4.) 

Polyno.mial Approxi.mations' 

O:$x:$ln 2=.693 . . .  

e-z=1+a1x+a2x2+E(x) 

jE(x)l :$ 3X1o-a 

4.2.44 o=::; x:s;In 2 

e-.z= 1 +alx+a2il+aax3+a,x4+E(x) 

· IE(x) I:$ 3X10-6 

a1= -.9998684 
a2= .4982926 

aa=- . 15953 32 
a4= .02936 41 

4.2.45 o=::; x=::;ln 2 

e-z= 1 +a1x+azx2+aaxB+a,x'+a6r 

a1 = - .  99999 99995 
a2= .49999 99206 
a3=- .16666 53019 
a4= .04165 73475 

4.2.46 6 

+aex6+a1x1 +E(x) 

a6=- .00830 13598 
a6= .00132 98820 
a1=-.00014 13161 

10"=(1 +a1x+a2x2+aail+a,x')2+E(x) 

IE(x) I:$7X lO-' 

4.2.47 

al=l.14991 96 
a2= .67743 23 

aa=.20800 30 
a4=.12680 89 

10"= (1 +a�x+azil+aax3+a,x4+a6r 

+aex6+arx1)2+ E(x) 

IE(X) 1<5 X IO-S 

a1=l. 15129 277603 
a2= . 66273 088429 
a3= . 25439 357484 
a,= . 07295 173666 

a6=· 01742 111988 
ae=· 00255 491796 
ar=. 00093 264267 

' The approximations 4.2.43 to 4.2.45 are from B. Carl
son, M. Goldstein, Rational approximation of functions, 
Los Alamos Scientific Laboratory LA-1943, Los Alan1os, 
N. Mex., 1955 (with permission). 6 The approximations 4.2.46 to 4.2.47 are from 0. Hast
ings, Jr., Approximations for di¢tal computers. Princeton 
Univ. Press, Princeton, N.J., 1955 (with permission) . 

Approximations in Terms of Chebyshev Polynomials e 

4.2.� 

�(x) =cos nO, cos 0=2x-1 (see chapter 22) 
... 

ez= � AnT:(x) n-=0 
n 
0 
1 
2 
3 
4 
5 
6 
7 
8 

4.2.49 

4.2.50 

4.2.51 

4.2.52 

4.2.53 

4.2.54 

4.2.55 

4.2.56 

A, 
1.  7 5338 7654 
. 85039 1654 
. 10520 8694 
. 00872 2105 
. 00054 3437 
. 00002 7115 
. 00000 1128 
. 00000 0040 
. 00000 0001 

n A,. 
0 . 64503 5270 
1 -.  31284 1606 
2 . 03870 4116 
3 -. 00320 8683 
4 . 00019 9919 
5 -. 00000 9975 
6 . 00000 0415 
7 -. 00000 0015 

Difl'ere.ntia tion Formulas 

d - at=a' ln a 
dz 

Integration Formulas 

f�t ea• a f eaz 
z" d

z= 
(n-1)zn-l+ n-1 zn-1 dz (n>l) 

(See chapters 5, 7 and 29 for other 
involving exponential functions.) 

integrals 

4�3. Circular Functions 

Definitions 

4.3.1 sin z (z=x+iy) 

4.3.2 

e The approximations 4.2.48 are from C. W. Clens�aw, 
Polynomial approximations to elementary functiOns, 
Math. Tables Aids Camp. 8, 143-147 (1954) (with per
mission). 
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4.3.3 

4.3.4 

4.3.5 

4.3.6 

4.3.7 

4.3.8 

4.3.9 

SID Z tan z=-cos z 

1 csc z=--sm z 

1 sec z=-cos z 

1 cot z=-tan z 

Periodic Properties 

sin (z+2.br)=sin z (k any integer) 

cos (z+2.br)=cos z 
tan (z+.br)=tan z 

I ! I I . I I i i 

y 

2.0 

\ ••. 1.5 

-1.0 ---

4.3.10 

4.3.11 

4.3.12 

- sinx 
---- cosx 
--- tonx 

-- esc x 
······- sec x 
-- COl X 

FIGURE 4.3. Oircular junctions. 

RelationB Between Circular Functions 

sin2 z+cos2 z=l 
sec2 z-tan2 z= 1 
csc2 z-cot2 z= 1 

Negative Angle Formulas 

4.3.13 sin ( -z) =-sin z 
4.3.14 cos ( -z)=cos z 
4.3.15 tan (-z) =-tan z 

Addition Formulas 

4.3.20 

tan z1 +tan z2 
1-tan z1 tan z2 

Half.Angle Formulas 

. z ±(1-cos z)! SID 2= 2 

z ±(1+cos z)! 4.3.21 cos 2= 2 

4.3.22 tan �= ±(1-cos z)! 
2 1 +cos z 

1-cos z 
sin z 

sin z 
1 +cos z 

The ambiguity in sign may be resolved with the 
aid of a dia,gram. 

Transformation of Trigonometric Integrals 

u If tan -= z then 2 

2z 1-z2 2 
4.3.23 sin u=1+z2' cos u=l +z2' du=1 +22 dz 

4.3.24 

Multiple·Angle Formulas 

. 2  2 .  2 ta.n z  BID z= sm z cos z 1 +ta.n2 z 

4.3.25 cos 2z=2 cos2 z-1=1-2 sin2 z 
. 1-ta.n2 z =cos2 z-sm2 z 1 +ta.n2 z 

2 tan z 2 cot z 2 
4.3.26 tan 2z 1-tan2 z coV z-1 cot z-ta.n z 

4.3.27 sin 3z=3 sin z-4 sin3 z 

4.3.28 cos 3z=-3 cos z+4 cos8 z 

4.3.29 sin 4z=8 cos3 z sin z-4 cos z sin z 

4.3.30 cos 4z=8 cos4 z-8 cos2 z+ 1 

Products of Sin.es and Cosines 

4.3.31 2 sin Zt sin ez=cos Cz1-z2)-cos (z1+ z2) 

4.3.32 2 COS Zt COS z2=COS (Zt-Z2)+cos (z1+ z2) 

4.3.33 2 sin Zt cos z2=sin (zt-Z2)+sin (z1+z2) 

Addition and Subtraction of Two Circular FunctioD.I!I 

4.3.34 

sin z1+sin z2=2 sin(z1tz2) cos(z1 
2 

z2) 
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4.3.38 

tan Z1 ±tan z2 
sin (zt± z2) 
COS Zt COS Z2 

Relations Between Squares of Sines and Cosines 

4.3.40 

sin2 Zt-sin2 z2=sin (z1 +z2) sin (z1- z2) 

4.3.44 

4.3.41 

4.3.42 

4.3.43 
Signs o£ the Circular Functions 

in the Four Quadrants 

Quadrant sin cos tan 
esc sec cot 

I + + + 
II + - -
ill - - + 
IV - + -

73 

Functions of Angles in Any Quadrant in Terms of Angles in the First Quadrant. (0 5,8 5:i", k any integer) 

- -8 �±8 
2 

sin ______ _ _  -sin 8 cos 8 
cos _ _ _ _ _ _ _  cos 8 =Fsin 8 
tan _ _ _ _ _ _ _  - tan 8 =Fcot 9 
gc _ _ _ _ __ _  -esc 8 +sec 0 
sec _ _ _ _ __ _  sec 8 =Fcsc 0 
cot_ _ _ _ _ _ _  -cot 8 =Ftan 8 -

r±8 

=Fsin 8 
-cos 9 
± tan 9 
=Fcsc 8 
-sec 8 
±cot 8 

3r ±8 
2 

-cos 8 
±sin 9 
=Fcot 8 
-sec 9 
± esc 8 
+tan 8 

2kr±8 

±sin 8 
+cos _9 
±tan 9 
±esc 9 
+sec 8 
± cot 8 

4.3.45 Relations Between Circular (or Inverse Circular) Functions 

sin x=a cos x=a tan x=a esc x=a 

sin x _ _ _ _ _ _ a (1 -a2)i a(l+a2)-t a-t 

cos x _ _ _ _ _ _  (l-a2)t a (l+a2)-t a-1(a2- l)i  

tan x _ _ _ _ _ _  a(l-a2)-t a-1(1-a2)i a (a2-1)-t 

esc x _ __ _ _ _  a-t (l-a2)-t a-1(1+a2)t a 

sec x _ _ _ _ _ _  (1-a2)-t a-1 (l+a2)t a(a2-1)-t 

cot x _ _ _ _ _ _  a-1(1-a2)i a(l-a2)-t a-1 (a2- J)i 

( 05,x5,�) illustration : If sin x=a, cot x=a-1(1 -a2)t 

a.rcsec a=a.rccot (a2- 1)-t 

sec x=a 

a-1(a2-l)i 

a-1 

(a2-l)i 

a(a2- l)-t 

a 

(a2-1)-t 

cot x=a 

(l +a2)-t 

a(l +a2)-t 

a-1 

( l +a2)i 

a-1(1+a2)i 

a 
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4.3.46 Circular Functions for Certain Angles 

-- -- -----1----1---1---
sin 0 

cos 1 

..;2 ( ../3-1) 1/2 4 

..fi ( ../3+ 1) ../3/2 4 

../2/2 

../2/2 

tan 0 2-../3 -/3/3 1 

esc co ../2( ../3+ 1) 2 ...f2 
sec 1 ../2( ../3-1) 2../3/3 -./2 
cot co 2+../3 ..j3 1 

sin 

cos ..j2 (../3- 1) 4 

1 

0 

7r/12 
105° 

-../2 c.Ja-1) 4 

1/2 

2 

- 1/2 

tan 2+../3 CX) - (2+../3) -.../3 
esc ../2( ../3-1) 1 ...f2(..{3-1) 2.../3/3 
sec ..f2 ( ..j3 + 1) co -...f2c../3+1) - 2  

cot 2-../3 

SID .,fi/2 

cos -..fi/2 

tan -1 
esc 

sec 

cot -1 

0 

1/2 

-(2-../3) -../3/3 

. ..;; ( ../3-1) 0 

-../3/2 -..fi ({3+1) 4 - 1  

-../3/3 - (2-..{3) 0 

2 ../2(../3+1) CX) 

-2../3/3 -../2(../3-1) - 1  

-..;3 - (2 +../3) CX) 

Euler's Fonnula 

4.3.47 e'=e*'·'=e% (cos y+i sin y) 

De Moine's Theorem 

4.3.48 (cos z+i sin z)•=cos 11z+i sin JIZ 

(-?r<fJlz�r unless " is an integer) 
Relation to Hyperbolic Functions (see 4.5.7 to 4.5.12) 

4.3.49 sin z= -i sinh iz 
4.3.50 

4.3.51 

4.3.52 

4.3.53 

4.3.54 

cos z=cosh 'iz 
tan z= -i tanh iz 
esc z=i esch iz 
sec z=sech iz 
cot z=i coth iz 

Circular Functions in Tenns of Real and hna8inary 
Parts 

4.3.55 sin z=sin x cosh y+i cos x sinh y 
4.3.56 

4.3.57 

4.3.58 

cos z=cos x cosh y-i sin x sinh y 
sin 2x+i sinh 2y tan z cos 2x+cosh 2y 
sin 2x-i sinh 2y cot z cosh 2y-cos 2x 

Modulus and Phase (Argument) of �cular Function• 

4.3.59 jsin zi = (sin2 x+sinh1 y)• 

4.3.60 

4.3.61 

4.3.62 

4.3.63 

4.3.64 

4.3.65 

=[i (cosh 2y-cos 2x))t 
arg sin z=arctan (cot x tanh y) 
Ieos z i=(cos1 x+sinh2 y)l 

=[! (cosh 2y+cos 2x)]l 
arg cos z= -arctan (tan x tanh y) 

(
cosh 2y-cos 2x

)
! itan z i= cosh 2y+cos 2x 

(
sinh 2y

) arg tan z=arctan · 2 SlD X 

Series Expan8iona 

. zs z6 z1 
SID z=z-31+51-71+ · · · Clz l< co) 

4.3.66 

(!z l< co ) 
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4.3.67 

z3 2z3 17z7 
tan z=z+3+15+ 315 + . . .  

( -1)"-122"(22"-l)B2n 2,.;-1 + (2n)! z + · · · 

4.3.68 

1 z 7 . 31 8 esc z=;+s+360 z3+15120 z + . . .  
+ ( -1)"- 12(22"-l-1)B2n 2n-t+ (2n)l z · · · 

4.3.69 

4.3.70 

1 z z8 2z5 cot z=;-3-45-945- · · · 

4.3.]1 

(-1)"-122" B - 2n z211-l_ (2n) l 

sin z "' (-1)"22"-1B 
ln --= 2: 211 z2" z n=l n(2n) l 

4.3.72 

CD (-1)"2211-1(22"- l)B ln cos z=� · 2" z2" 
n-1 n(2n) l 

4.3.73 

(lzl<�) 

(lzl<1r) 

(lzl<�) 

(lz l<1t) 

Clzl<v) 

tan z CD (-1)"-122"(22"-1-l)B ln --= � 2n z2" z n-l n(2n)l 

4.3.79 

4.3.80 

4.3.81 

4.3.82 

4.3.83 

4.3.84 

4.3.85 

4.3.86 

4.3.87 

4.3.88 

4.3.89 

4.3.90 

4.3.91 

Inequalities 

sin x>� 
X 7r 

( -�<x<�) 
sin x5x5tan x 

sin x cos x5--5 1 X 
'��"< sin 7rX < 4 x(l-x)-

!sinh Yl 5 lsin zl5 cosh y 

jsinh yj :; jcos z! 5 cosh y 

jcsc zl 5cschjyj 

Ieos zl 5 c0shl zj 
jsin zl 5 sinh! zl 

Ieos z l< 2, !sin zl 5� lzl 
Infinite Products 

m ( z2) sin z=z n 1-k2 2 k-l 1r 

"' ( 4z2 ) COS Z= l!l 1- (2k-1)2w-2 
Expanaion in Partial Fraetiona 

1 CD 1 
cot z=-+2z � 2 kY z t-1 z -

(o:;x:;i) 

(05X5'lr) 

(O<x<l) 

Clzl<1) 

(z�0,±1r,±211", . . .  ) 
Clz l<v) 4.3.92 

CD 1 
csc2 z= � ( _7 • ....:)2 A:•-0> z tr;7f 

where Bn and E, are the Bernoulli and Euler 
numbers (see chapter 23). 

4.3.74 

4.3.75 

4.3.76 

4.3.77 

4.3.78 

Limiting Values 

1. sm x lm--=1 z-+0 X 
lim 

tan x=1 
%-+0 X 

li . X m n sm -=x 
n-+CD • n 

li X m n tan-=x n-+CD n 

lim X cos -=1 
n-+"' n 

4.3.93 

(z �0,±1r,±2'lr, . . .  ) 
1 (I) (-1)1 

esc z=-+2z '5: 2 k2r Z k-i. Z -

(z�0,±'lr1±21r, . . .  ) 
Continued Fraetiona 

z z2 z2 z2 ( '��" ) 4.3.94 tan z=1_ 3_ 5_ 7_ . . . z �2±n1r 
4.3.95 

a ta.n z (1-a2) ta.n2 z (4-a2) tan2 z 
tan az= I+ 3+ 5+ 

(9-a2) tan2 z ( 1r 1r 1r ) .!----7..:...+-- . . . -2<Blz<2' az �2±7t1r 
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Polynomial Approximations 7 

4.3.96 

<t:�=-.16605 
4.3.97 

a2=-.l6666 66664 
a.= .00833 33315 

.aa=- .00019 84090 

a.= .00761 

as= .ooooo 27526 
a1o=-.00000 00239 

4.3.98 1r O$x$2 
cos x= 1+�x2+a.x4+E(x) 

�= -.49670 
4.3.99 

a2=-.49999 99963 
a4= .04166 66418 
as=-.00138 88397 

4.3.100 

a4=.03705 

as= .00002 47609 
a10=-.00000 02605 

a,=.20330 

7 The approximations 4.3.96 to 4.3.103 are from D. Carl
son; M. Golclstein, Rational approximation of functions, 
Los Alamos Scientific Laboratory LA-1943, Los Alamos, 
N. Mex., 1955 (with permission). 

4.3.101 

tan x -x-=1+�x2+a.x'+a8x8+aar+a10x10 

a2= .33333 14036 
a.=.13339 23995 
ae= .05337 40603 

4.3.102 

* 

4.3.103 

ag= -.33333 33410 
a.=-.02222 20287 
ae= -.00211 77168 

+a12X12+E(x) 

aa=.02456 50893 
a1o= .00290 05250 
al2=.00951 68091 

O<x< ! - - 4  

a4=-.024369 

as=- .00020 78504 
a1o=- .00002 62619 

Approximations in Terms of Chebyshev Polynorniala 8 

4.3.104 

T!(x)=cosn8, cos 8=2x-l (see chapter 22) 

... ... 

sin tn-x=x � A,.T:(x2) cos �x= � .A..T!(x2) 1l-O n-o 
n A,. n A,. 
0 1 .27627 8962 0 .47200 1216 
1 -.28526 1569 1 - .49940 3258 
2 .00911 8016 2 .02799 2080 
3 - .00013 6587 3 -.00059 6695 
4 .00000 1185 4 .00000 6704 
5 - .00000 0007 5 -.00000 0047 

K The approximations 4.3.104 are from C. W. Clenshaw, 
Polyuomial approximations to elementary functions, 
Math. Tablc•s Aids Comp. 8, 143-147 (1954) (with per
mission) . 
·s�e po.ee n. 
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4 •. 3.105 

4.3.106 

4.3.107 

4.3.108 

4.3.109 

4.3.110 

4.3.111 

4.3.112 

4.3.113 

Differentiation Formulas 

d . 
dz sm z=cos z 

d . 
d2 cos z=-sm 2 

d 
dz tan z=sec2 z 

d 
dz esc z=-csc z cot z 

d 
dz sec z=sec z tan z 

d - cot z=-csc2 2 dz 

d" . . ( 1 ) 
dz" sm z=sm 2+�1r � 

d" ( 1 ) 
dz" COS 2=COS z+r 

Integration Formulae 

Jsin zdz=-cosz 

4.3.114 J cos z dz=sin z 

4.3.115 Jta.n zdz=-ln cosz=ln sec2 

4.3.116 

f 
z 1 1-cos z esc 2dz=ln tan 2=ln (esc z-co.tz)=2 ln1+cos 2 

4.3.117 

Jseczdz=ln(secz+ta.nz)=ln tan (�+�)=gd-1 (z) 
=Inverse Guderma.nnia.n Function 

11" 
gd z=2 arctan e•-2 

4.3.118 Jcot zdz=ln sin z=-ln esc z 

4.3.119 

J z" sinzdz=-z" cos z+n J z"-1 cos zdz 

4.3.120 

f
sin
2"
zdz -sin z _1_J

cos zdz (n-1)z" 1+ n-1 z"-1 

4.3.121 J�dz=-z cot z+ln sin z sm z 

(n>1) 

4.3.122 

I z dz sin" z 

4.3.123 

-z cos z 1 
(n-1) sin" 1 z (n- 1) (n-2) sin"-2 z 

(n-2)
J z

 dz ( >2) + (n-1) sin"-2 z n 

J z" cos zdz=2" sin z-n J z"-1 sin zdz 

4.3.124 

Jcos zdz= z" 
cos z 1 Jsin zd - z (n>1) (n-1)z" 1 n-1 z"-1 

4.3.125 J----=adz=z tan z+ln cos z cos z 
4.3.126 

f 
z dz 
cos" z 

z sin z 1 
(n-1) cos" 1 z (n-1) (n-2) cos" 2 z 

4.3.127 

+(n-2)J zdz ( >2) (n-1) cos"-2 z n 

f . 
sin"'+1 z cos"-1 z 

sm"' z cos" z dz=----:--m+n 

=-

4.3.128 

+ sm"' z cos"-2 z dz (n-1) 
J . (m+n) 

m+n 

+ SlD"'-2 z cos" z dz (m-1)J . (m+n) 
(m¢-n) 

J dz 1 
sin"' z cos" z = (n-1) sin"'-1 z· cos" 1 z 

m+n-2J dz + n- 1 sin"' z cos" 2 z 
(n>1) 

- 1  
= (m-1) sin"'-1 z cos" 1 z 

m+n-2J dz + m-1 sin"' 2 z cos" z 
(m>1) 

J tan"-1 z J 4.3.129 tan" z dz= n-1 - · ta.n"-2 z dz (no¢ 1) 

f 
cot"-1 z  J 4.3.130 cot"zdz=- n-1 cot"-2 zdz (n¢1) 
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4 .3.132 

.f-.3.134 

4.3.135 

4.3.136 

I dz 
I +cos z 

z tan -
2 

f dz -cot � 1 -cos 2 2 

I efl* sin bz dz . a2�b2 (a sin bz-b cos bz) 

4.3.137 I efl' cos bzdz= at�b2 (a cos bz+b sin bz) 

4.3.138 I efU sinn bz dz 

4.3.139 I� cosn bz dz 

4.3.140 

Definite Integrals 

i"'sin mt sin nt dt=O 

(m.Cn, m and n integers) 

i"' cos mt cos nt dt=O 

4.3.141 

4.3.142 

4.3.143 

f" sin2 nt {lt= ("' cos2 nt dt=! Jo Jo 2 

("' sin mt dt=� Jo t 2 

(n an integer, n.CO) 

(m>O) 

=0 ( m=O) 

=-� (m<O) 

( "' cos at-cos bt dt=ln (bja) Jo t 

4.3.144 .["'sin t2 dt= .["'cos t2 dt=�� 
4.3.145 rr/2 rr/2 11' 

Jo ln sin t dt= Jo ln cos t dt=-2 ln 2 

4.3.146 ( "' COS mt dt='!. ...om Jo l+t2 2 e 

(See chapters 5 and 7 for other integrals involv
ing circular functions.) 

(See [5.3] for Fourier transforms.) 
4.3.147 

Formulas for Solution of Plane Right Triangles 

B 

c 
0 

b A 

If A B and 0 are the vertices (0 the right 
angle), �nd a, b and c the sides opposite respectively, 

sinA=�=-1-c csc A 
b 1 cos A=-=-c sec A 
a 1 ta.n A=-=-b cotA 

versine A=vers A=I-cos A 
coversine A=covers A=1-sin A 
haversine A=hav A=! vers A 
exseca.nt A=exsec A=sec A - 1  
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4.3.148 

Fonnulu for Solution of Plane Tri.an&Jea 

a 

A b c 

In a triangle with angles A, B and 0 a.nd sides 
opposite a, b and c respectively, 

a b c 
sin A

= 
sin B

= 
sin 0 

c'+b2-a2 
cos A 2bc 

a= b cos O+c cos B 

a+ b ta.n i(A +B) 
a-b

=
tan !(A-B) 

bc sin .A b ) t  area 2 [8(8-a)(s- )(s-c ] 

8=!(a+b+c) 

4.3.149 

Fonnulae for Solution of Spherical Triangles 

8 

a 

If A, B and 0 are the three angles and a, b and 
c the opposite sides, 

sin A sin B sin 0 
sin a

= 
sin b = sin c 

cos a=cos b cos c+sin b sin c cos A 

cos b cos (c±9) 
cos 9 

where tan 8=tan b cos A 

cos A=-cos B cos O+sin B sin 0 cos a 

4.4.1 

4.4.2 

4.4.3 

4.4. Inverse Circular Functions 
Definitiona 

. r· dt 
arcsm z= Jo (1-t')t 

(z=z+iy) 

f.1 
dt 1r 

arcsin z arccos· z= 
, (1-tt)t 2 

r· dt 
arctan z= Jo 1+t2 

• 

The path of integration must not cross the 
real axis in the case of 4.4.1 and 4.4.2 and the 
imaginary axis in the case of 4.4.3 except possibly 
inside the unit circle. Each frmction is single
valued and regular in the z-plane cut along the 
real axis from - CD to - 1 &trd + 1 to + CD in the case 
of 4.4.1 and 4.4.2 and along �he imaginary axis 
from i to i CD and -i to -i CD m the case of 4.4.3. 

Inverse circular functions are also written 
arcsin z=sin-1 z, arccos z=cos-1 z, arctan z 
=tan-1 z, . . . .  

When - 1  �z� 1, arcsin z and arccos z are 
real and 

4.4.4 - i1r �arcsin z � }1r, 0 �arccos z $1r 
1r fRz>O 

4.4.5 arctan z+arccot z=±2 £Jiz<.cf 

4.4.6 arccsc z=arcsin 1/z 

4.4.7 

4:4.8 

4.4.9 

arcsec z=a.rccos 1/z 

arccot z=arctan 1/z 

arcsec z+a.rccsc z= }1r 
(see 4.3.45) 

iy 

l 

-I 0 +I 

arcsin z and 

orccosz 

iy 

• 
-I 0 +I 

arccac z and 

orcsec z 

iy 

+i 

0 

-i 

arctan z 

iy 

+I 

0 
-I 

areca! z 

l 

X 

FIGURE 4.4. Branch cuts for inverse circular 
junctions. 
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Fundamental Properey 

The general solutions of the equations 

I sin t=z 
cos t=z 
tan t=z 

are respectively 
4.4.10 t=Arcsin z= ( - 1)1 arcsin z+k1r 
4.4.11 t=Arccos z= ±arccos z+2br 
4.4.12 

t=Arctan z=arctan z+br (z2¢-1) 
where k is an arbitrary integer. 
4.4.13 Interval containing principal value 

y x positive x negative 
or zero 

arcsin x and arctan x 0 �y 5:. 11'/2 -?r/2 5:.y<O 

*arccos x and arc sec x 0 � y 5:. 1r /2 

*arccot x and arccsc x 0 5,y�7r/2 -1r12 5-.y<O 

- orc•ln 11 
-�·· OI'CC:OI X --- orclon • - - orc:c• � •  ·2..0 ... -- OtCICC a 
-- orccot 1 

FIGURE 4.5. Inverse circuJar junctions. 

4.4.14 

4.4.15 

4.4.16 

4.4.17 

4.4.18 
*
4.4.19 

Functions of Negative Arguments 

arcsin (-z) = -arcsin z 
arccos ( -z)=1r-arccos z 
arctan (-z)=-arctan z 
arccsc (-z) = -arccsc z 
arcsec (-z) = 1r-arc sec z 
arccot ( -z)=-arccot z 

Relation to lnverae Hyperbolic Functions (see 4.6.14 to 
4..6.19) 

4.4.20 

4.4 • .21 

4.4.22 

•See page u. 

Arcsin z= -i Arcsinh iz 
.A!tccos z= ± i Arccosh z 
Arctan z=-i Arctanh iz (z2¢-1) 

4.4.23 Arccsc z=i Arccsch iz 
4.4.24 Arcsec z= ± i Arcsech z 
4.4.25 Arccot z=i Arccoth iz 

Logari th.mio Repreeenta tions 

4.4.26 Arcsin x=-iLn [{1-x2)l+ix] (x2� 1) 
4.4.27 Arccos x=-i Ln [x+i(l-z2)l] (z2� 1) 

i 1-i x i i+x 4.4.28 Arctan x=- Ln --.-=- Ln -. -2 l+t X 2 �-X 

4.4.29 

(x real) 

[(x2-J )t+i] .Arccsc x=-i Ln x (x2� 1) 

4.4.30 Arcsec :z:=-i Ln[1+i(:2-l)tJ (x2� 1) 

4.4.31 Arccot x=� Ln G:+ � )=� Ln (:+D 

(x real) 
Addition and Subtraction of Two IDverae Circular 

Functions 

4.4.32 

Arcsin Zt ±Arcsin z2 
=Arcsin [zt(l-zDt±z2(1-zDt] 

4.4.33 

Arccos Zt ±Arccos z2 

=Arccos { ZtZ2=t= [(1-zf) (1-z�)]l} 
4.4.34 

Arctan Zt±Arct-an Z2=Arctan (t��d) 
4.4.35 

Arcsin Zt±Arccos z2 

4.4.36 

=Arcsin { ZtZ2±[(1-zf) (1-z�)]l} 
=Arccos [z2(1-zf)l=fzt(l-z�)l] 

Arctan z1±Arccot z2 

Ar t (ZtZ2±1) Ar t ( Z2':fZ1) = c an = ceo Z2=fZt �1z2±l 
lnverae Circular Functions in Terms of Real and 

Imaginary Parte 

4.4.37 

Arcsin z=k?r+(-1)1 arcsin� 

+(-1)1iln [a+(a2-l)l] 
4.4.38 

Arccos z=2.br± {arccos �-i ln [a+(a2-I)t)} 
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where k is an integer or zero und 

4.4.40 

a=! [ (x+ 1)2+y2]l+! [ (x- 1)2+y2]i 

,8=! [(x+1)2+y2]l-![(x- 1)2+ y2)l 

Series Expansions 

. z3 1 · 3z5 1 · 3 ·5z7 
arcsm z=z+2 ·3+2 ·4 · 5+2 ·4 ·6 ·7+ . . . (/ z /<1)  

4.4.41 

• ( ) 
'Tr 

( )l
[

l � 1 · 3 · 5 . . . (2k- 1) l] arcsm 1-z 2 2z + � 22k(2k+1)k! z 

4.4.42 

4.4.43 

Continued Fractions 

z z2 4z2 9z2 16z2 
arctan z=1+ 3+ 5+ 7+ 9+ . . .  

(/z/<2) 

(z in the cut plane of Figure 4.4.) 
arcsin z 4.4.44 � 'V 1- z2 

z 1 · 2z2 1 · 2z2 3 · 4z2 3 · 4z2 
1 - 3- 5- 7- 9- . . . 

(z in the cut plane of Figure 4.4.) 
Polynomial Approx:i:J:nations ' 

4.4.45 

ao= 1 .57072 88 
a�=-.21211 44 

a2= .07426 10 
aa=-.01872 93 

0 The approximations 4.4.45 to 4.4.47 are from C. Hast
ings, Jr. , Approximations for digital computers. Princeton 
Univ. Press, Princeton, N.J .. 1955 (with permission). 

4.4.46 

arcsin x=�- (1-x)l(ao+atx+azx2+aax3 

+a,x4+a5x5+aax6+a1x7) +E(x) 

/E(X) I �2X 10-8 

a0= 1.57079 63050 
a1= -.21459 88016 
a2= .08897 89874 
aa=- .05017 43046 

4.4.47 

a1= .99986 60 
aa=-.33029 95 
a6= .18014 10 

4.4.49 11 

arctan x X 

az= -.33333 14528 
a,= .19993 55085 
a6 = - . 14208 89944 
as= .10656 26393 

a4= .03089 18810 
a6=- .01708 81256 
a6= .00667 00901 
a1=- .00126 24911 

�=- .08513 30 
ag= .02083 51 

a10=- .07528 96400 
a12= .04290 96138 
a14= -.01616 57367 
a16= .00286 62257 

10 The approximation 4.4.48 is from C. Hastings, Jr., 
Note 143, Math. Tables Aids Comp. 6, 68 ( 1953) (with 
permission) . . 11 The al?proximation.4.4.�9 is from B. 9arlson, M. Gold
stein, Rattonal approxtmation of functiOns, Los Alamos 
Scientific Laboratory LA.-1943, Los Alamos, N. Mex., 
1955 (with permission). 
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Approxitnatiotl8 in Tenns of Chebyshev Polynomials 12 
4.4.50 

T!(x)=cos nO, COS 0=2X-1 (see chapter 22) 

<D 

arctan x=x � A,.1':(x2) n•O 

n A,. n A,. 
0 . 88137 3587 6 . 00000 3821 1 -. 10589 2925 2 . 01113 5843 
3 -. 00138 1195 
4 . 00018 5743 5 - . 00002 6215 

7 - . 00000 0570 8 . 00000 0086 9 -. 00000 0013 10 . 00000 0002 
• For x >1, use arctan x=i1r-arctan (1/x) 

4.4.51 .. 
arcsin x=x � A,.T:(2x2) n=O .. 
arccos x=!1r-x � A,.T:(2x2) n-o 

n A,. n A,. 
0 1. 05123 1959 5 . 00000 5881 
1 . 05494 6487 6 . 00000 0777 2 . 00408 0631 7 . 00000 0107 3 . 00040 7890 8 . 00000 0015 4 . 00004 6985 9 . 00000 0002 

For t.J2�x�l , use arcsin x=arccos(l-x2)i, arc
cos x=aresin (1-x2)i. 

4.4.52 

4.4.53 

4.4.54 

4.4.55 

4.4.56 

Differentiation Fonnulas 

!!:... arcsin z= (1-z2) -t dz 

d - arccos z=-(1-z2)-i dz 

d 1· 
dz arctan z=1+22 

d -1 
dz arccot z=1+z' 

d 
dz arcsec z 

I 
z (z'-I)i 

12 �he apJ>roximations 4.4.50 to 4.4.51 are from C. W. 
Clenshaw, Polynomial approximations to elementary 
functions, Math. Tables Aids Comp. 8, 143-147 (1954) 
(with permission). 

*� .... _ .. _ ,. 

4.4.57 

Integration Formulas 

4.4.58 J arcsin z dz=z arcsin z+(l-z2)l 

4.4.59 J arccos z dz=z arccos z-(1-z2)i 

4.4.60 J arctan z dz=z arctan z-! In (I +z2) 

4.4.61 J arccsc z dz=z arccsc z±ln [z+(z2-�)l) [ O<arccsc z<�] 
-�<arccsc z<O 

4.4.62 J arcsec z dz=z arcsec z=Fln [z+(z2-l)l] 

_' (:<•rcsec •<i] 
2< arcsec z<1r 

- 4.4.63 J arccot z dz=z arccot z+! in (1 +z2) 

4.4.64 

Jz arcsin z dz=(�2 �) arcsin z+� (1-z2)l 

4.4.65 

f . z,.+l . 1 J z11+1 Jz" arcsm z dz n+I arcsm z-n+I (I-z•)• dz 
(n� - 1) 

4.4.66 

Jz arccos z dz=(�2 �) arccos z-� (1-z1)l 

4.4.67 f z"+I 1 J z"+l Jz" arccos z dz=n+I arccos z+ n+I (l-z2)t dz 

4.4.68 

(n� - 1) 

f 1 z Jz arctan z dz=2 (l+z') arctan z-2 
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4.4.69 

r zn+! 1 f zn+! 

J z" arctan z dz= 
n+ 1 

arctan z-
n+ 1 1 + z� dz 

(nr£ -1) 
4.4.70 

4.4.71 

r z"+! 1 (z"+1 
Jz" arccot z dz=

n+l 
arccot z+ 

n+ t J l+za dz 

4.5.1 

4.5.2 

4.5.3 

4.5.4 

4.5.5 

4.5
.'
6 

4.5. Hyperbolic Functions 
Defi.nitione 

sinh z e•-e-• 
2 

cosh z e'+e-c 
2 

tanh z=sinh z/cosh z 

csch z= 1/sinh z 

sech z= !/cosh z 

coth z= 1/tanh z 

. . . \�"'· \ \ ' ' ' 
'·, 

, __ 

...... ���.� .. -·-··--"·�-··-

-s.2 ... .... -"�• --- . -u ..... euh " -....... 
'Otll'l x • __ .:::.'-� 

r .z 2.0 l:.a 
---------� - lltth • 

---· eot.h . 
-·- lonh a --- etch 1 
-•

·
•••• HCt'1 11 -- coth • \ -u 

.. J.5 
I I -··' 

(n;C -1) 

(z=x+iy) 

S.l 4,4 

FIGURE 4.6. Hyperbolic junctions. 

Relation to Circular Functione (see 4.3.49 to 4.3.54) 
Hyperbolic formulas can be derived from 

trigonometric identities by replacing z by iz 

4.5.7 sinh z=-i sin iz 

4.5.8 

4.5.9 

4.5.10 

4.5.ll 

4.5.12 

4.5.13 

4.5.14 

4.5.15 

4.5.16 

4.5.17 

4.5.18 

4.5.19 

4.5.20 

4.5.21 

4.5.22 

4.5.23 

4.5.24 

4.5.25 

cosh z=cos iz 

tanh z= -i tan iz 

csch z=i esc iz 

sech z =sec iz 

coth z=i cot iz 

Periodic Properties 

sinh (z+2k?ri) =sinh z 

(k any integer) 

cosh (z+2k?l'i)=cosh z 

tanh (z+kri) =tanh z 

Relations Between Hyperbolic Functions 

cosh2 z-sinh2 z=l 

tanh2 z+sech2 z= 1 

coth2 z-csch2 z=1 

cosh z+sinh z=e' 

cosh z-sinh z=e-• 

Negative Angle Fonnulas 

sinh ( -z)= -sinh z 

cosh (-z)=cosh z

tanh (-z)=-tanh z 

Addition Formulae 

sinh ( z1 + �) =si?h Z1 cosh Z2 

+cosh z1 sinh z2 

cosh (z1+z2)=cosh z1 cosh za 

+sinh Zt sinh z2 

4.5.26 tanh (z1 +zz) = (tanh Z1 +tanh Zz)/ 

(1 +tanh z1 tanh z2) 
4.5.27 coth (z1+zz)= (coth Z1 coth zz+ l)/ 

(coth z2+coth z1) 

BaH-Angle Formulas 

4.5.28 
. 

h z (cosh z-1)! 
Sill 2= 2 
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4.5.29 

ELEMENTARY TRANSCENDENTAL FUNCTIONS 

h z (cosh z+1)! cos 2= 2 

4.5.30 

tanh �=(cosh z-1)! cosh z-1 sinh z 
2 cosh z+1 sinh z cosh z+1 

Multiple-Angle Formulas 

5 . h 2 . h h 2 tanh z 4 • .  31 sm 2z= sm z cos z 1-tanh2 z 

4.5.32 cosh 2z=2 cosh2 z-1=2 sinh2 z+1  

4.5.33 

4.5.34 

4.5.35 

4.5.36 

4.5.37 

4.5.38 

2 tanh z tanh 2z 
1 +tanh2 z 

sinh 3z=3 sinh z+4 sinh3 z 

cosh 3z= -3 cosh z+4 cosh3 z 

sinh 4z=4 sinh8 z cosh z+4 cosh.8 z sinh z 

cosh 4z=cosh4> z+6 sinh' z cosh2 z+sinh' z 
Products of Hyperbolic Sinea and Cosine. 

2 sinh z1 sinh z2=cosh (z1+z2) 

-cosh (z1-�) 

+cosh (z1-z,) 
4.5.40 2 sinh z1 cosh z2=sinh (zt +�) 

+sinh (z,-z2) 

Addition and Subtraction of Two Hyperbolic Functions 

4.5.41 
. h + . h 2 . h (z1+z2) h (zJ-z2) sm z1 sm z2= sm -2- cos -2-

4.5.43 

cosh zt+cosh z2=2 cosh (21;22) cosh (21 
2 

z2) 

Relations Between Squares of Hyperbolic Sines and 
Cosines 

4.5.47 
sinh2 z1-sinh2 Z2=sinh (zt+zz) sinh (21-z2) 

=cosh2 z1-cosh2 z2 
4.5.48 

sinh2 z1+cosh2 z2=cosh (z1+z2) cosh (z�-�) 
=cosh1 Zt +sinh2 Z2 

Hyperbolic Functions in Terms of Real and h:naginary 
Parts 

4.5.49 sinh z=sinh x_ �s y+i cosh x sin y 

4.5.50 cosh z=cosh x cos y+i sinh x sin y 

4 5 51 tanh 2 sinh 2x+i sin 2y 
· • cosh 2z+cos 2y 

4.5.52 coth z sinh 2x-i sin 2y 
cosh 2x-cos 2y 

De Moivre's Theorem. 

4.5.53 (cosh z+sinh z)"=cosh nz+sinh nz 
Modulus and Phase (Argument) of Hyperbolic 

Fu.nctiona 

4.5.54 

4.5.55 

4.5.56 

4.5.57 

4.5.58 

lsinh zl = (sinh2 x+sin2 y)l 
=[!(cosh 2x-cos 2y)]t 

arg sinh z=arctan (coth x tan y) 

lcosh zl=(sinh2 x+cos2 y)t 
=[i(cosh 2x+cos 2y))t 

arg cosh z=arctan (tanh x tan y) 

I tanh 2 I =(cosh 2x-cos 2y)t 
cosh 2x+cos 2y 

( sin 2y) 4.5.59 arg tanh z=arctan sinh zx 
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4.5.60 Relations Between Hype�bolic (or Inverse Hyperbolic) Functions 
sinh x=a cosh x=a tanh x=a csoh x=a sech :z:=a coth x=a 

sinh :z: _ _ _ _  ! a (a2-1)i a(l-a2)-i a-1 a-1(1-a2)i (a2- 1)-i  

cosh :z; _ _ _ _ _  ( 1  +a') I a (1-a2)-t a-1(1 +a2)t a-t a(a2-1)-i 

tanh :z; _ _ _ _ _  a(1+a2}-t a-1(a2- 1)t a (1 +a2)-t (1-az)t a-1 
csch :z; _ _ _ _ _  a-1 (a2- 1)-t a-1(1-a2)t a a(1-a2)-t (a2-1)i 

sech :z; _ _ _ _ _  (l+a2)-t a-1 (1-a2)i a(1+af)-t a a-1(a2- 1)t 

coth x _ _ _ _ _  a-1(a'+ l)i a(a2- 1}-t a-1 (1 +a2)t (1-a2)-t a 

illustration: Ii sinh x=a, coth x=a-1(a2+ 1)i 
arcsech a=arccoth (1-a2)-t 

4.5.61 Special Values of the Hyperbolic Functions 4.5.66 

. 3 ... 0 11" .  ri 2 2 \ 2 7. 

sinh z __ _ _ _ _ _  0 ?, 0 -i 

cosh z _ _ _ _ _ _ _  1 0 - 1  0 
tanh z _ _ _ _ _ _  0 CO '!,  0 - coi 

csch z _ _ _ _ _ _ _  Q) -i Q) ?, 

sech z _ _ _ _ _ _ _  1 Q) --1 Q) 

coth z _ _ _ _ _ _ _  Q) 0 Q) 0 

Series Expanaiona 

4.5.62 . 2a 25 27 smh 2=2+31+51+71+ . . . 

4.5.63 

4.5.64 nh 23+ 2 6 17 7 ta 2=2-- -2 --2 3 15 315 

Q) 

Q) 

Q) 

1 

0 
0 
1 

(j2!< co ) 

* 
+ +22"(22f>-1)B2,. 2,._1+ · · · (2n)! z · · · 

4.5.65 
(121<�) 

1 z 7 31 csch z=z--6+ 360 2
3-15120 25+ · · · 

_ 2(22"-1-1)B2rl 2,._1+ (2n)! z · · · 

Clzl<•) 

ch z2 5 4 61 6+ + Ez,. 2,.+ se z=l-2+24 2 -720 2 · · · (2n) 1 2 • · · (l zl<�) 
4.5.67 

h 1 2 23+ 2 5 +22"B2,. 2,._1+ cot 2=-z+a-45 945 2 - • . • (2n) I 2 . . .  
(lz l<.,.) 

where B,. and E,. are the nth Bernoulli and Euler 
numbers, see chapter 23. 

4.5.68 

4.5.69 

4.5.70 

4.S.71 

4.5.72 

4.5.73 

4.5.74 

Infinite Producta 

. ... ( z' ) smh 2=z ,r;,, 1+kY "' [ 422 J cosh z=,l!, 1+(2k-1)Y 

Continued Fraction 

Differentiation Fonnulas 

:z sinh z=cosh z 

:z cosh z=sinh z 

d 
d2 tanh z=sech2 z 

d 
dz csch z=-csch z coth z 
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4.5.75 

4.5.76 

4.5.77 

4.5.78 

4.5.79 

4.5.80 

4.5.81 

4.5.82 

4.5.83 

d 
dz 

sech z=-sech z tanh z 

d 
- coth z=-csch2 z 
dz 

Integration Formulae 

J sinh z dz=cosh z 

J cosh z dz=sinh z 

J tanh z dz=ln cosh z 

J csch z dz=ln tanh � 
J sech z dz=a.rctan (sinh z) 

· J coth z dz=ln sinh z 

J z" sinh z dz=z: cosh z-nfzn-l cosh z dz 

4.5.84 

J z" cosh z dz=z" sinh z-n J z"-1 sinh z dz 

4.5.85 

Jsinh"' z cosh" z dz=-
1
- sinh"'+1 z cosh"-1 z m+n 
n-l s . + m+n smh"' z cosh"-2 zdz 

=-
1

- sinh"'-1  z cosh"+1 z m+n 

--- smh"'-2 z cosh" z dz 
m-1s . 
m+n 

(m+n�O) 
- 1  1 f dz 4.5.86 . 

h h SID m Z COS 11 Z m-1 sinh"'-1 z cosh"-1 z 

m+n-2J dz 
m-1 sinh"'-2 z cosh" z (m�1) 

1 1 
=

n-1 sinh"' 1 z cosh"-1 z 

+m+n-2J dz 
n-1 sinh"' z cosh"-2 z (n�1) 

4.5.87 

f · ta.nh"-1  z J tanh" z dz=-
n-1 + tanh"-2 z dz 

(n�l) 
4.5.88 f coth"-1 z J coth" z dz=-

n
- l + coth"-2 z dz 

(n�l) 
(See chapters 5 and 7 for other integrals m

volving hyperbolic functions.) 

4.6. Inverse Hyperbolic Functions 

Definitions 

4.6.1 

4.6.2 

4.6.3 

r· dt 
arccosh z= J 1 W-1)t 

r· dt 
a.rctanh z= J o 1_t2 

The paths of int·egration must not cross the fol
lowing cuts. 

4.6.1 imaginary axis from -i m to -i and i 
to i m 

4.6.2 real axis from - m to + 1 

4.6.3 real axis from - m- to - 1 and + 1 to 
+ m 

Inverse hyperbolic functions are also written 
sinh-1 z, arsinh z, dr sinh z, etc. 

4.6.4 arccsch z=arcsinh 1/z 

4.6.5 arcsech z= arccosh 1/z 

4.6.6 arccoth z=arctanh 1/z 

iy iy 

+i 
X - oo tl X 

0 0 
-i 
orcsinh z orccosh z 

iy iy 

+i X - coo +I t C9  
0 -i 0 X 

orccsch z orcsech z 

iy 

X 
-I 0 tl 

orctonh z 

iy 

-I +I )( 
0 
orccoth z 

FIGURE 4.7. Branch cuts for inverse hyperbolic 
junctions. 
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4.6.7 arctanh z= arccoth z± !n 

(see 4.5.60) (according as .. lz�O) 

Fundamental Property 

The general solutions of the equations 
z=sinh t 
z=cosh t 
z=tanh t 

are respectively 

4.6.8 t=Arcsinh z= ( - l)t arcsinh z+k1ri 

4.6.9 t=Arccosh z= ±arccosh z+2k11'"i 

4.6.10 t=Arctanh z=arctanh z+k1ri 

4.6.11 

*4.6.12 

4.6.13 

(k, integer) 

Functions of Negative Arguments 

arcsinh ( -z) = -nrcsi�h z 

arccosh (- z) =1ri- arccosh z 

arctanh ( -z)= -arctanh z 

Relation to Inverse Circular Functions (see 4.4.20 to 
4.4.25) 

Hyperbolic identities can be derived from trig
onometric identities by replacing z by iz. 

4.6.14 

4.6.15 

4.6.16 

4.6.17 

4.6.18 

4.6.19 

4.6.20 

4.6.21 

4.6.22 

4.6.23 

4.6.24 

Arcsinh z= -i Arcsin iz 

Arccosh z = ± i Arccos z 

Arctanh z= -i Arctan iz 

Arccsch z=i Arccsc iz 

Arcsech z= ± i Arcsec z 

Arccoth z=i Arccot iz 

Logarithmic Representations 

arcsinh x=ln [x+ (x2+ I)ij 

arrcosh x=ln [x+(x2-l)l] 

I +x arrt.anh x=! In -1--x 

arrcsch x=ln 1}+(:2+ 1 YJ 
arcserh x=ln [�+(:��-�YJ 

(x �l)  

(Osx2<1) 

(x�O) 

CO<xsi) 

4.6.25 1 x+l arccoth x=2 1n x-l 

OtCfotl, c i 
i 

... 
•.o ... 

.... 
.... 

·-- - - arcc.o$1'\• - -- orcJonh a 
-- - OfCC"S.th 11. 
..... ... orcsecl'l• 
-· - on;coll\ t. 

4.0 

FrGURE 4.8. Inverse hyperbolic junctions. 

* 

Addition and Subtraction of Two Inverse Hyperbolic 
Functions 

4.6.26 

Arcsinh z1 ±Arcsinh z2 

=Arcsinh [z1(l +z�)l±z2(I+zDt] 

4.6.27 

Arccosh z1±Arccosh z2 

4.6.28 

4.6.29 

Arcsinh z1±Arccosh Z2 

4.6.30 

·� .. page 11. 

=Ar<.'sinh { z1z2± ( (l +zD(z�- 1)]1} 

=Arcrosh [z2(l +zD'± z.(z�- l)l] 
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Series Expansions 
4.6.31 

. 1 �� 1 · 3  5 arcsmh z=z-2 . 3 z-+2 .  4 .  5 z 

1 . 3 .  5 7 
2 · 4 · 6 · 7 2 + . . .  

1 1 . 3 
=ln Zz+ 2 . 2z2 2 · 4 · 4z4 

(/z/<1) 

+ 1 · 3 · 5 -2 · 4 · 6 · 6z6 

4.6.32 
1 1 . 3 arccosh z=ln 2z-2· . 222 .2 · 4 · 4z4 

1 . 3 . 5 

( /zl>l) 

2 .  4 . 6 .  6t-

z3 zs z1 
4.6.33 arctanh z=z+-a+s-+7+ . . . 

1 1 1 1 
4.6.34 arccoth z=-+-3 a+5---s+-7 1+ · · · z z z z 

Continued Fractions 

z · zt 4z2 9z2 4.6.35 arctanh z= 1_ 3_ 5_ 7_ . . .  

(/ zi>I) 

(jz ]<1) 

(/ zl>l) 

(z in the cut plane of Figure 4.7.)  

4.6.36 
arcsinh z z 1 · 2z2 1 · 2z2 3 · 4z2 3 · 4z2 

../I+zz 
=

I + 3+ 5+ 7+ 9+  

4.6.37 

4.6.38 

4.6.39 

4.6.40 

4.6.41 

• See oa�re o. 

Djfferentiation Formulas 

d: arcsinb z= (1 + z2) -i 

� arc cosh z= ( z2-1)- l dz 

!i.. arctanh z=(l-z2)-1  
dz 

d 1 
dz arccsch z= =F  z(I+z2)t 

(according as Blz�O) 

d 1 
dz arcsech z= =F z(l-zZ)i 

4.6.42 ..1:_ arccoth z= (1- z;)-1 dz . 

Integration Formulas 

4.6.43 J arcsinh z dz=z arcsinh z-(l+z2)i 

4.6.44 J arccosb z dz=z arccosh z-(z2-1)i 

4.6.45 J arctanbz dz=z arctanh z+fln (1-z2) 

4.6.46 

4.6.47 

4.6.48 

4.6.49 

J arccsch z dz = z arccsch z ± a1 csinh z 

(according as Blz�O) 

J arcsech z dz=z arcsech z ±arcsin z 

J arccoth z dz=z arccoth z+! ln (z2-1) 

Jz arcsinh zdz=Zz�+I arcsinb z-� (z2+1)i 

4.6.51 

f 2z2-1 z z arccosb z dz= -4- arccosb z�4(z2-l)i 

4.6.52 

f z�l 1 J z�l z" arccoshzdz=n+ I  arccoshz-n+1 (zZ- J)idz 

4.6.53 

4.6.54; 

(n;C-1) 

f z2- 1  z z arctanh z dz=-2- arctanh z+2 

f z"+l 1 f zn+l 
z" arctanh z dz= n+ l arctanh z-n+1 1_22 dz 

(n;C - 1) 
4.6.55 

(according as Blz�O) 

(n;C -1) 

* 

* 

* 
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4.6.57 

4.6.58 

f zt 1 z arcsech z dz=2 arcsech z=t=2 (1-z2)i 

(according as �z�O) 

f. z"+l 1 
J 

z" 
J z"arcsech z dz=n+l arcsech z±n+

l 
(l-z2)4 dz 

(n� - 1) 

4.6.59 

4.6.60 

J 
z2-l z z arccoth z dz=-2- arccoth z+2 

J 
z"+l 1 

J
z'H' z" arccoth z dz= n+ 1 arccoth z+ n+ 1 22_1 dz 

(n� - 1) 

Numerical Methods 

4.7. Use and Extension of the Tables 

NOTE: In the examples given it is assumed that 
t.he arguments are exact. 

Example 1. Computation of Common Logarithms. 

To compute common logarithn)s, the number 
must be expressed in the form x · 10°, (1 �x<10, 
- CD �q � CD ) .  The common logarithm of x · 10° 
consists of nn integral part which is called the 
characteristic and a decimal part which is called 
the mantissa. Table 4.1 gives the common 
logarithm of x. 

X 

.009836 9.836 · 10-3 3.99281 85=(-2.00718 15) 

.09836 9 .. 836 · 10-l 2. 99281 85=( -1.00718 15) 

.9836 9.836 · 10-l 1.99281 85=(-0.00718 15) 
9.836 9.836· 10° 0.99281 85 

98.36 9.836 · 101 1 .99281 85 
983.6 9.836 · 102 2.99281 85 

Interpolation iR Table 4.1 between 983 nndl 984 
gives .99281 85 as the mantissa of 9836. 

Note that 3.99281 85= -3+ .99281 85. When 
q is negative the common logarithm can be 
expressed in the alternative forms 

log1o (.009836) =3.99281 85=7.99281 85-10 
= -2.00718 15. 

The last form is convenient for conversion from 
commo� logarithms to natural logarithms. 

The mverse of log1o x is called the ant.ilogarithm of x, and is written ant.ilog x or log-1 x. The 
logarithm of the reciprocal of a number is called the cologa.rithm, written colog. 

Example 2. 

Compute x-stt for x=9.19826 to 10D using the 
Table of Common Logarithms. 

From Table 4.1, four-point Lagrangian inte,!pola
tion gives log10 (9.19826)=.96370 56812. Then, 

3 -4 log10 (x) = - .72277 92609=9.27722 0739 1 - 10. 
Linear inverse interpolation in Table 4.1 yields 
antilog (1.27722) =.18933. For 1 0  place nccurncy 
Sllbtabulation with 4-point Lagrangian intcr
polant.s produces the tnble 

N 

. 18933 

. 18934 

. 18935 

log1o N 

.27721 94350 

.27724 23729 

.27726 53095 

A 

2 29379 
2 29366 

By linear inverse interpolation 

x-31�= .18933 05685. 

Example 3. 

- 1 3  

Convert log10 x to In x for x=.009836. 
Using 4.1.23 nnd Table 4.1 , ln (.009836) = 

In 10 log10 (.009836) =2.30258 5093 (-2.00718 15) 
= -4.62170 62. 

Example 4. 

Compute In x for x= .00278 to 6D. 
Using 4.1.7, 4.l.ll nnd Table 4.2, ln (.00278) = 

In (.278 · 10-2)=ln (.278)-2 ln 10=-5.885304. 
Linear intcrpolt\tion between x= .002 and 

x= .003 would give ln(.00278)= -5.808. To 
obtain 5 decimal plncc accuracy with linear 
in terpola.tion it is necessary that x > .17 5. 

Example 5. 

Compute In x for x=l131 .718 to 8D. 
Using 4.1.7, 4.1.11 and Table 4.2 

1 1 (1 131.718 113 ) n 1131.718= n 1131 1 

=ln 11::3�18 +In 1.131 +ln 105 

=lu(l.00063 4836)+ln 1 . 131 + 3 ln 10. 
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Example 25. 

Compute arcsec 2.8 to 5D. 
Using 4.3.45 and Table 4.14 

. (z2-1)t a.rcsec z=a.rcsm z 

. [ (2.8)2- 1  ]t arcsec 2.8=arcsm 2.8 
=arcsin .93404 97735 
=1.20559 

or using 4.3.45 and Table 4.14 

a.rcsec z= a.rctan (z2-1)t 
a.rcsec 2.8=arctan 2.61533 9366 

1r =2-arcta.n .38235 95564, 
from 4.4.3 a.nd 4.4.8 

= 1.570796-.365207 
= 1.20559. 

Example 26. 

Compute a.rcta.nh x for x=.96035 to 6D. 
From 4.6.22 a.nd Table 4.2 

1 +. 96035 1. 96035 a.rcta.nh . 96035=! ln 1_ .96035 =i ln . 03965 

Example 27. 

= ! In 49.44136 191 
= !(3.90078 7359) =1.950394. 

Compute a.rccosh x for x=1.5368 to 6D. 
Using Table 4.17 

a.rccosh x a.rccosh 1.5368 852346 (xt- 1)t [(1.5368)2-1]l . 
arccosh 1.5368= (.852346) (1.361754)t 

= (.852346) (1.166942) 
=.994638. 

Example 28. 

Compute a.rccosh x for x=31.2 to 5D. 
Using Tables 4.2 and 4.17 with 1/x= 1/31.2 

= .03205 128205 

a.rccosh 31.2-ln 31.2= .692886 
a.rccosh 31.2=.692886+3.440418=4.13330. 
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5. Exponential Integral and Related Functions 
Mathematical Properties 

5.1.1 

5.1.2 

5.1. Exponential Integral 

Definltiooa 

r· e-' l?t(Z)==J , 
---
t 

dt (larg zl<11") 

f. e-1 rs e' 
Ei(x)=- - dt=-'-

J 
- dt 

-s t -oo t 

5.1.3 li(x) =£"'�t
t
=Ei(ln x) 

5.1.4 

(x>1) 

f"' e-" l?,.(z)= J 1 t" dt (n=O, 1 ,  2, . . .  ; flz>O) 

5.1.5 

(n=O, 1 ,  2, . . .  ; !!i z>O) 

5.1.6 {1,. (z) =J1 t•e-"dt (n=O, 1 ,  2, . . . ) 
-1 

In 5.1.1 it is assumed that the path of integration 
excludes the origin and does not cross the negative 
real axis. 

Analytic continuation of the functions in 5.1.1, 
5.1.2, and 5.1.4 for n>O yields multi-valued-func
tions with branch points at z=O a.nd z= ex> •8 
They are single-valued functions in the z-plane 
cut along the negative real axis.• The function 
li(z), the logarithmic integral, has an additional 
branch point at z= 1 .  

lnterrela tiooa 
5.1.7 

E1(-x±i0)=-Ei(z) 1=i1r, 
-Ei(z)=t[E1(-z+iO)+E1(-z-iO)] (z>O) 

1 Some authors [5.14], [5.16] use the entire function Jo' (1-e-1)dt/t as the basic function and denote it by 

Ein(z) . We ha.ve Ein(z)=E1(z)+ln z+-r. 
• Various authors define the integral J� ... (e'ft)dt in the 

:-plane cut along the positive real axis and denote it also 
by Ei(z) . For z=x>O additional notations such aa'Ei(z). 
(e.g., in [5.10], [5.25]), E•(x) (in [5.2]), Ei•(x) (in [5.6]) a.re 
then used to designate the principal value of the integral. 
Correspondingly, E1(x) is often denoted by -Ei(-x). 
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Explicit Expreuiona f'or Q,.(.e) and (J,.(z) 

5 1 8  ( )- 1 -n-t -• (1+ _1_�+ +z"
) • • a,. z -n z e z,21. . . . nl 

5.1.9 

z2 " {l,.(z) =n!z-•-1 {e' [1-z+21- . . .  +(-1)" �1] 

y 

-3 

y 

z2 z" -r• (l+z+2t+ . . .  + nl) } 

FIGuRE 5.1. y=Ei(x) and y=Et(x). 

FiouRE 5.2. y=E,.(x) 
n=O, 1,  2, 3, 5, 10 
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y 

y 

15 

5.1.10 

5.1.ll 

FIGURE 5.3. y=a,.(x) 
11.=0(1)6 

FIGuRE 5.4. y=f3,.(x) 
n=O, 1, 2, 5, 10, 15 

Series &panaiona 

.. x" 
Ei(x)='Y+lnx+ :E -1 n--1 nn (x>O) 

.. (-1) "z" E1(z)=-'Y-ln z-:E �� 
,.,_1 nn! (la.rg zl<r) 

5.1.12 

E,.(z) (-z)"-1 .. , (-z)"' 
(n-1)1 [-In z+f'(n) ]-�o (m-n+1)m! 

m,.<n-J 

n-1 1 f'(l)=-'Y, f'(n)=-'Y+ :E -m•l m 

'Y=.57721 56649 . . .  is Euler's constant. 

5.1.13 

5.1.14 

5.1.16 

Symmetry Relation 

Recurrence Relatione 

1 -En+t (z)=- [e '-zE,.(z)J (n=1 , 2, 3, . . .  ) n 

(n=1 ,2, 3, . . .  ) 

z{3,.(�)=(-l)"e'-e-•+nf3,._1(z) (n=1,2 ,3, . . .  ) 

lnequalitiea [5.8], [5.4] 
5.1.17 

n-1 < -E,.(x)<En+l(x) En(x) (x>O;n=1 , 2,3, . . . ) n 

5.1.18 

E!�x)<E,._, (x)E,.+t (x) (z>O; n=1 ,2,3, . . .  ) 

5.1.19 

x�n <�"E,.(z) <x+!-1 (x>O;n=1 , 2, 3, . . . ) 

5.1.20 

; In (1 +�)<e"E,(x)<In (1+i) 
5.1.21 

d [ E,.(x) ]>o dx E,._1 (x) (z>O; n=1 , 2, 3, . . .  ) 

Continued Fraction 

5.1.22 
-• ( 1 n 1 n+1 2 ) (

I I <  ) E,.(z)=e z+ 1+ z+ 1+ z+ · · · a.rg z ..,. 

5.1.23 

5.1.24 

5.1.25 

Special Values 

E,.(O)=_!_l (n>l) n-

e-• 2 ao(z)=-, f3o(z)=-sinh z z z 
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Derivati�ee 

5 1 26 dE .. (z)_ E ( )  • • dz -- n-t z (n=1,2,3,  . . .  ) 

5.1.27 

Definite and lndefinib? Integrals 

(For more extensive tables of integrals see 
[5.3], [5.6], [5.11), [5.12], [5.13]. For integrals 
involving E .. (x) see [5.9].) 

5.1.28 

5.1.29 

i ... e-al . 
- dt=e11�E (ab) 0 b+t l 

i ... efat 
-b - dt=e-tabE1(-iab) 0 +t 

5.1.30 

f "' 
t-ib ttud abE ( b) J o  t2+b2 e t=e 1 a 

5.1.31. -

5.1.32 

5.1.33 i"' EW)dt=2 ln 2 

5.1.34 J:"' e-ar E,.(t)dt= 

5.1.35 

( -1t-l
[ln (1 +a) + � ( -1)/l:at

] a � k (a>-1! 

f 1 eat sin bt b 
J 0 t dt =r-arctan a + .f E1 ( -a+ib) 

(a>O,b>O) 

5.1.36 f1 e-ar sin bt b J o  t dt=a.rctan a +JE1(a+ib) 

(a>O, b  real) 

5.1.37 

i
t e<u(1-

t
cos bt) dt=� ln (1+ !�+Ei(a) 

+&lEt(-a+ib) (a>O, b  real) 

5.1.38 

f' e-01(1-cos bt) 1 
( 

b� J o  t dt=2 ln 1 +  a2) -E1(a) 

+&lEl(a+ib) (a>O, b  real) 

5.1.39 

5.1.40 -- dt=Ei (x)-ln x--y 
i

"' e'-1  
0 t 

5.1.41 f e12' i 
az+x2 dx=2a [e-aE,(-a-ix)-e4E1(a-ix)] 

+const. 

5.1.42 

J xe'"' 1 . . 
a2+zZ dx= -2 [e-aE1(-a-tx) +e11E1(a-tx)] 

+const. 

5.1.43 f e"' 1 
a2+zZ dx=-;z .f(e'4El(-x+ia))+const. (a>O) 

5.1.44 

Relation to Incomplete Gam111a Function (see 6.5) 

5.1.45 E,.(z)=z"-1r(1-n, z) 

5.1.46 

5.1.47 p,.(z) =z-,._1[r(n + 1, -z)-r(n+1, z)] 

:fielation to Spherical Beeeel Functiont1 (see 10.2) 

5.1.48 

5.1.49 
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Number-Theoretic Significance of li {z) 

(Assuming Riemann's hypothesis that all non
real zeros of r(z) have a real part of !) 

5.1.50 li (x)-.,;.(x)=O({X ln x) (z�<D )  
.,;(x) is the number of primes less than or eq1ll.al 
to X. 

y 

200 

ISO 

100 

50 
/ '/ 

/ / / 

/ / 
/ / 

/ 

/ / / / / / / 

/ / / 
/ 

"' "' "' 
_, / T(ll) 

FIGURE 5.5. y=li(x) and y=1r(x) 
Asymptoti.c &panaion 

5.1.51 

E (z)- r• { 1_!!:+ n(n+1) n(n+1�(n+2) + . . . } " z z z2 
( ja.rg zl<flr) 

Repreeentation of E,.(x) for Large n 

5.1.52 

E (x)= e-• {1+ n + n(n-2x) " x+n (x+n)2 (x+n)' 

+n(6x'-8nx+n') +R( ) '}  (x+n)'r· n, x 

-.36n-'�R(n, x)�(1+ x+�-1)n-• (x>O) 

Polynomial and Rationa1 ApproximatioDJJ • 

5.1,53. 0 $X $1  
E1(z)+ln x=ao+�x+a..zz2+a¢+aa'+aa:tG+E(x) 

jE(x)I<2X10-7 
5 The approximation 5.1.53 is from E. E. Allen, Note 

169, MTAC 8, 240 (1954); approximations S.l.M and 
5.1.56 are from C. Hastings, Jr., Approximations for digital 
computers, Princeton Univ. Press, Princeton, N.J., 1955; 
approximation 5.1.55 is from C. Hastings, Jr., Note 143, 
MTAC 7, 68 (1953) (with permission). 

ao=-.57721 566 
a1= .99999 193 
ll:l=-.24991 055 

aa= .05519 968 
a,= -.00976 004 
aG= .00107 857 

5.1.54 l�x< (X) 

• r+aiz+ll:l xe E1(x) z2+biz+b2
+E (z) 

je(z) 1<5 X 10-a 
a1=2.334733 
as= .250621 

b1=3.330657 
b,= 1.681534 

5.1.55 

5.1.56 

10:Sz< (X) 

•E ( ) z2+a1z+� ( ) xe 1 z x'+blx+b2 
+E x 

�=4.03640 
a,=l.15198 

bl-=-5.03637 
b,=4.19160 

x'+a�z3+�2+aax+a, ze•E1(x) x'+b1x3+bzx2+bax+b, +E (z) 

jE(z)I<2X10-8 
�= 8.57332 87401 
ll:l= 18.05901 69730 
as= 8.63476 08925 
a,= .26777 37343 

��= 9.57332 23454 
b,=25.63295 61486 
b3=21.09965 30827 
b,= 3.95849 69228 

5.2. Sine and Cosine Integrals 

5.2.1 

5.2.2 8 

DefinitioDJJ 

Si(z)= f .. sin t dt J o t 

Ci(z)='Y+ln z+ r· cos t-1 dt Jo t 

5.2.3 7 
�.2.4 1 

Shi(z)= f' sinh t dt Jo t 

Chi(z)='Y+ln z+ f� cosh t-1 dt Jo t 

(!arg z!<1r) 

(larg z!<1r) 

e Some authors [5.14], [5.16] use the entire function 
L•(l-cos t)dt/t as the basic function and denote it by 
Cin(z). We have 

Cin(z) = -Oi(z) +In z+"Y· 
1 The notations Sih(z) = f• sinh t dl./t, Jo 

Cinh(z) = L • (cosh t-l)dt/t have also been proposed [5.14.] 
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5.2.5 

5.2.6 

5.2.7 

si(z)=Si(z)-� 2 

Auxiliary Functions 

f(z)=Ci(z) sin z-si(z) cos z 

g(z)= -Ci(z) cos z-si(z) sin z 
Sine and Cosine Integrals in Terms of Auxiliary 

Functions 

5.2.8 

5.2.9 

Si(z)=�-j(z) cos z-g(z) sin z 

Ci(z)=f(z) sin z-g(z) cos z 
Integral Representations 

... 
5.2.10 si(z)=- r2 e-• coa 1 cos (z sin t)dt .Jo 

., 
5.2.11 Ci(z) +E1 (z) = .[2 e - • coat sin (z sin J)dt 

f"' sin t f"' e- •t 
5.2.12 j(z) = Jo t+z dt= Jo t2+ 1  dt 

r oo cos t f"' te-" 
5.2.13 g(z) =  Jo t+z dt= Jo t2+l dt 

y 

J __ 

·1.0 

FIGURE 5.6. y=Si(x) and y=Ci(x) 

5.2.14 

5.2.15 

·�ee page 11. 

Series Expansions 

. 
oo ( -l)"z2n+l 

SI(z)=:;, (2·n+1) (2n+l) !  

5.2.16 

5.2.17 

5.2.18 

. "' ( -l)"z2n Ci(z)=-y+ln z+."E 2 (Z ) I n-1 n n . 

• ., zZn+l 
Sht(z)= � (2n+lJ(2n+l)! 

. ., z2n 
Cht(z) ='Y+ln z+ � 2 (2n)' n • 1 n . 

Symmetry Relations 

5.2.19 Si(-z)= -Si(z), Si(Z)=Si(z) 
5.2.20 

5.2.21 

Ci( -z)=Ci(z)-·i11" 
Ci(Z)=Ci(z) 

Relation to Exponential Integral 

Si(z) =;i [E1 (iz) -E1 ( -iz) J+� 
5.2.22 Si(ix)=� [Ei(x) +E1 (x) ] 

5.2.23 

Ci(z) =-� [E1(iz) +E�(-iz)] 1f' 
(iarg zi<2) 

5.2.24 Ci(ix)=� [Ei(x)-E1(x)]+i� 
5.2.25 

Value at Infinity 

lim Si(x)=! 
%�00 2 

Integrals 

(x>O) 

(For more extensive tables of integrals see 
[5.3], [5.6], [5.11], [5.12], [5.13].) 

5.2.26' - dt= -Sl (z) 
f. .. sin t . 

• t 

5.2.27 
J. .. cos t dt=-Ci (z) 

• t 

(larg z!<1r) 

(!nrg zl<1r) 

5.2.29 e-at si (t)dt=-- arctan a 
i.. 

1 
o a 

r
iD 

r
oo 11" 

5.2.30 Jo cos t Ci (t)dt= Jo sin t si (t)dt=-4 
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5.2.31 i• CP (t)dt= i .. si2 (t)dt � 
5.2.32

* i• Ci (t) si (t)dt= ln 2 

5.2.33 J:' (1-e-a; cos bt dt=� In 
(1 +�) +Ci (b) 

5.2.34 

5.2.35 

5.2.36 

+&IE1(a+ib) (€!- real, b>O) 

Asymptotic Expansions 

(larg zl<'ll") 

Rational Approximations a 

1 �z< co 

a1=7.241163 
�=2.463936 

b,=9.068580 
b2=7.157433 

5.2.37 

5.2.38 

1 �z< co 

1 (x•+a,r+�) g(x)= z2 z4+b1x2+b2 +e(:r.) 

IE(x)l<Io-• 
� =7.547478 
�=1.564072 

b, = 12.723684 
b2= 15.723606 

1 �z< co 

j(x) =! (z8+a1z8+�z4+aaz2+a•)+E(z) z z8+b1z8+b2z4+b3z2+bc 

5.2.39 

!E(z)I<5X l0-7 
�= 38.02726.4 
�=265.187033 
aa= 335.677320 

38.102495 

b,= 40.021433 
b2=322.62491 1  
b3=570.236280 
b4= 157.105423 

1 (z8+atz8+�x•+aax2+a•) g(x)= 
z2 x8+b1x0+b2x•+ bar+h. +E (x) 

!E(z)!<3X10-7 
_a1= 42.242855 b,= 48.196927 
aa=302.757865 b2= 482.485984 
a8=352.018498 
a4= 21.821899 

b3=1114.978885 
b.= 449.690326 

* 

* 

Numerical Methods 

5.3. Use and Extension of the Tables 

Example 1. Compute Ci (.25) to 5D. 
From Tables 5.1 and 4.2 we have 

Ci (.25) - ln(.25)-'Y=- 249350 (.25)2 • ' 

Ci (.25) = (.25)2(- .249350) + ( - 1.38629) 
+.577216=- .82466. 

Example 2. Compute Ei (8) to 58. 
From Table 5.1 we have u-%Ei (z) = 1.18185 for 

z=8. From Table 4.4, e8=2.98096X108• Thus 
Ei (8) =440.38. 

'See paJ!'e 11. 
8 From C. Hnstings, Jr., Approximations for digital 

computers, Princeton Univ. Press, Princeton, N.J., 1955 
(with permission) .  

Example 3. Compute Si (20) to 5D. 
Since 1/20=.05 from Table 5.2 we find 

j(20) = .0497 57, g(20) = .002464. From Table 4.8, 
sin 20=.912945, cos 20=.408082. Using 5.2.8 

Si(20)=�-j(20) cos 20-g(20) sin 20 
= 1.570796-.022555 = 1 .54824. 

Example 4. Compute E.,.(z), n=1 (l)N, to 58 
for z=l.275, N=10. 

If x is less than about five, the recurrence 
relation 5.1.14 can be used in increasing order of n 
without serious loss of accuracy. 

By quadratic interpolation in Table 5.1 we get 
E1 (1.275)=.1408099, and from Table 4.4, e-1•275 
=.2794310. The recurrence formula. 5.1.14 then 
yields 



234 EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS 

n E,.{l.275) E,.(1.275) 
1 .1408099 6 .0430168 
2 .0998984 7 .0374307 
3 .0760303 8 .0331009 
4 .0608307 9 .0296534 
5 .0504679 10 .0268469 

Interpolating directly in Table 5.4 for n= 10 
we get Et0(1.275)= .0268470 a.s a check. 

Example 5. Compute E,.(z), n=1 (1).N, to 58 
for x=10, N-10. 

If, a.s in this example, z is appreciably larger 
than five and NSz, then the recurrence relation 
5.1.14 may be safely used in decrea.sing order of 
n([5.5]). From Table 5.� for x-1=.1 we get 
(z-f- 10)�Ero(z) = 1.02436 so that E,o(lO) =2.32529 
:Xio-e. Using this a.s the initial value we obtain 
column (2}. 

lOIE,.(lO) lOIE,.(lO) 
n (1) (2) 
1 .41570 .41570 
2 .38300 .38302 
3 .35500 .35488 
4 .33000 .33041 
5 .31000 .30898 
6 .28800 .29005 
7 .276'67 .27325 
8 .25333 .25822 
9 .25084 .24472 

10 .22573 .23253 

From Table 5.2 we get xe�Er (x)=.915633 so 
that E1(10)=4.15697XlO-e a.s a check. Forward 
recurrence starting with E;(10)=4.1570X 1o-e 
yields the values in column (1). The underlined 
figures are in error. 

Example 6. Compute E,.(x), n=1 (1)N, to 58 
for x=l2.3, N=20. 

If N is appreciably larger than x, and x appre
ciably larger than five, then the recurrence rela
tion 5.1.14 should be used in the backward direc
tion to generate E,.(x) for n<no, and in the forward 
direction to generate E,.(x) for n>no, where 
�=�. I 

From 5.1.52, with no= 12, x= 12.3, we have 

e-u.a . 
E"'(z) = 24 3 (1+.02032- .00043- .00001) 

· =1.91038X10-7• 

Using the recurrence relation 5.1.14, as indicated, 
we get 

n 106E,.(12.3) 10°E,.(12.3) n 
12 . 191038 . 191038 12 
11 . 199213 . 183498 13 
10 . 208098 . 176516 14 

9 . 217793 . 170042 15 
8 . 228406 . 164015 16 
7 . 240073 . 158397 17 
0 . 252951 . 153144 18 
5 . 267234 . 148226 19 
4 . 283155 . 143608 20 
3 . 300998 
2 . 321117 
1 . 343953 

From Tables 5.2 and 5.5 we find E1 (12:3) = .343953 
X lO-e, E2o(12.3) = .143609 X 10-e as a check. 

Example 7. Compute a,.(2) to 68 for n=1 (1)5. 
The recurrence formula. 5.1.15 can be used for 

all x >o in increa.sing order of n without loss of 
1 accuracy. From 5.1.25 we have ao{2)=2 e-2 

= .0676676, so we get 
n a,.(2) 
0 .0676676 
1 . 101501 
2 .169169 
3 .321421 
4 .710510 
5 1.84394 

Independent calculation with 5.1.8 yields the 
same result for a6(2). 

The functions a0(x) and a1(z) can be obtained 
from Table 10.8 using 5.1.48, 5.1.49. 

Example 8. Compute fj,.(x), n=0(1)N to 68 
for x=1, N=5. 

Use the recurrence relation 5.1.16 in increa.sing 
order of n if 

z>.368N+.184 ln N+.821 
and in decrea.sing order of n otherwise [5.5]. 

From 5.1.9 with n=5 we get {35(1)=-.324297 
correctly rounded to 6D. Using the recurrence 
formula 5.1.16 in decrea.sing order of' n and 
carrying 9D we get the values in column (2). 

p,.(l) p,.(l) 
n (1) (2) 
0 2.35040 2 2.35040 2389 
1 -.73575 9269 - .73575 8880 
2 .87888 3849 .87888 4629 
3 - .44950 9722 -.44950 7383 
4 .55236 3499 .55237 2854 
5 -.32434 3774 - .32429 7-

Using forward recurrence instead, starting with 
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Po (1)=2 sinh 1=2.350402 and again carrying 9D, 
we obtain column (1). The underlined figures 
are in error. The above shows that. three signifi
cant figures are lost in forward recurrence, whereas 
about three significant figures are gained in back
ward recurrence! 

An alternative procedure is to start with an 
arbitrary value for n sufficiently large (see also 
{5.1]). To illustrate, starting -with the va.lue 
zero at n= 1 1  we get 

n p,.(l) n p.(l) 
1 1  0. 5 -.324297 
10 .280560 4 .552373 
9 -.206984 3 -.449507 
8 .319908 2 .878885 
7 -.253812 1 -.735759 
6 .404621 0 2.350402 

The functions {30(z) and {31 (z) can be obtained 
from Table 10.8 using 5.1.48, 5.1.49. � 

Example 9. Compute E,(z) for z=3.2578 
+6.8943i. 

From Table 5.6 we have for Zo=Xo+iYo=3+7i 

¥'oE1(z0)=.934958+.095598i, 
e'oE1 (Zo) = .059898-.107895i. 

From Taylor's formula. withf(z)=e'E1(z) we have 

f(z)=f(Zo+tJ.z)= f(Zo) +f'i�) !J.z 

+f" {Zo) (!J.z)2+ . . . 21 

with !J.z=Z-Zo=.2578-.1057i. Thus with 5.1.27 
we get 

k 

0 
1 
2 
3 

fC�l (z0) fk I 

. 059898 -. 107895i 

. 008174 +. 012795i 
-.  001859 +. 000155i 

. 000088 -. 000212i 

(az) �r•> (to) /k 1 

. 059898 -. 107895i 

. 003460 +. 002435i 
-. 000094 +. 000110i 
-. 000003 -. 000004i 

f(z)=.063261 -.105354i 
e-•=.031510 -.022075i 

E1(z) = - .000332 -.004716i 

Repeating the calculation with Zo= 3 + 6i and 
!J.z=.2578+.8943i we get the same result. 

An alternative procedure is to perform bivariate 
interpolation in the real and imaginary parts of 
ze'Et(z). 

Example 10. Compute Et (z) for z=-4.2 
+ 12.7i. 

Using the formula at the bottom of Table 5.6 

•E ( ) .711093 e 1 z :::::< -3.784225+ 12.7i 
.278518 .010389 -· 

+ -1 .90572+ 12.7i+ 2.0900+ 12.7i 
=-.0184106-.0736698i 

Et(Z) :::< - 1.87133-4.70540i. 
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6. Gamma Function and Related Functions 
Mathematical Properties 

6.1. Gamma (Factorial) Function 

Euler's Integral 

Euler's Formula 

6.1.2 
r(z)= lim ( +1)

n!n' 
( + ) (z ;C0,-1,-2, . . . ) n-+"' z z . . .  z n 

6.1.3 

Euler's Infinite Product 

-1 =ze"" n [(l+�)e-&/fl] r(z) n-1 n C lz l< CD ) 

'Y= lim [1+!.+!+!+ . . .  +l_-ln m] 
1!1-t<D 2 3 4 m. 

= .57721 56649 . . .  
'Y is known as Euler's constant and is given to 25 
decimal places in chapter 1. r(z) is single valued 
and analytic over the entire complex plane, save 
for the points z=-n(n=O, 1, 2, . . . ) where it 
possesses simple poles with residue ( - 1) "In!. Its 
reciprocal ljr (z) is an entire function possessing 
simple zeros at -the points z= -n(-n,-=0, 1, 2, . . . ) . 

6.1.4 

Hankel's Contour Integral 

-1- = i_ f (-t)-•e-1dt r(z) 27rJ c 

-4 

y 

5 I 
. 4 I ' ' 
. 3 I ' v \ . 2 \ / . . . ............. 1\J: I - � .. ' .. , ...... I � .. : .. 

-3 -2 _, · -.--o I 2 3 4 
' / 

�"\ -1 

· 2 

-3 
n 'I r -5 

FIGURE 6.1 . Gamma function. * 

---, y=r(x), - - - - , y=l/r(x) 

6.1.9 r(3/2)=!rt=.88622 69254 . .  : = (i) l  
6.1.10 r(n+l) 1·5·9·13 ·4�· (4n-3) r(t) 

r(i)=3.62560 99082 . . .  
The path of integration G starts at + CD on the 
real axis, circles the origin .in the counterclockwise 6.1.1J_ r(n+i) 1+7·10 ·3,.· 

(3n-2) r(i) 
direction and returns to the starting point. 

Factorial and II Notations r(i)=2.67893 85347 . · · 

6.1.5 II (z) = z!= r (z+ 1) 
Integer Values 

6.1.6 r(n+ 1)= 1·2·3 . . .  (n-l)n=n! 
6.1.7 

lim -1-=0 1 
:-m r(-z) (-n-1)1 

Fractional Values 
6.1.8 

(n=O, 1, 2, . . .  ) 

r(i) =2 i"' e-12dt=rl=l.77245 38509 . . .  =(-t)l 

6.1.12 r(n+i) = 1 ·3·5·7 .  -2� (2n-I) r(!) 

6.1.13 r(n+t) 2·5·8·11  . S". (3n-1) r(t) 

r(t)=I.35411 79394 . . .  

6.1.14 r(n+l) = 3·7·11 ·15 4�. (4n-I) r(i) 

rm =1.22541 67024 . ----
0SI!il pag& u. 255 
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·Recurrence Formulas 

6.1.15 f(z+ 1) =zf(z) = z!=z(z- 1) ! 

6.1.16 

I'(n+z) =(n- 1 +z) (n-2+z) . . .  (1+z)r(1+z) 

= (n- l + z) l  

= (n-l+z) (n-2+z) . . .  (1+z)z! 

Reflection Formula 

6.1.17 r(z)r(1 -z) =-'zi'( -z)I'(z) =f" esc 1rz f .,  t'-1 = - -dt 0 1+t 
Duplication Formula 

6.1.18 I'(2z)= (211'):-t 22•-t r(z) r(z+t) 

Triplicatio.n Formula-

6.1.19 I'(3z)=(2r)-1 33'-t I'(z)I'(z+!)I'(z;:f-f) 

Gauss' Multiplication Formula 

Binomial Coefficient 

6 I ( z) z! r(z+l) 
·1 ·

2 w w1(z-w)1 I'(w+1)I'(z-w+1) 

6.1.22 

(z)0=1, 

Poehhanuner's Syntbol 

I'(z+n) (z),.=z(z+1)(z+2) . . .  (z+n-1)= 
r(z) 

Gamma Function in the Complex Plane 

6.1.23 r(Z) =r(z); In r(Z)=ln r(z) 

6.1.24 a.rg r(z+1)=a.rg I'(z)+arctan 1l 
X 

6.1.25 

6.1.26 

6.1.27 

II'(x+iy) l2 ., [ y2 J-1 
r(x) =nf!.o 1+c:z:+n)2 

jr(x+iy) j � j r(x)j 

arg I'(x+iy)=Y'f(x)+ ± ( +
y -arctan 

+
y ) n-o X n X n 

where 

6.1.28 

(x+iy.C0,-1,-2, . . .  ) 

t{l(z)=I''(z)/I'(z) 

r(1+iy)=iy r(iy) 

6.1.29 r(iy) r(-iy)=!r(iy) l2 Y � 1ry 

6.1.30 r(t+iy)r(t-iy)= jr(t+iy) l2 cos� 1rY 

6.1.31 r(1+iy)r(1-iy)=jr(1 +iy) l2 sU:1ry 

6.1.32 I'(1+
. 

) f (9 - . ) 7r../2 
J; vy T vy cosh 7rY+i sinh 1ry 

Power Series 
6.1.33 

In I'(1+z)=-ln(1+z)+z(1--r) 
., 

+ � (-1)"[t(n) -1]z"/n (jzj<2) 
n-2 

t(n) is the Riemann Zeta Function (see chapter 
23). 

6.1.34 

k 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
1 1  
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 

Series Expaneion2 for 1/r(z) 

1 ., 
--=� C.tZJ: r(z) .1:�1 

C.t 
1. 00000 00000 000000 
0. 57721 56649 015329 

--0. 65587 80715 �02538 
--0. 04200 26350 340952 

0. 16653 86113 822915 
--0.04219 77345 555443 
--0. 00962 19715 278770 

0. 00721 89432 466630 
--0.00116 51675 918591 
--o. 00021 52416 741149 

0. 00012 80502 823882 
--0. 00002 01348 547807 
-0. 00000 12504 934821 

0. 00000 11330 272320 
-0. 00000 02056 338417 

0. 00000 00061 160950 
0. 00000 00050 020075 

-0. 00000 00011 812746 
0. 00000 00001 043427 
0. 00000 00000 077823 

-0. 00000 00000 036968 
0. 00000 00000 005100 

-0. 00000 00000 000206 
-0. 00000 00000 000054 

0. 00000 00000 000014 
0. 00000 00000 000001 

(jz j <  cc ) 

2 The coefficients c., are from H. T. Davis, Tables of 
higher mathematical functions, 2 vols., Principia Press, 
Bloomington, Ind., 1933, 1935 (with permission) ; with 
corrections due to H. E. Salzer. 
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Polynom.ial Approxilnations a 

6.1.35 

r(x+ 1) =X!= 1 +alx+�2+Q.ax3+a�4+a&e5+ E(X) 

IE(x) I �5X 1�-a 

6.1.36 

a1=-. 57486 46 
a2= . 95123 63 
a3= - .  69985 88 

a4= . 42455 49 
a6= - .  10106 78 

r(x+ l)=xl=1+blx+ b�2+ 

jE(X) I �3 X I0-7 

bl= - .  57719 1652 
bz= . 98820 5891 
b3= -. 89705 6937 
b,= . 91820 6857 

b6= - .  75670 4078 
be= . 48219 9394 
b7= -. 19352 7818 
bs = . 03586 8343 

Stirling's Form11la 

6.1.37 

r(z) -e-'z'-�(Z1r){l+1;z +28�z2 51�!�z3 
571 J '2488320z4 + · · · (z-7oo in jarg zl<?r) 

6.1.38 

Error Term for Asymptotic Expansion 

6.1.42 

If 

R .. (z)= In r (z) -(z-!) In z+z-t In (211') 

then 

where 

n B2m 
-�1 2m(2m-1)z 2m-l 

IR )I < IBz .. +21K(z) 
.. (z - (2n+1) (2n+2)izi 2"H 

For z real and positive, Rn is less in absolute value 
than the first term neglected and has the same 
dign. 

6.1.43 

&t'ln r(iy)=&t'ln r(-iy) 

=t ln(y 8� ?r'Y) 
"'fIn (211') -t?rY-tln y, 

6.1.44 

x!=.,j2'1r r+!exp(-x+�) l2x (x>O, O<B<l) Jfln r (iy)=arg r(iy)=-arg r(-iy) 

= - Jfln r(-iy) 
Asy,mptotic Formulas 

6.1.39 

'" (-1)"-1 B2,. "'Y ln y-y-t1r-� (2n-1) (2n)y2" 1 

r(az+ b) --� e-<!Z(az)u+b-! (y-7+ (X)) 
6.l.M) 

In r(z) "' (z-i) ln z- z+t ln (211') 
6.1.45 lim(211') -ijr(x+iy)J�i-rlllljyji-==1 

1111-+co 

(z-7 oo in larg zl<11') 6.1.46 I. b-4 r (n+a) 1 1m n 
n.-+co r(n+b) 

For B, see chapter 23 
6.1.41 

In r(z)-(z--j) ln z-z+t ln (211') +-1 __ _ 1_ 12z 360z3 

1 From C. Hastings, Jr., Approximations for digital 
computers, Princeton Univ. Press, Princeton, N.J., 1955 
(with permission). 

6.1.47 

zb-4 r(z+a) "'I+ (a-b) (a+b-l) 
r(z+b) 2z 

1 ca-b) ( ) 1 +12 2 3(a+b-l)2-a+b-1 22+ . . .  

as z�co along any curve joining z=O and z=oo, 
providing z;C -a, -a-1, . . .  ; z ;C  -b, -b-1, 
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Continued Fraction 

6.1.48 

ln r(z)+z-(z-t) ln z-t In (211") 
ao a1 a2 aa at as = z+ z+ z+ z+ z+ z+ . . .  

1 1 53 195 

(f!lz > 0) 

ao= 127 a1=3o' a2=2107 as=371' 
22999 29944523 109535241009 

a� 22737' a6 197331427 a6 48264275462 
Wallis' Fo.rmula ' 

6.1.49 

� f�/2(sin)2" X dx= 1_·-=-3....,· 5
....,.,....._._,('-:2n

;:::-;:-.:.1) 
1r Jo cos 2·4·6 . . .  (2n) 

6.1.50 

(2n) ! 1 (2ri) =22"(n!)2 22" n 
rcn+!) 

-rlr(n+1) 
1 [ 1 1 

"' 1rtnt 1 8n I 128n2 

(n� oo) 

SoDle Defurlte Integrals 

f"' [ e- '-e-"] dt ln r(z)= Jo (z-1) e-l 1_e I t (&l Z > 0) 

6.2.1 

= (z-t) In z-z+t In 21r 

+2 f"' arctan (t/z) dt Jo e�'-1 
6.2. Beta Function 

(&lz > 0) 

fl f"' t.•-1 B(z,w)= Jo t•-t (1-t)tD-t dt= Jo (1+t)•h dt 

6.2.2 

6.3.1 

f"/2 =2 Jo (.sin t)u-t (cos t)2"'-1 dt 
(&lz > 0, Blw > O) 

r(z)r(w) B(z,w) r(z+w) B(w,z) 

6.3. Psi (DigaDlDla) Function 6 

Y,(z)=d[ln r(z)]/dz=r' (z)/r(z) 
' Some authors employ the special double factorial nota

tion as follows: 
(2n) ! I =2·4·6 . . .  (2n) =2"n i 
(2n-1) ! ! = 1·3·5 . . . . (2n-1) =r-1 2" r(n+t) 

s Some authors write 1/!(z) = tz ln r(z+ 1) and similarly for 

the polygamma functions. 

-4 

6.3.2 

6.3.3 

-3 

y 

5 

4 

I ' 

2 
,..,.,......._ 

I v / -2 _, 0 'V e 
3 

-I I -2 I _, 

-4 

-15 

FIGURE 6.2. Psi function. 

y=Y,(x) =dln r(x)/dx 

Integer Values 

n-1 

4 

Y,(l)= -1, Y,(n) =-'Y+ � k-1 
k•l 

Fractional Values 

l/t(t) =-')'-2 ln 2= - 1.96351 00260 21423 . . .  

6.3.4 

Y,(n+l.)=-'Y- 2 ln 2+2 (1+ ! + · 
. . +-1-) 1f 3 2n-1 

6.3.5 

6.3.6 

Y,(n+z) 

(n �l) 

Recurrence Formulas 

1 1 
-,--(n-1'"')--:-+-z + (n-2)+z + · · · 

1 1 +2+z + 1+z +.Y(l+z) 
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Reftection Formula 

6.3.7 Y,(l-z)=Y,(z)+1r cot 1rZ 

Duplication Formula 

6.3.8 Y,(2z) =i¥t(z) +t¥t (z+t) +In 2 
Psi Function in the Complex Plane 

6.3.9 

6.3.10 

&/Y,(iy)=1/Y,( -iy)=&/�(1 +iy) =&lY,(1-iy) 

6.3.11 

6.3.12 

6.3.13 

./ Y,(-!+iy) =tr tanh 1rY 

1 . .  
,/Y,(l+iy)=-2y +t ?!' COth ry 

=yf2(n2+y2)'-1 
n-1 

Series Expansions 

"' 6.3.14 �(1+z)= -'Y+ �(-1)"t(n)z"-1 ( lz l<1) 
n=2 

6.3.15 

�(I+z)=tz-1-tn" cot 7rZ- (1-z2) -1+1-'Y 

6.3.16 

.. 
-:L:;L\(2n+I)-1]z2" (Jzl<2) n-1 

"' z �(l+z)= -'Y+ � ( + ) (z ;;e - 1,-2,-3, . . . ) n=l n n z 
6.3.17 

&1�(1 +iy) = 1-'Y--1-I+y2 
0> 

+� (-1)"+1[f(2n+l) -1]y2" 
n-1 

"' 
=-'Y+ys L:; n-l(n2+y2) -1 

fl-1 

Clv1<2) 

c- (X) <v< (X)) 
Asymptotic Formulas 

6.3.18 

Y,(z) -In z-_!_-� B2n 
2z n-1 2nz2" 
1 1 1 1 =ln z-2z -12z2+ 120z4-252z6+ · · ·. 

(z�oo in jarg zl <?l") 

6.3.19 

1/lf(l+iy) -ln y+ ± (-!)"�:
B2" 

n-1 ny 
1 1 1 =ln y+ 12y2+ 120y4 I 252y6+ . . . 

6.3.20 

6.3.21 

6.3.22 

Extrema e of r(x) - Zeros of Y,(x) 

n 

0 
1 
2 
3 
4 
5 
6 
7 

r'(x,.)=Y,(x,.)=O 

x,. r (x,.) 

+ L  462 +O. 886 
-0. 504 -3. 545 
-1 . 573 +2. 302 
-2. 611 -0. 888 
-3. 635 +O. 245 
-4. 653 -0. 053 
-5. 667 +O. 009 
-6. 678 -0. 001 

X0=1.46163 21449 68362 
r(xo) = .88560 31944 10889 

x,.=-n+ (ln n)-1+o[(ln n)-2] 
Definite Integra� 

(y� oo )  

f"' e-'-e-•' fl 1-t•-t 
�(z) +'Y= Jo 1-e-' dt= Jo 1-t dt 

'Y= f"' (-1 _ _!_) dt Jo e'-1 te' 
s From W. Sibaga.ki, Theory 8olld applications of the 

gamma. function, Iwanami Syoten, Tokyo, Japan, 1952 
(with permission). 
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6.4. Polygamma Functions 7 

6.4.1 

d" d"+1 �jt<"1(z)=- 1/t(z)=-· - ln r(z) dz" dz•+t 

* i"' t" -II 
=(-1)"+1 _e- dt 

o 1 - e-1 

(n=1,2,3, . . .  ) 

�jt<">(z),(n=0,1, . . .  ) ,  is a. single valued analytic 
function over the <>ntirc complex plane save at 
the points z= -m(m=0,1,2, . . . ) where it pos
sesses poles of order (n+I). 

lntegt>r Value11 

6.4.2 

�jt<"1(1)= (- 1)"+1nls(n+ 1) (n= 1 ,2,3, . . ) 

Fractional Value11 
6.4.4 

�jt<"'(t) = ( -1)"+1n!(2"+1- l)s(n+ 1) 
(n=1,2, . . .  ) 

" 
6.4.5 1/t'(n+t)=tr-4 '5: (2k-1) -' t=i 

6.4.6 

6.4.7 

6.4.8 

• 

Recul'ftnce Fonnulo 

ReSection Fo.rmula 

Multiplication Formula 

cl=1, n=O 
cl=O, n>O 

7 t/1' is known as the trignmma function. t/1", t/lca>, ;,u> nre 

the tetrn-, pentn-, nnd hexngl\mma functions rt-specti\'(•ly·. 
Some nuthoJ;S write t/l(z) =d[Jn i' (z+ l)]/d�, nnd similarly 
for the polygamma functions. 

•see p� n. 

6.4.9 
Scri<'S Expaneione 

�jt<"'(l+z)=(-1)"+1 [n!f(n+i) 

-(ni
!
1) !f(n+2)z+ (n�2) lt(n+3)z'- . . .J 

t1zl<1) 
6.4.10 \ 

(z ;e 0,-1,-2, . . .  ) 

A11ymptotic Formulae 

6.4.11 

�jt<"'(z) -(-1)"-1 [<n-1) !+� 
z" 2z"+1 

• (2k+n-1) '] . + f,;1 Bu (Zk)tztH• (z-m m I arg z I <,.) 
6.4.12 

' 1 1  ( 1 1 1 1/t (z) -z+2z2+6z3-30z5+ 42z7-30z0+ · · · 
(z-m in I arg zl<,.) 

6.4.13 
11 1 1 1 1 1 3 5 

'f. (z) --zt-Z3-2z•+6zl-6zs+wzto-6z12+ . . . 

(z- min j lll'g Z I <11') 
6.4.14 

2 3 2 1 4 3 10 �jt<s>(z) """za+ z•+ zs-z1+3zo-zu+ zta- . . .  

(z-m in l a.rg z l<r) 

6.5. Incomplete Gamma Function 
(see also 26.4) 

6.5.1 

P(a, :r) = r �a) ir e-'ta-1 dt 
6.5.2 

-y(a, :r) =P(a, x) r(a) = ise-'t•-t dt 
6.5.3 

r(a, :r) - r(a)--y(a, x) ,.. i"' e-'t•-1dt 
6.5.4 x-a 

-y*(a, :r) == x-•P(a, r) = r(a) "Y (a, :r) 

-y* is a. sin�lc ,-a]ucd analytic function of a and 
:c possessing no finite singularities. 
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a 

Sr---�--�--------,---------�------�---------r--------�-------,--------, 

-3 0 

• 
ocY<o.2s 

FIGURE 6.3. Incomplete gamma function. 

-y+(a :z:)= --- e-1t•-ldt :z;-o J: 
' r(a) o 

• y) • 

From F. G. Tricomi, Sulla funzione gamma incompleta, Annali di Matematica, IV, 33, 1950 (with permission). 

•see page n. 
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6.5.5 

GAMMA FUNCTION AND RELATED FUNCTIONS 

Probability Integral of the x�-Distribution 

6.5.6 

(Pearson's Form of the Incomplete Gamma Function) 

1 fu{i+i - 1  p l(u, p) = r(p+ 1) J o e t dt 

=P(p+1, Ur./p+1) 

6.5.7 

6.5.8 

6.5.9 

6.5.10 

6.5.ll 

O(x,a)= i"' ta-l cos t dt (�a<1) 

S(x,a)= i"' ta-t sin t dt (&la<1) 

a,. (x)= J"' r'"'t"dt=x-"-1r(I+n,x) 

n xi 
e,. (x) = :E -:-1 J-o J 

Incomplete Gamma Function as a Confluent 
Hype.rgeometric Function (see chapter 13) 

6.5.12 -y(a,x)=a-1xae-"'M(1, 1+a,x) 

=a-txa M(a, I+a,-x) 

Special Values 

6.5.13 

=1-e,_, (x)e-:r: 

For relation to the Poisson distribution, see 
26.4. 

6.5.14 -y*(-n, x)=x" 

6.5.15 

6.5.16 

6.5.17 

6.5.18 t' 2 w; x -y*(j,-x2)= J o
e' dt 

( -1)" [ n-1 ( -1)ij!J 6.5.19 r (-n,x)=----:nr- Et(X)-e-'"� xJ+t 

6.5.20 r(a,ix)=ei .. ta [O(x,a) -iS(x,a)] 

6.5.21 

6.5.22 

6.5.23 

Recurrence Formulas 

e-:r: -y*(a-l,x)=x-y*(a,x) + r(a) 

Derivatives and Differential Equations 

6.5.24 

- =- ---ln x=-El(x)-ln X ((}y*) i"'e-'dt 
ba ... o ,. t 

6.5.25 

6.5.26 

O-y (a,x) 
ox 

br(a;x) 
bx 

o" [x-ar(a x)]=(-1)"x-a-"r(a+n,x) ox" ' 

6.5.27 

o" ) OX" [�:z:O-y* (a,x)]=�zll-"-y*(a-n, X 

(n=O, 1, 2, . . . ) 

(n=O, 1, 2, . . .  ) 

6.5.28 x�2
• 
+<a+1+x)o;: +a-y*=O 

Series Developments 

6.5.29 

"' z" -y*(a, z)=e-·� r(a+n+1) 
1 "' (-z)" 

r (a) :; (a+n)nl 

Clzl<co) 
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6.5.30 

-y(a, x+y)--y(a, x) 
=e-"xa-t £ (a-l)(a-2),. . . . (a-n) [l-e-ve .. (y)] 11=0 X 

<IYI<Ixi) 
Continued Fraction 

6.5.31 

Asymptotic Expansions 

6.5.32 

r(a, z) ,-.,za-Ie-• [ 1 +a 
z 
l + (a-l��a-2) +· : -] 

(z-oo i� larg zl<�) 
Suppose R ,(a,z) ='U·n+I (a,z) + . . . is th� rc

mn.indrr nft<'l' n terms in this series. Then if a,z 
an• rral, we havr for n>a-2 

n.ncl sign R.,(a,z)=sign u,+1(a,z). 

6.5.33 

6.5.34 

6.5.35 

.., (-l) "za+n 'Y(a,z),-.,?; (a+n)n! 

. en(an) {0 for a>1 
lim --n = -A- for a=l 
1H"' e" i for 0 �a<1 

(a-+ en ) 

r(z+l,z) ,-.,e-•z{ .J� z'+�+��7r �1+· · -) 

(z-oo in I a.rg zi<t7r) 

Definite Integrals 

6.5.36 

f"' r(b)[ cb J e-a' r(b ct) dt=- 1---
o ' a (a+c)b 

(�(a+c)>0,8tb>-1) 
6.5.37 

i"' ta-1r(b,t) dt r(a+b) 
a 

6.6. Incomplete Beta Function 

6.6.1 B,(a,b )= i" ta-1(1-t)b-ldt 

6.6.2 I,(a,b)=B"(a,b)/B(a,b) 
For statistical applications, see 26.5. 

Symmetry 

6.6.3 I,.(a,b) = 1 -l1_,.(b,a) 
Helation to B.inomial Expansion 

6.6.4 I,(a,n-a+l)=it (j)p'(l-p)"-1 

For binomial distribution, see 26.1. 

Recurrence Formulas 

6.6.5 1-z(a,b)=xl!l:(a- l ,b) + (1-x)J,.(a,b- l ) 
6.6.6 (a+b-ax)l,.,(a,b) • 

=a(l-x)l,.(a+ l,b- 1 )  +bl,(a,b+ 1) 

6.6.7 (a+b)l.,(a,b) =al:z(a+ l,b) +bl:t(a,b+ I) 

Relation to Hypergeometric Function 

6.6.8 

Numerical Methods ·, 
6. 7. Use and Extension of the Tables 

Example I.  C'ompnt<' r(6.:38) to 8S. Using 
thr n•cttlT('IlC<' n•lntion 6.1.16 and Table 6.1 'vc 
ll(I.V(' I 
r(6.:38) = [ (5.38) ( 4.08) (:3.38) (2.38) ( 1 .38) ]r(I .38) 

=2:�2.4367 1 .  
Example 2. Computr ln r(56.38), using Table 

6.4 nnd lint•nr intpt·polntion in .f2• 'rr have 

ln r(56.38) = (56.38-�) ln (56.38)- (56.38) 
+12(56.38) 

The C'rror of linC'ar interpolation in the table of 
the function 12 is smallrr than 10-7 in this region. 
HC'ncc, }2(56.38) = .92041 67 and In r(56.38) = 
169.85497 42. 

Dirrct interpolation in Table 6.4 of logto r(n) 
C'liminatC's thr nccrssity of C'mploying logarithms. 
Howt-vrr, tlw el'l'or of linrar intrrpolation is .002 so 
that log10 r(n) is obtaint'd with o. relative error 
of 10-5• 

• See page 11. 

* 
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Example 3. Compute lJ-(6.38) to 88. Using the 
recurrence relation 6.3.6 and Table 6.1. 

1 1 1 1 1 
,yc6

·
38) = 

5.38 
+ 

4.38 
+ 

3.38 
+ 

2.38 
+ 1 .38 I 1/1(1.38) 

=1.77275 59. 

Example 4. Compute 1/1(56.38). Using Table 
6.3 we have lJ-(56.38) =ln 56.38-j3(56.38). 

The error of linear interpolation in the table of 
the function j3 is smaller than 8 X 1 o-7 in this 
region. Hence,j8(56.38) = .00889 53 and 1/1(56.38) = 
4.023219. 

Example 5. Compute ln r(1-i). From the 
reflec�ion principle 6.1.23 and Table 6. 7, 
ln r(1-i) =ln r(I+i) = - .6509+.3016i. 

Example 6. Compute In r(t+ti). Taking 
the logarithm of the recurrence relation 6.1.15 we 
have, 

ln rct+ti)=ln r(!+li)-ln (-!+!�") 
= -.23419+ .03467i 

-(-! ln t+i arctan 1) 
==.11239--.75073i 

The logarithms of complex numbers are found 
from 4.1.2. 

Example 7. Compute Jn r(3+7�j using the 
duplication formula 6.1.18. Taking the logarithm 
of 6.1.18, we have 

-t In 211"=- .91894 

Ci+7i) ln 2= 1.73287+ 4.85203i 

1n rC!+ti)= -3.31598+ 2.32553i 

1n r(2+ti)=-2.66047+ 2.93869i 

In r(3+7i)=-5.16252+10.11625i 

Example 8. Compute ln r(3+7i) to 5D using 
the asymptotic formula 6.1.41. We have 

In (3+7�) =2.0302Z 15+1.16590 45i. 

Then, 

(2.5+7i) ln (3+7i) = -3. 0857779+ 17.1263119i 
- (3+7i) = -3. 0000000- 7. OOOOOOOi 
-! ln (271") = . 9189385 

(12(3+7i)]-1= . 0043103� . 0100575i 
-[360(3+7i)3J-1= . 0000059- . 0000022i 

ln r(3+7i) = - 5. 16252 +10. 11625i 

6.8. Summation of Rational Series by Means 
of Polygamma Functions 

An infinite series whose general term is a ra
tional function of the index may always be reduced 
to a finite series of psi and polygamma functions. 
The method will be illustrated by writing the ex
plicit formula when the denominator contains a 
triple root. 

Let the general term of an infinite series have 
the form 

where 

p(n) 

d:z(n) = (n+P1)2(n+ P2)2 • 

da(n) = (n+rt)3(n+'Y2)3 . 

(n+P.)2 

where p(n) is a polynomial of degree m+ 2r+3s-2 
at most and where the constants a;, Pt, and 'Yt are 
distinct. Expand u .. in partial fractions as follows 

"' 
Then, we may express � u .. in terms of the 

n-1 
constants appeari.ng in this partial fraction expan
sion as follows 

Higher order repetitions in the denominator are 
, handled similarly. If the denominator contains 
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only simple or double roots, omit the correspond
ing lines. 

Example 9. Find 

Since 

we have 

Thus, 

., 1 
&= t.;1 (n+ 1)(2n+1)(4n+1) · 

8= -!1/1(2) +�Jt(1 !) -�1/1(1 i) =.047198. 

Example 10. 

. ., 1 Fmd 8= :E 2(8 +1)2' n-1 n n 

S. 1 16 16 1 1 mce. n2(8n+l)" -- +--.1 + 
....... 

+ ( i ' • n n+ 8 n• n+ ) 2 

we have, 

Therefore 

8= 161/1(1) -161/t(1 t) +�Jt' (1) +!f' (1l) = .013499. 

Example 11 • 

.. 1 
Evaluate 8= � (n'+ 1) (n2+4) (see also 6.3.13) . 

i ( 1 1 ) 
6 n+i-n-i 

i ( 1 1 ) 
-12 n+2i-n-2i · 

and therefore 

8= 6
i [l/t(l+i)-l/t(l-i)l+1� [l/t(1+2i)-!f(1-2i)]. 

By 6.3.9, this reduces to 

s=� flfCI+i)-� f!Jt(l+2i). 

From Table 6.8, 8=.13876. 
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parabolic cylinder functions, pp. 226-;:233 (Her 
Majesty's Stationery Office, London, England, 
1955). 

Real and imaginary parts of In r(tk+tia), k=0(1)3, 
a=0(.1)5(.2)20, SD; (lrCt+tia)/r(t+tia)f)-112 

a=0(.02)1(.1)5(.2)20, SD. 

[6.18] E. S. Pearson, Table of the logarithms of the com
plete r-function, arguments 2 to 1200, Tracts for 
Computers No. VIII (Cambridge Univ. Press, 
Cambridge, England, 1922). Log1o r(p), p=2(.1) 
5(.2)70(1)1200, 10D. 

[6.19) J. Peters, Ten-place logarithm tables, vol. I, Ap
pendix, pp. 58-68 (Frederick Ungar Publ. Co., 
New York, N.Y., 1957). nl, n=l(1)60, exact; 
(nl)-1, n=l(l)43, 54D; Log10(nl), n=l(l)l200, 
18D. 

[6.20) J. P. Stanley and M. V. Wilkes, Table of the recip
rocal of the gamma function for complex argu
ment (Univ. of Toronto Press, Toronto, Canada, 
1950). x= -.5(.01).5, y=O(.Ol)l, 6D. 

[6.21) M. Zyczkowski, Ta.blice f�:�nkcyj eulera i pokrewnych 
(Panstwowe Wydawnictwo Naukowe, Warsaw, 
Poland, 1954). Extensive tables of integrals 
involving gamma. and beta. functions. 

For references to tabular material on the incomplete 
gamma and incomplete beta functions, see the references 
in chapter 26. 
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7. Error Function and Fresnel Integrals 
Mathematical Properties 

7.1.1 

7 .1. Error Function 

Definitions 

2 r� 2 erf z= .,f; Jo e-1 dt 

In 7 .1.2 the path of integration is subject to the 
restriction arg t�a with lal<i as t� cc along the 

path. (a=� is permissible if !Jlt2 remains bounded 
to the left.) 

Integral Representation 

7.1.4 

(Jfz>o) 

. a 

. . 

. 3 

. 2 

. I  

0 . 2 • • . 6 . 8 1 .0 1. 2 1.4 1.6 1 .8 2.0 2 .2 2.4 

FIGURE 7.1. y=�l"L"' e-t• dt. 

p-2(1)11 

Series Expansions 

2 "' ( -l)"z211+1 
7.1.5 erf z-..;; � n!(2n+l) 

7.1.6 
2 2 .. 2" =- e-' � 22n+I ..j; n-o 1 · 3 . . .  (2n+ l) 

7.1.7 --./2 ± (-1)"[12n+I/2(z2)-l2n+at2(z: n-o 

7.1.8 

For 111-;(x), see chapter 10. 

7.1.9 

7.1.10 

7.1.11 

7.1.12 

.7 

.6 

.5 

.. 

.3 

.2 

Symmetry Relations 

erf (-z)=-erf z 

w(-z)=2e-'2 -w(z) 
w(z)=w(-z) 

0 .2 .4 , 6 . 8 1.0 

-z• rz t• FIGURE 7.2. y=e Jo e dt. 

p-2{1)6 
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(..Fz �O) 

:z:i"> and Hi"> are the zeros and weight factors of 
the Hermite polynomials. For numerical values 

1.s see chapter 25. 

7.1.13 

FIGURE 7 .3. AUitude Chart of w(z). 

lnequalitiee [7.11), [7.17] 

1.4 

1.0 

.6 

.2 

·.2 

-.6 

1 
< z2i"' _,2dt< 1 (:z:�O) 

x+.Jx2+2 e :r e 
- x+ .J x"+� 

(For other inequalities see [7 .2].) 

Continued Fractions 

7.1.14 

2e"2 J."' e-'2dt=_!_ l/2 -1- 3/2 _!_ · · · (Plz>O) 
; z+ z+ z+ z+ z+ 

Value a1: Infinity 

7.1.16 erf z�1 (z�oo in ]arg zJ<i) 
Maximum and In1lection Pointe for Dawson's 

Integral [7.31) 

F(x)=e-z:2 i" e'2dt 

7.1.17 F(.92413 88730 . . .  )=.54104 42246 . .  . 
7.1.18 F(l.50197 52682 . . .  )=.42768 66160 . .  . 

Derivatives 
7.1.19 

d"+l . " 2 -� 
dz"+1 erf Z=(-1) ..fi H,.(z)e 

7.1.20 

(n=O, 1, 2, . . .  ) 

w<nH> (z) +2zw<n+J) (z) +2(n+ 1)w'"> (z)=O 

w<o> (z )=w(z), 

(n=O, 1, 2, . . .  ) 

2i w'(z)=-2zw(z)+ ..fi 

(For the Hermite polynomials H,.(z) see chapter 
22.) 

Relation to Confiuent Hypergeometric Function (see 
chapter 13) 

7.1.21 

erf z=�M(�' �' -z2)=� e- I M (1 , � z2) 
The Normal Distribution Function With Mean m and 

Standard Deviation u (see chapter 26) 
(t-m)' 

7.1.22 u�2rJ� .. e-zr dt=� (1+erf(x
u;)) 

7.1.23 
Aeynlptotic Expansion 

I CD 
) 

1 ' 3  , • , (2m-1) 
,fize• erfc z ...... 1 + ::E ( -1 m (2z2)"' m•l ( z�oo, ]arg zl< 7) 
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If R,.(z) is the remainder after n terms then 

7.1.24 

R ( 
) -(-1)" 1. · 3 . . . (2n-1) 8 

.n Z - (2z2)" ' 

f "' ( t)-.. -· 6= J o e-' 1 +22 dt (Jarg zJ<�) 
( !arg zJ<�) 

For x real, R,.(x) is less in absolute value than 
the first neglected term and of the same sign. 

Rational Approximationa 2 (0 :Sx< .., )  

7.1.25 

erf x=1- (a�.t+�t2+ast3) e--='+E  (x), 1 t=--
1+px 

IE(x) J�2.5Xl0-6 

p=.47047 a1= .34802 42 az='-.09587 98 

7.1.26 
aa= .74785 56 

erf x=l- (a1t+a2t2+a3t3+a{t4+a6t6)e-�+E(x), 
1 t=l+px ' 

IE(x) l :$1.5Xl0-7 
p=.32759 1 1  a1=.25482 9592 

a2=- .28449 6736 as=L42141 3741 

7.1.27 

7.1.28 

a,=-1 .45315 2027 a6= 1 .06140 5429 

�=.278393 
a8=.000972 

�=.230389 
a,= .078108 

erf x=1 1 
+ (x) [1 +a1x+�r+ · · · +a0x6]'6 E 

jE(x) j�3X10-7 

�=.07052 30784 
as= .0092.7 05272 
a6= .00027 65672 

�=.04228 20123 
a,= .00015 20143 
ae= .00004 30638 

2 Approximations 7 .1.25-7.1.� are from C. Hastings, Jr., 
Approximations for digital computers. Princeton Univ. 
Press, Princeton, N. J., 1955 (with permission) . 

Infinite SerieB Appro:rim.ation for Complex Error 
Function [7.19] 

7.1.29 
-.:2 

erf (x+iy)=erf x+;rx [(1-cos 2xy)+i sin 2xy] 

where 

j,.(x, y)=2x-2x cosh ny cos 2xy+n sinh ny sin 2xy 
g,.(x, y)=2x cosh ny sin 2xy+n sinh ny cos 2xy 

)E(x,y)J �I0-161 erf (x+iy)l 

7.2. Repeated Integrals of the Error Function 

Definition 
7.2.1 

(n=O, 1, 2, . . .  ) 

Differential Equation 

7.2.2 

y=Ai" erfc z+Bi" erfc ( -z) 
(A and B are constants.) 

7.2.3 

7.2.4 

7.2.5 

Expre&aion 1!8 a Smgle Integral 

.,. erf 2 i"' (t-z)" _,2dt 1 c z  c 1 e 'V7r • n 

Power Series a 

Recurrence RelatioDIJ 

i" erfc z=-� i"-1 erfc z +2
1 i"-2 erfc z n n 

(n=l, 2, 3, . . .  ) 
7.2.6 

2(n+1) (n+2)i"H erfc z 
= (2n+I +2z2)i" erfc z-� i"-2 erfc z 

(n=l ,2, 3, . . .  ) 
• The terms in this series corresponding to k=n+2, 

n+4, n+6, . . .  are understood to be zero. 
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Value at Zero 
7.2.7 

i• eric o- ( ) 2"r �+1 2 
(n=-1,0, 1 , 2, . . .  ) 

y 

1.0 

FIGUBE 7.4. -Repeated Integrals of the Error Function. J•2•r( pl) I• ertaz 

n-o, 1, 2, ., 8, 1., 22 

Derivatives 

7 2 8 }:__ 1." erfc z=-i"-1 erfc z 1n-O 1 2 ) • •  dz , - , , ,  . . .  

7.2.9 

Relation to Hh,.(IIS) (see 19.14) 

7.2.10 i" erfc z 

Relation to Hermite Polynomials (see chapter 22) 

Relation to the Confluent Hypergeometric Function 
(see chapter 13) 

7.2.12 

·,. rf %2 [  1 M(n+1 1 2) 1 e c z=e- ( ) -2-, 2' z 2"r �+1 2 

Relation to Parabolic Cylinder Functions (see 
chapter 19) 

7.2.13 

7.2..14 
Asymptotic Expanaion 

.,. 2 e-z'A "' (-l)m(2m+n) I 
1 erfc Z"-' ..fi (2z)"+l �o n!ml(2z)2m 

(z�oo,  /arg z i <3:) 
7 .3. Fresnel Integrals 

Definition 

7.3.1 

7.3;2 

The following functions are also in use: 

Auxiliary Functions 

7.3.5 

7.3.6 

g(z)=[�-O(z) J cos (� z2)+[�-S(z) J sin (� z2) 
Interrelations 

7.2.ll (-l)"i" erfc z+i" erfc (-z)=2!��1H,.(iz) 7.3.7 
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7.3.8 

7.3.9 C(z)=�+f(z) sin (� z2)-g(z) cos (� z2) 
7.3.10 S(z)-�-j(z) cos (� z2)-g(z) sin (i z2) 

7.3.ll 

7.3.12 

7.3.13 

y 

Series Expansions 

C(z)="'f2 (-1)"(?r/2)2n z4n+I 
n .. o (2n)! (4n+1) 

C( ) _ (!. 2) � ( -1) n�n 4n+ 1 z -COS 2 Z f.;;t, 1 . 3 . . . (4n+1) Z 

• 2 ..!> 4n+3 (11' ) "' (-1 � 1111'Zn+l 
+sm 2 z � 1 · 

3 
.

. .  (4n+3) 2 
_ 

"' (-l)n(11'/2)2n+l 
S(z)=� (2n+1) ! (4n+3) z

•"+a 

FtGU"RE 7.5. Fresnel Integrals. 
1/=C(z), vaSCz) 

7.3.14 

S(z)=-cos c� z2) "'f2 ( -l)"1r211+1 z•n+a 
2 n-o 1 · 3 . . .  (4n+3) 

+ . (11' 2) � (-1)n11'2n 4n+l sm 2 z f=6 1 . 3 . . .  (4n+1) z 

7.3.15 C.2(z)=Ju2(z) +J512(z) +Jo12(z)+ . .  . 
7.3.16 S2(z) =Ja12(z)+J112(z)+Jun(z) + . .  . 

For Bessel functions J .. +112(z) see chapter 10. 

Sym:metry Relations 

7.3.17 0(-z)=-C(z), 8(-z)=-S(z) 

7.3.18/ C(iz)=iC(z), S(iz)= -iS(z) 

7.3.19 c(z)=O(z), s(i)=S(z) 

7.3.20 

7.3.21 

Value at lnJin.ity 

1 C(x)�, 1 S(x)� 

Derivatives 

dj(x) (IX =-1rxg(x) , 

Relation to Error Function (see 7 .1.1, 7 .1.3) 

7.3.22 

C(z) +iS(z)=1ti erf [ � (1-i)z] 
=1ti { 1-ei�z3 w [ f (l +i)z]} 

7.3.23 g(x)=�{ 1ti w [ f (l+i)x]} 
._ 7.3.24 j(x)=Y { 1;-i 

w [ � Cl+i)x]} 
Relation to Conftuent Hypergeometric Function (see 

chapter 13) 

7.3.25 

C(z)+iS(z)=zM (�� �� i � z.2) 
j!.z3M ( 3 . 11' 2) =ze 2 1, 2,-t 2 z  

Relation to Spherical Bessel Functions (eee chapter 10) 
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Asymptotic Expansion& 7.3.27 
f( ) - +� (-l)m l · 3 . . . (4m-l) 11'Z Z "'1  £.J ( 2)2m m•l 11'Z (z-4 cn ,  ja.rg zl< �) 

7.3.28 
( ) � (-l)m l  · 3 . . .  (4m+l) 11'Zg Z "' £.J  ( 2)2m+1 m•O 11'Z ( z � cn ,  ja.rg zl< �) 

If R�,f> (z) , R�•> (z) are the remainders aftern terms 
in 7 .3.27, 7 .3.28, respectively, then 

7.3.29 
R<n ( )=(-1)" 1 · 3 . . . (4n- l) o<n " z (11'z2)2" ' 

s<n r(2�H l f 1 :(;), dt (l•rg •l<i) 
11'Z2 

7.3.30 
RW r�'=(-1)" 1 . 3 . . . (4n+l) ow a \41 (,.-z2)2" ' 

1 f"' e-'t2"H ( ,...) 
e <•>=r (2n+t) Jo t+(2t )2dt l arg zl<4 

,.-z2 
7.3.31 j8<11 l<1, jo<•> j<l (1arg zl �  �) 
For x real, R�t> (x) and R�•> (x) are less in absolute 
value than t.he first neglected term and of the 
same sign. 

Rational Approsimations ' (0 !f.:& !f co) 
7.3.32 

1+.926x f(x) 2+1 .792x+3.104r+E(x) 
7.3.33 

7.4.2 

i"' lla b2-ae b e- <at2+2bt+e>dt =- � e -��- erfc r: o 2 a "''a 
7.4.3 

7.4.4 
f "' t2ne-at'dt=l· 3 . . .  (2n-1) fi:. 

J 0 2"+la" '/a 
(�a>O;n=O, 1, 2, . . . ) 

7.4.5 
(�a>O;n=O, 1, 2, . . .  ) 

7.4.6 i. 
lla -� 

e-at' cos (2xt)dt=- -e " o 2 a 
7.4.7 
l"' 1 izt..fa e-at' sin (2xt)dt=- e-%2/11 et'dt 0 ...ra 0 

7.4.8 i• e-a'dt = fi. eaz2 erfo ...{az o_ �t+z2 '/a 
7.4.9 
l"' e-01dt 1r c: 

r:z 
e11' erfc "''az o {t(t+z) "'/ "&. 

(&la>O, z :FO,jarg zj<,.-) 
7.4.10 

g(x) 2+4.142x+3.�92:&+6.670r+ E(x) l"' e���t =e-"2 [ .f; l..f
axe'2dt-� Ei(ar) J * 

jE(x)j�2X 10-a 
(For more accurate approximations see [7.1] .) 

7 .4. Definite and Indefinite Integrals 

For a more extensive list of integrals see [7 .5], 
f7 8], [7.15]. 
7.4.1 

CD 

• ..;-f e-t,.dt=...! Jo 2 
' Approximations 7 .3.32, 7 .3.33 are based on those given 

in C. Hastings, Jr., Approximations for calculating Fresnel 
integrals, Approximation Newsletter, April' l9.56, Note 10. 
[See also MTAC 10, 173, 1956.} 

(a>O, x>O) 

(a>O) 

7.4.13 f... ye_ '2dt 11' �w(x+iy) 
- ·  (x-t)2+y2 (x real, y>O) 

•see page n. 
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7.4.14 f.., (x-t)e-tzdt . 
_.., (x-W+tl =7rJw(x+ty) 

7.4.15 

(x real,y>O) 

f"' W-(x2-t/)]e-t2dt -! &lw(x+iy) 
Jo t{-2(xZ-?/)t2+(x2+?/)2-2 y-ix 

(x real, y>O) 
7.4.16 

f"' 2xye-t2dt 1r Jw(x+iy) 
Jo t'-2(x2-?/)t2+(x2+y2)2 2 y-ix 

7.4.17 

i.., 
1 a' e-at erf bt dt=- e411' eric .!!.. o a 2b 

(x rea.l,y>O) 

7.4.24 

7.4.25 

J:"' �::tdt=1r� { [�-0( �)] cos (ab) 

+[�-s( .J2:b)] sin (ab)} (&la>O, &lb>O) 

7.4.26 

�� {[�-s( �]cos (ab) 

-[�-o(.J�) J sin (ab) } (&la>O, &lb>O) 

7.4.27 
7.4.18 

f"' 1 fo"' e-atO(t)dt=
a

! {[-2
1 -s(�)J cos(��) Jo sin (2at) erfc btdt=2a [l-r<atb>2](a>O,&lb>O) Jc " grr-

7.4.19 

f"' e-1" erf..Jbt dt=!· /b (&l(a+b)>O) Jo a "'Va:+b 

7.4.22 

J:"' e-at cos (t2)dt=��{[�-s(�/;)Jcos(:) 
-[�-0(� ��)]sin(��} (&la>'O) 

7.4.23 

.("' e-at sin (t2)dt=��{[�-o(�/;)J cos (�J 
+[�-S (���)] sin (�J} (&la>O) 

-[�-o(;)] sin(;:)} (&la>O) 
7.4.28 

J:"' e-a'S(t)dt=� {[�-o(;) J cos (;:) 
+[�-s(;)] sin(�)} (&la>O) 

7.4.29 

fo"' e-a'o( f2!_\dt 1 
Jc -y -;-; 2a("a2+1-a)i.Ja2+1 

(&la>O) 
7.4.30 

Jo·.., e-ats( f2!_\dt 1 "'V-;-J 2a(.Ja2+l+a)i.Ja2+1 
(&la>O) 

7.4.31 .("' {[�-O(t) T +[�-S(t) T}dt=; 
7.4.32 
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7.4.33 7.4.38 

J e -aJzt �dx=: [ ew erf (ax+�) J cos (ax2+2bx+c)dx 

+e-14& erf (ax-�) ]+const. (a¢0) 
7.4.34 

=.J� { cose2 
a ac)o[ .Ja'! (ax+b>] 

f -*'�d ..fi" -a2z'+� [ (b_j_ . ) + . (b2-ac) s[ /2 b)]} e :zt x=-4a e :zt w X'-utx sm -a- 'I � (ax+ . +const. 

+w (-�+iax)]+const. (a¢0) 
.., 7.4.39 

7.4.35 J erf xdx=x erf z+ � e-"2+const. 

7.4.36 

J e= erf bx dx=� [ eu erf bx-e: erf ( bx-2�) J 
7.4.37 

J e= erf /x dx=� { e= erf � 
+const. (a ¢0) 

+� e=-�[ w( �+i .Jf)+w ( -�+i "�)]} 
+const. (a¢0) 

J sin (ax2+2bx+c)dx 

-sin (b2 
a 
ac) o[ {!; (ax+b) ]} +const. 

7.4.40 J O(x)dx=xO(x)-� sin(� x2)+const. 

7.4.41 J S(x)dx=xS(x)+; cos (� x2)+const. 

Numerical Methods 

7 .5. Use and Extension of the Tables 

Example 1. Compute erf .745 and e-<.746l1 
using Taylor's series. 
With the aid of Taylor's theorem and 7.1.19 

it can be shown that 

erf (x0+ph)=erf Xo 

+ � e-�ph [1-phx0+�p2h2(2�-1) ]+E 

e- <:ro+:��1112=e-� [1-2ph:to+p2h2 (2�-1) 

-� p3M:to(2�-3) ]+11 

where IEI<L2X10-10, 1'71<3.2X10-10 if h=10-2, 
IPI� !. With :to=.74, p=.5 and using Table 7.1 

erf .745=.70467 80779+(.5)(.00652 58247)X 
[1 - (.005) (.74)+ (.00000 83333)(.0952)] 

e-<.745l'=.,;; (.65258 24665) [1- .0074 2 

=. 70792 8920 

+ (.000025) (.0952) + (.00000 00833) (.74) (1.9048)] 
= .57405 7910. 

As a check the computation was repeated with 
Xo=.75, p=-.5. 

Example 2. Compute eric x to 5S for x=4.8. 
We have 1/z2=.0434028. With Table 7.2 and 

linear interpolation in Table 7 .3, we obtain 

erfc 4.8=4�8 (1.1 1253) (10-
10) (.552669) f, 

= (1.1352) l0-11• 
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COMPLEX ZEROS OF THE ERROR FUNCTION Table 7.10 

erf z..=O Zn=:tn+iyn 
" :l)n 1/n n :l)n tin 
1 1. 45061 61.6 1. 88094 300 6 4. 15899 840 4. 43557 144 
2 2. 24465 928 2. 61657 514 7 4. 51631 940 4. 78044 764 
3 2.83974 105 3. 17562 810 8 4. 84797 031 5. 10158 804 
4 3. 33546 074 3. 64617 438 9 5. 15876 791 5. 40333 264 
5 3. 76900 557 4. 06069 723 10 5. 45219 220 5. 68883 744 

erl Zn-erf ( -.z.,.) -er! z,.-erf (-"in) =0 

(n>O) 

From H. E. Salzer, Complex zeros of the error function, J. Franklin lnst. 260,209-211, 
1955 (with permission).  

1L 
0 
1 
2 
3 
4 

:r,. 
o. 0000 
1. 7437 
2. 6515 
3. 3208 
3. 8759 

COMPLEX ZEROS OF FRESNEL INTEGRALS 

O(.z.,.} -0 Zn-.t·n+iy,. 

S(�) =0 �-�+iy� 

!In 
o. 0000 
o. 3057 
o. 2529 
o. 2239 
o. 2047 

,.;. 
0. 0000 
2. 0093 
2. 8335 
3. 4675 
4. 0026 

Table 7.1 1 

y;. 
o. 0000 
o. 2886 
o. 2443 
D. 2185 
o. 2008 

5 4. 3611 0. 1909 4. 4742 0. 1877 

11 
0 
1 
2 
3 
4 

5 

�(z..) = g( -z..) =�(in) =�( -in)= �(iz,.) = gc -iz..)-�( -iZ..)= g(,z,.) =0 

(n>O) 

MAXIMA AND MINIMA OF FRESNEL INTEGRALS Table 7.12 

M,.= O(.J4n +1) mn= O(.J4n+ 3) M�=S(.J4n +2) �=S(.J4n +4) 

Mn 
o. 779893 
o. 640807 
o. 605721 
0. 588128 
o. 577121 

0. 569413 

m,. 
0. 321056 
o. 380389 
o. 404260 
0. 417922 
0. 427036 

o. 433666 

· 1 .,.2(4n+1)L3 Mn-2+ .,.3(4n+1)5/2 

J£;.. 
0. 713972 
0. 628940 
o. 600361 
0. 584942 
o. 574957 

0. 567822 

1 .,.2(4n+3)2-3 
m,.-2 .,.3(4n+3)1i/2 

M•_! .,.2(4n+2)2-3 • 1 16.,.2(n+1)L3 
n 2+ .,.3(4n+2)5/2 m,.-� 32r3(n+l)5/2 

(n-"') 

m; 
o. 343415 
0. 387969 
o. 408301 
o. 420516 
0.428877 

o. 435059 

From G. N. Watson, A treatise on the theory of Bessel functions, 2d ed. Cambridge Univ. 
Press, Cambridge, England, 1958 (with permission). 
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8. Legendre Functions 
Mathematical Properties 

Notation 

The conventions used are z=x+iy, x, y real, 
and in particular, x always me11.ns a real number 
in the interval -1 �x � + 1 with cos 8=x where 
8 is likewise a real number; n and m are positive 
integers or zero ; v and /J. are unrestricted except 
where otherwise indicated. 

Other notations are: 
ntP,.(x) P"(x) for (2n-l)!! 

P,.m(x) for (-1)m�(x) 
T';:(x) for ( -1)m�(x) 

P':(x) for ( -1)m (2n+1)(n-m)! �(x) 2 (n+m)! ," 
�:(z) for P:(z), O:(z) for Q:(z) 

.o:(z) for &' .. 'Q:(z) 
Q:(z) for sin _(v+u)?r Q:(z) sm l'7r 

Various other definitions of the functions occur 
as well as mixing of definitions. 

8.1. Differential Equation 
8.1.1 

dzw dw �2 (1-z2) --2z-+[v(v+1)--]w=O dz2 dz 1-z2 
Solutions 

(Degree v and order � with singularities at 
z= ± 1 , co as ordinary branch points-�, v arbi
trary complex constants.) 

P�(z), Q:(z) -Aseoc:iated Legendre Functions (Spher
ical Harmonics) of the First and Second Kinds 2 

jarg (z± l)j<?r, 
(zZ-1)1"= (z-1)i"(z+ l)t" 

(For P:(z), IJ.=O, Legendre polynomials, see 
chapter 22.) 

8.1.2 

P�(z) r(1�1J.) [:+�J" F( -v, v+l ; 1-�J.; 1 
2 2

) 
( j l-zl<2) 

(For F(a, b; c; z) see chapter 15.) 

Alternate Fonns 
(Additional forms may be obtained by means of the transformation formulas of the hyper

geometric function, see [8.1].) 

8.1.4 P:(z)=21'1rl(z2-1)-iP{F( -�-����-�i �i z2) -2z 
F(�-�-�� 1+�-�; �; 22)} (jz

2
1<1) 

r (�-�-i) r ( 1 +�-�) r (��-�) r ( -�-�) 

8.1.5 P�(z) 

(jl-zl<2) 

2 The funct.ions Y::'(8, cp)=: ::} P:'(cos 8) called surface harmonics of the first kind, tesseral for m<n and sectoral 
for m=n. With 0 ::58 ::5r, 0 ::5 cp ::5 2s-, they are everywhere one valued and continuous functions on the surface of the 
unit sphere z'+ y2+ z2= 1 where x=sin 8 cos cp, y=sin 8 sin cp and z= cos 8. 

•see page n. 
332 
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8.1.7 

Wronskian 
8.1.8 

W{P�(z) , Q�(z) } e1,. .. 2211r (��+�+2) r (��+�+1) 
(l-z2)r (v-�+2) r (��-�+1) 

8.1.9 W{P,.(z), Q,.(z) } =-(z2-1)-1 
8.2. Relations Between Legendre Functions 

8.2.1 

8.2.2 

Negative Degree 

Qi!.�-� (z) = f -1re110,. cos v1rP�(z) 
+Q�(z) sin [7r(11+�)]}/sin [7r(v-�)] 

8.2.3 
Neg.ative �rgument (.f �:=;:;:0) 

P:(-z)=e=F'-�P:(z)-� e-t,.� sin [7r(v+J.')]Q:(z) 7r . 
8.2.4 Q�(-z)=-e±'••Q:(z) 
8.2.5 

8.2.6 

Negative Order 

Degree }.' + !  and Order 11 + ! 

fflz>O 
-v- ( z )-(z2-1)11�e-1�<"Q�(z) 

8.2.7 p -v.-t (z2-l) ll2 -(l7r)lt2r(v+ w+t) 
8.2.8 

Q::;::.t Cz2�1)1t2) • 

• 

• 

=-i(!7r) l/2r( -v-I") (z2-1)tt•e-t.,.P:(z) 
8.3. Values on the Cut 

8.3.1 

•See page D. 

8.3.2 P�(x)=e±li�<rP:(x±iO) * 

8.3.3 =i1r-1e,-iv.,.[ri1�'"Q:(x+iO) * 
-ei111"Q:(x-i0)] * 

8.3.4 

Q:(x) =!r1�'�[e-11�' .. Q�(x+iO) +e11""Q�(x-i0)] 
(Formulas for P:(x) and Q:(x) are obtained with 
the replacement of z-l by (1-x)e±'", (z2-l) by (1-r)e±1 .. , z+ 1 by x+ 1 for z=x±iO.) 

8.4. Explicit Expressions 

(X=COS 9) 
8.4.1 P0(z) = 1 

8.4.2 

Qo(z) =� In (�+ �) 

8.4.3 P1(z)=z 
8.4.4 

Q1 (z) =� ln (z+ 1)-1 2 z-1 
8.4.5 

Po(x)=l 

Q0(x)=! ln (l+x) 2 1-x 
=xF(!, 1 ;  ! ;  x2) 

P1(x)=x=cos 9 

Q1(x)=-ln - -1 x (1+x) 2 1-x 

P2(z) = i(3z2-1) P2(x) =!<3r- 1) 
=H3 cos 29+ t) 

8.4.6 

Q2(z) =�P2(z) In c:+�) Q2(x) = 
-�z ex: 1) In G+�)-�x. 

8.5. Recurrence Relations 

(Both P: and Q: satisfy the same recurrence 
relations.) 

Varying Order 
8.5.1 

P:+1(z)= (z2- 1)-t{ (v-p.)zP�(z)-(v+�)P:-I(z) } 
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8.5.2 

(z2-l) dP�(z) = (v+ p.) (v-p.+ 1)  (z2-l)iP�-1(z) dz 
-p.zP�(z) 

8.5.3 
Varying Degree 

(v-p.+ l)P�+1 (z) = (2v+ l)zP�(z) - (v+p.)P�-1 (z) 

8.5.4 (z2-1) dPJ;z) =vzP�(z)-(v+p.)P�_1(z) 

Varying Order and Degree 

8.5.5 P�+t (z)=P�-1 (z) + (2v+ 1)  (z2-l)iP�-1(z) 
8.6. Special Values 

8.6.1 

P�(O) 

x=O 

=2"11"-t cos [!?r(v+p.)]r(!v+ !JJ+i)/r(tv-b+l) 
8.6.2 

Q�(O)= 
-2�'-1?ri sin {!?r(v+p.) ]r(tv+ !JJ+ lJ/r(!v-!p.+l) 

8.6.3 [dP�(x)l = dx - o  

21'+111"-· sin [!?r(v+p.)] r(iv+!JJ+l)jr(tv-tp.+!) 
8.6.4 [dQ�(x)l = dx -o 
2"11"' cos [l?r(v+p.)] r{tv+!P.+l)/r(iv-!p.+!) 

8.6.5 

W{P"(x) Q"(x) } 22"r (iv+jp.+l) r(!v+!JJ+!) 
• ' • z-o r (lv-!p.+l ) r (iv-lp.+!) 

8.6.6 

8.6.7 

8.6.8 

p.=m=l ,  2, 3, . . .  
P:'(z) =(z2-I)i"' dm::�z) , 

P,'(x) = ( -l)"'(l-x2)tm ct":;�x) 
�(z)=(z2-I)i"' amJ;y), 
�(x) =( -l)"'(l-x2)1"' rl:"J;�x) 

p.= ± !  

pt(z) =(z2-1) -I/4(211") - 112 { [z+ (z2- 1 )112J•+t 
+[z+(z2-1)112J-•-t } 

• See page 11. 

8.6.9 

P;-l(z)= - z - { [z+(z2-1) 112J•+t (2)1/2 ( 2 1) - 1/4 
1r 2v+l 

-[z+ (z2-l) 112t·-t} 

8.6.10 

8.6.11 

( 2 1) - 1/4 
Q-l(z) --i(2 ) 112 z - [z+(z2-1) 112]-•-t "' 

• - 1T 2v+1 

8.6.12 

P!(cos 8)=(tJr)-t (sin 8)-t cos [(v+!)8] 

8.6.13 -
Ql(cos 8)=- {!7r)t (sin 8)-� si.u [(v+l)8] 

_8.6.14 

P;l(cos 8)=(!7r) -i(v+!)-1(sin 8)-t sin [(v+!)8] 

8.6.15 
. * Q;t(cos 8)-(2'7T) i(2v+1) - 1(sm 8)-t cos [ (v+!)8] 

p.=-v 

8.6.16 

8.6.17 
2-•(sin 8)• P;•(cos 8) r(v+l) 

JJ=O, v=n 
(Rodrigues' Formu.a) 

8.6.18 

8.6.19 

where 

2n-1 2n-5 Wn_1(x)=-y:-n Pn-1(x) +3(n-l) Pn-3(x) 

2n-9 +S(n-2) Pn-s(x)+ . . .  

W_1(x)=O 
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v=0, 1 
8.6.20 [oP.�os B)] =2 ln (cos !B) V anaO 

8.6.21 [oP.- I�cos B)] =-tan !B-2 cot !B in (cos !B) v •-0 [oP- 1 (cos 8)] 8.6.22 • 0 = - !  tan !B sin2 !B+sin 8 In (cos to) v •-1 
8.7. Trigonometric Expansions (O<B<7r) 

8.7.1 P�(cos B)=?r-1122�"+1 (sin B)" r�t�i/) to <�+�)(���:u;1h sin ((v+JJ+2k+1)B] 

8.7.2 Q�(cos B)=7r1'22"{sin 8)" r(vt�i)
1) ::t <�+z�cCv+)+l) k cos [ (v+�+2k+1)8J r v k-o . v+!· t 

22"+2 (n!F [ · n+l . 1 · 3 (n+1) (n+2) · J 8.7.3 Pn (cos 8) ?r(2n+l) ! sm (n+l)8+zn+3 sm (n+3)B+zr (2n+3)(2n+S) sm (n+5)8+ . . .  
22"+1(n!)2[ n+l 1 · 3 (n+l)(n+2) J 8.7.4 Q.(cos 8) (Zn+ I) ! cos (n+J.)8+2n+3 cos (n+3)8+2! (Zn+3) (Zn+S) cos (n+5)8+ . . . 

8.8. Integral Representations 

(z not on the real axis between - 1  and - CD ) 
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8.8.1 P�(z) 2-•(z2-l ) -�" J:"' (z+cosh t),.-·-1 (sinh t)2•+1dt r( -11-JJ) f(v+l) 0 (&f( -JJ) >&tv >-I) 

8.8.2 Q:(z) 
e 

1T' 11 I.L 
(z2- 1 ) '" [z+(z2-l)� cosh t]-·-,.-1(sinh t)2�'dt t,.r..,r;2-,. r (  + + I) i"' f(.u+!) r (v-}J+l) 0 

(For other integral representations see J8.2].) 
8.9. Summation Formulas 

1l 
8.9.1 (�-z) 2: (2m + I)Pm(z)PmW = (n+ l) (P.+1WP,.(z) -P,.(�)P,.+t(z)] m-o 

II 
8.9.2 (�-z) L: (2m + l)Pm(z)QmW= 1 - (n+I)[P,+1(z)Q,W-P,.(e)Q,.+I W J  m-o 

8.10. Asymptotic Expansions 

For fixed z and v and fJf JJ___,CD ,  8.10.1-8.10.3 are asymptotic expansions if z is not on the real 
nxis between -oo and - 1  and + oo and + 1 .  (Upper or lower signs according as J z�O.) 

f(v+JJ+ l)f(JJ-v) cz+I)I" . [ 8.10.1 P�(z) 7rf(I.L+l) 2 _ 1  
sm J.L7r F (-v, v+l;  l +.u; !+!z) 

8.10.2 

_ s�n v1r e'f't,.. (2 +1)" F ( -v, v+I ;  1 +JJ; t-tz)J Sill J.L?r Z 1 
Q�'( ) -l. 1 r r(v+JJ+I) (z + I)ll' ( . ) [F( . . l. l. )  • z - � e I' r (I.L + l) z-1 r }J-v -v, v+l,  l +}J, �+.,-z 

(z-1)�' · J - e'f'l.r z+l F( -v, v+l; l +I.Li !-h) 
•see pap;e 11. 

• 
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With p. replaced by -p., 8.1.2 is an asymptotic expansion for P;�'(z) for fixed z and v and � p.---?oo 
if z is not on the real axis between -oo and - 1 .  

For fixed z and p. and P/tv---?oo ,  8.10.4 and 8.10.6 are asymptotic expansions if z is not on the real 
axis between - co  and -1 and + ro and + 1 ;  8.10.5 if· z is not on the real axis between - ro R.nd + 1. 

8.10.4 

The related asymptotic expansio_� for P�.(z) may be derived from_ 8.10.4 together with 8.2.1. 

( r(v+p.+l) ( .L. . 8)_1 [( +!c) 7r+JJ.71'J+O( - 1) 8.10.7 p� COS 8) r(v+J) "Til SID COS V 2 8-4 2 V 

For other S:Symptotic expansions, see [8.7] and [8.9]. 

/ 8.11. Toroidal Functions (or Ring Functions) 

(Only special properties are given; other properties and representations follow from the earlier 
sec�ions.) 

8.ll.2 

(-l)mr(n+!) f "' rosh mt dt 
8·11·4 Q':: -i (cosh ?1) r(n-m+!) J o (cosh 11+cosh t sinh .,)n+i 

•see page n. 

* 

* (n>m) 



* 
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8.12. Conical Functions 

(P �l+•�(cos 8), <P'-1 +n(cos 8)) 

(Only special properties nre given ns other 
properties nud representations follow from enrlier 
sections with v=- !+iX (X, n renl pnrnmeter) •md 
Z=COS 8.) 

8.12.1 
4>-2+ 12 . 2 8 P-I +I� (cos 8) =1 +-----w-- sm 2 

(4>-2+ 12) (4>-2+32) • 4 8 + 2242 sm 2+ . . .  

8.12.2 P -l+t�(cos 8)=P -t-o.(c.os 8) 

2 i' cosh 'Atdt 
8.12.3 p -l+t>.(COS 8) =- 1 

• 

1r 0 ' 2 (cos t -cos 8) 
8.12.4 i... cos >.tdt Q-t=F;>.(cos 8)= ± i  sinh X1r -;1===:==;:::===;:==. o , 2(cosl'i t +cos 8) 

+ f"' cosh Xtdt Jo .J2(cosh t-cos 8) 
8.12.5 

P -l+t>.( -:-cos 8) 

8.13.1 

cosh Xw--- [Q_I+t>.(cos 8) +Q_,_,.�.(cos 8) I 11' 
8.13. Relation to Elliptic Integrals 

(see chapter 17) (gl'17>0) 

) . 2 /2 ( iz=I) f _,(z)=; \' 2-tl K \' Z+J 

8.13.2 P _ 1(cosh TJ)=[� cosh �J-1K (tanh �) 
I 

8.13.3 Q_1(z)=� z!l K ( �z!l) 
8.13.4 Q_1(cosh TJ)=2e -�12K(e -�) 
8.13.5 

2 ( 2(z2-1) 112 ) P1(z) =; (z+ .Jz2 1 )1E z+ (zZ- l) 112 

8.13.6 

8.13.7 

Q,(z) =z�z!l K( �z!J 
-[2(z+l)]IE ( {J;) 

8.13.8 P_1(x)=�K ( �1 
2 

x) 

8.13.10 

8.13.ll 

8.13.12 

P1(x) =�[2E ( �1
2 x)-K ( �1 

2 
x)J 

Q1(x)=K ( �l�x)-2E ( �1�x) * 

* 

8.14. Integrals 

8.14.1 J: P.(x)Qp(x)dx=[(p-v)(p+ v+ l)]-1 (f?l p>&lv >O) 

8.14.2 f"' Q.(x) QP(x)dx= [(p- v) (p+ v+ 1) ]-1(1f(p+ I) -1f(v+ 1) ]  

8.14.3 f"' [Q.(x))2dx= (2v+ l)-11f'(v+ I) 

(f}, (p+v) > - I ,  p+v+1 �0; 
v, p� - 1 ,  -2, -3, . . .  ) 

(flv>-!) 

8.14.4 J 1 P.(x)Pp(x)dx= 22 ((p-v) (p+v+ l)]- 1  {2 sin1rv sin 1rp[1f(v+ l ) -1f(P+ I ) ] + w- sin (w-p- w-v) } -1 1r 

8.14.5 

8.14.6 

J1 [P ( ) ]2d r-2(sin w-v)21f'(v+ 1) * -1 • X X r(v+t) 

(p+v+ 1 �0) 

J�. Q.(x)Qp(x)dx=((p-v)(p+ v+ 1)]-1{[lfi(v+ 1) -1/l(p+ 1)] [1  + cos pw- cos v1T]- !w- sin (vw-- p1r)} * 

(p+ v+ 1 �0; v, p �  - 1 ,  -2, -3, . . .  ) 
(v � - 1 .  -2, -3, . . .  ) 
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8.14.8 J�t.(x)QP(x)dx=[(v-p) (p+v+1)]-1 { 1-cos (p1r-v1r)-�sin 7rV cos 11'V(�(v+1)-�(p+1)]} 
(PJP>O, f!lp>O, p-;Cp) 

8.14.9 J1 P,(x)Q,(x)dx=-! (211+1)-1 sin 2P�'(v+1) 
-1 7r 

(m, n, l positive integers) 

(PJP>O) 

8.14.10 
J
t 

m 1-(-l)'+"(n+m)! 
_1 <J!'(x)PT(x)dx= ( -1) (l-n)(l+n+I) (n-m)l 

8.14.13 J�1[P:(x)J2dx=(n+l)-1(n+m)l/(n-m)l 

8.14.14 

8.14.11 J�1P:(x)PT(x)dx=0 (l¢n) 

8.14.12 .C1J'::l(x)P�(x) (l-z2)-1dx=O (l-;Cm) 

8.14.16 

J�1 (1-r)-1[P:'(x) ]2dx=(n+m) 1/m(n-m)! 

8.14.15 
f 1 71"42-p-lr(t+p) 
J o P,(x)xPdx r(I+}p-}v)r(!P+lv+J) 

(&t'p>-1) 

f" 2-P-n"r(!a+iJL)r(ta-!JL) J 0 (sin t)a-tp;"(cos t)dt r(.i+ia+!v)r(ia-}v)r(tJL+!v+I)r(!JL-lv+l) 
8.14.17 

P;-(z)=(z2-l)-tm is · · ·  i' P;(z)(dz)m 

8.14.18 
. Q�m(z)=(-l)"'(z2-1)-tm f."' · · ·  f."' Q,(z)(dz)m 

For other integrals, see [8.2], [8.4] and chapter 
22. 

Pn( cos8 l 

.5 

. ..L 
FtGURl!l 8.1. P,.(co!! 8). n=0(1)3. 

p�(X) 

. 
-.5 /P� 

I . 

FIGURE 8.2. P!(x). n=l(l)3, :c�l. 
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FIGURE 8.3. P,.(x) . n=0(1)3; x?:l .  

FIGURE 8.4. Q,.(x). n=0(1)3, x<l. 

2 3 4 5 6 7 8 9 10 

FlGVBE 8.5. Q,.(z). n=0(1)3, z>l. 

Numerical Methods 

8.15. Use and Extension of the Tables 
Computation of P,.(x) 

For all values of x there is very little loss of 
significant figures (except at. zeros) in using the 
recurrence relation 8.5.3 for increasing values of n. 

Example 1. ComputeP,.(x) forx=.31415 92654 
and x=2.6 for n=2(1)8. 
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n 
0 
1 
2 
3 
4 
5 
6 
7 
8 

p ,.(.31415 92654) 

1 
. 31415 92654 

-. 35195 59340 
-. 39372 32064 
. 04750 63122 
. 34184 27517 
. 15729 86975 

-. 20123 39354 
-. 25617 29328 

P.(2.6) 
1 
2. 6 
9. 64 

40.04 
174. 952 
786. 74336 
3604. 350016 
16729. 51005 
78402. 55522 

Computing P8(x) using TahJe 22.9 carrying ten 
significant figures,P8(.31415 92654)=-.256!7 2933 
and P8(2.6)=78402.55526. 

Computation of Q,.(:c) 

For z<l, use of 8.5.3 for incre88ing values of n 
leads to very little loss of significant figures. 
However, for x>1, the recurrence relation 8.5.3 
should be used only for decreasing values-of n, 
after having first obtained Q. using the formul88 
in terms of hypergeometric functions. " 

Example2. ComputeQ,.(x) for x=.31415 92654 
and n=0(1)4. 
With the aid of 8.4.2 and 8.4.4 we obtain 

n Q,.(.31415 92654) 
0 . 32515 34813 
1 -. 89785 00212 
2 -. 58567 85953 
3 . 29190 60854 
4 . 5997 4 26989 

Using the results of Example l together-with (1+z) 8.6.19. we find Q4(z) =!P,(:z:)ln 1_z -Wa(z) 
where Wa=� Pa+� P1, giving Q,(.31415 92654)= 
. 59974 26989. 

Example 3. Compute Q6(x) for x=2.6. 
T . h . f F(v+2 v+l. +3. 1 ) en terms m t e ser1es or T' -2-, v 2, z2 

of 8.1.3 are necessary to obtain nine significant 
�crures giving Q6(2.6)=4.8182 4468Xl0-6• Using 
8.5.3 with incre88ing values of n carrying ten 
significant figures we obtain 

n Q,.(2.6) 
0 . 40546 51081 
1 . 05420 928 
2 . 00868 364 
3 . 00148 95 
4 . 00026 49 
5 . 00004 81 

where Q0 and Q1 are obtained using 8.4.2 and 8.4.4. 

Computation of P ±t(z), Q-*t(:c) 

For all values of x, P ::�::t(x) and Q::l:l(z) are most 
e88ily computed by means of 8.13. 

Example 4. Compute Q-t(z) for z=2.6. 
Using 8.13.3 and interpolating in Table 17.1 for 

K(.5), we find 

Q-t(2.6)=�K( �) 
=(.74535 59925)(1.90424 1417) 
= 1.41933 7751. 

On the other hand, at least nine terms in the 

· f F(11+2 v+l. __L�· 1) f 8 1 3  expansiOn o -2-, 2' ���' z2 o . .  are 
necessary to obtain comparable accuracy . 
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9. Bessel Functions �eger Order 

Mathematical Properties 

Notation 

The tables in this chapter are for Bessel func
tions of integer order; the text treats general 
orders. The conventions used are: 

z=x+iy; x, y real. 
n is a positive integer or zero. 
v, ll are unrestricted except where otherwise 

indicated ; v is supposed real in the sections devoted 
to Kelvin functions 9.9, 9.10, and 9.11. 

The notation used for the Bessel functions is 
that of Watson [9.15] and the British Association 
and Royal Society Mathematical Tables. The 
function Y.(z) is often denoted N.(z) by physicists 
and European workers. 

Other notations are those of: 
Aldis, Airey: 

Gtt(z) for -!1r Y,.(z), K,.(z) for (-)"K,.(z). 

Clifford: 

O,.(x) for 'L-l"J,.(2..[X). 

Gray, Mathews and MacRobert [9.9]: 
Y,.(z) for !r Y,.(z)+ (ln 2--y)J,.(z), 

Y.(z) for 1re'r1 sec(v,..)Y.(z), 

G.(z) for !riH�1'(z). 

Jahnke, Emde and Losch [9.32]: 

A.(z) for r(v+1)(!z)-•J.(z). 

Jeffreys: 

Hs.(z) for H!1' (z), Hi.(z) for H!2' (z), 

Kh.(z) for (2/r)K,(z)". 

Heine: 

K,.(z) for-!?rY,.(z). 

Y"(z) for ;,.. Y,.(z) + (ln 2--y)J,.(z). 

Whittaker and Watson [9.18]: 
K.(z) for cos(vr)K.(z). 

358 

Bessel Functions J and Y 

9.1. Definitions and Elementary Properties 

9.1.1 

\ 
Differential �t.ion 

cFw dw · 

z2 -+z -+(z2-v2)w=O dz2 dz · 

Solutions are the Bessel functions of the first kind 
J,r.,(z), of the second kind Y.(z) (also called 
Weber's function) and of the third kind H! 1' (z), H!2' (z) 
(also called the Hankel functions). Each is a 
regular (holomorphic) function of z throughout 
the z-plane cut along the negative real axis, and 
for fixed z( ¢0) each is an entire (integral) func
tion of "· When v= ±n, J.(z) has no branch point 
and is an entire (integral) function of z. 

Important features of the various sol�1ions are 
as follows: J.(z)(E?lv�O) is bounded as z�o in 
any bounded range of arg z. J.(z) and J _,(z) 
are linearly independent except when " is an 
integer. J.(z) and Y.(z) are linearly independent 
for all values of "· 

H!u (z) tends to zero as lzl� co in the sector 
O<arg z<1r; H!2' (z) tends to zero as lzl-+ co in the 
sector -,..<arg z<O. For all values of "• H�11 (z) 
and H!21 (z) are linearly independent. 

9.1.2 

Relations Between Solutions 

Y ( ) J.(z) cos (J17r)-J _,(z) • z . ( ) SlD Jl7r 

The right of this equation is replaced by its 
limiting value if " is an integer or zero. 

9 •. 1.3 
H!ll (z) :_J.(z) +iY.(z) 

=i csc(v'lr) { e-•r'J.(z) -J _,(z) } 
9.1.4 
H!2' (z) =J.(z) -iY.(z) 

=i csc(v?r) {J_,(z)-e•r'J.(z) } 

9.1.5 J_,.(z) = (-)"J.,.(z) Y_,.(z) = (-)"Y,.(z) 

9.1.6 H':.:Hz) =e•r1H!1'(z) H'! ](z)=e-•r'H!2'(z) 
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FIGURE 9.2. Jto(x), Y10(x), and 
Mto(x)=../J?o(x) + Yro(x). 

FrauRE 9.3. J,(IO) and Y,(lO). 
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FIGURE 9.4. Contour lines of the modulus and phase of the Hankel Function 'HJ 1> (x+iy) =Moe19o. From 
E. Jahnke, F. Erode, and F. Losch, Tables of higher functions, McGraw-Hill Book Co., Inc., New 
York, N.Y., 1960 (with permission) . 
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Limiting Forma for SIDall ArgUIDenta 

When v is fixed and z-70 

9.1.7 
J,(z) "'(!z)•/r{v+ 1) (v� -1, -2, -3, . . .  ) 
9.1.8 Y0{z) "" -iH�u (z) -iH�2> (z) "" {2/7r) In z 
9.1.9 
Y,(z) "" -iH!n (z) -iH�2> (z) ...., - (l/1r) r(v)( !z) -· 

(&lv>O) 

9.1.10 
9.1.11 

Ascending Seriea 

Y ( )- (!z)-• � (n-k- 1)1 (.1. 2)� ,. z ---- £...J k! 4.Z ., .t-o 

+� ln (!z)J,. (z) 7r 
-(!z)" � {�(k+l)+�(n+k+l)} (-tz2)• 

1r .t-o k! (n+k)l 

where t/l(n) is given by 6.3.2. 
i Z2 (l z2)2 Ci z2)3 9.1.12 J0(z)=1 -(1!)2+ (2!)2 - (3!) 2 + . . .  

9.1.13 
2 2 iz2 Y0(z)=;: {ln (!z)+r}Jo (z)+;: { (1!)2 

(iz2)2 (lz2)S -(1+!) (21)2 +(l+i+i) (31)2 - . . . } 

9.1.14 
J,(z)Jiz)= 

9.1.15 Wronaldana 

W{J,(z), J_,(z) } =Jr+1(z)J_,(z) +J.(z)J_<•+t>(z) 

9.1.16 = -2 sin {vr)/(rz) 

W{ J,(z), Y,(z) } =J•+• (z) Y,(z) -J,(z) Y -+l (z) 
=2/{7rZ) 

9.1.17 
W{H!1'(z), H!2'(z) }=H!t./.1(z)H�2'(z)-H!1>(z)H!�1(z) 

= -4i/(rz) 

9.1.18 Integral Representations 

1 i� 1 i� J0(z)=- cos (z sin 8)d8=- cos(z cos 8)d8 7r 0 7r 0 
9.1.19 

4 ii� Yo(z)=2 cos (z cos 8) b+ln (2z sin2 8)} d8 7r 0 
9.1.20 

(!z)• r� . 2 J,(z) 7rtr(v+!)Jo cos(z cos 8) sm ' 8d8 

9.1.21 

9.1.22 

2(!z)•l r· (l-t2) ·-t cos (zt)dt (&lv>-i) 7rtr(v+"J)Jo 

1 i� J,.(z)=- cos (zsin 8-n8)d8 7r 0 

1 i� J, (z)=- cos(z sin 8-v8)d8 7r 0 

Y,(z)=!. f .. sin{z sin 8-v6)d8 . 7r Jo 

-- { e•'+e-•' cos (n) } e-u!Dh 'dt ( la.rg zl<!r) 1 i"' 7r 0 
9.1.23 

J0(x)=- sin(x cosh t)dt (x>O) 2
i 

.. 
7r 0 

Y0(x)=-- cos(x cosh t)dt (x>O) 
2
i. 11' 0 9.1.24 

2(!x)-· r· sin(xt)dt J,(x) �r{!-v)J .  W-l)•+t ( l&ivl<i, x>O) 

:r:.(x) 

9.1.25 

H�>(z)=-�J .. -�• ez e11'11 '-•'dt (la.rg zl<ir) 
'll'� -· 

9.1.26 
1 J'"' r(-t)(!x)•+21 J,(x) =z'll'i _,"' r(v+t+l) dt (&lv>O, x>O) 

In the last integral the path of integration must 
lie to the left of the points t=O, 1, 2, . . . . 
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9.1.27 
Recurrence RelatioJU 

2v �.-1(z)+�•+l(z)=z- �• (z) 
� ,_1 (z) -ct/ •H (z) =2��(z) 
CC�(z) =CC •-l(z)-i ct/ ,(z) 

CC�(z)=-� •·H(z)+i CC ,(z) 

and 

9.1.34 4 p,8,-q,r,= �ab 

Analytic Continuation 

In 9.1.35 to 9.1.38, m is a.n integer. 

9.1.35 
CC denotes J, Y, H(ll, H<2> or any linear combine.- 9.1.36 

tion of these functions, the coefficients in which 
are independent of z and v. Y,(ze"' .. ')=e-"'"''Y,(z)+2i sin(mvr) cot(vr) J,(z) 
9.1.28 J�(z) =-Jl(z) 

If j,(z)=z11�.("Azt) where p, q, "A are independent 
of- v, then 

9.1.29 
f,-l (z)+f -+l(z) = (2v/"A)z-f_f,(z) 
(p+ vq)f,-l(z) + (p-vg)f-+l(z) = (2v/'A)z1-'f�(z) 
zj�(z) ="Aqz«f,-t(z) + (p-vg)j,(z) , 
zj�(z) =-"Aqzqf,+t(z) + (p+vg)j,(z) 

Formulae for Derivatives 9.1.30 

9.1.31 
'G'�t> (z)=;a: !�·-a:(z)-(�) �•-&+2(z) 

If 

9.1.32 

then 

9.1.33 

+(;) �•-Ht(Z)- · · .  +(-)tct',+t(z)} 
(k=O, 1 , 2, . . .  ) 

Recurrence RelatioJU for Croaa-Producta 

p,=J,(a)Y,(b) -J,(b)Y,(a) 
q,=J ,(a)Y:(b) -J�(b )Y ,(a) 
r,=J:(a)Y ,(b) -J.(b )Y�(a) 
s,=J:(a)Y:(b) -J�(b )Y:(a) 

2v 2v P•+t-P•-t=-a q,-b r, 
v v+1 CZ•+l +r.=a p.--b- P•+J 
v v+1 r,+t +q,=b p,-a P•+t 
1 1 y2 s,=2 P•+t+2 P·-1-ab p, 

9.1.37 

9.1.38 
sin(vr)H�>(u"'r') =sin { (m+ l)vr }H��> (z) 

+e•i' sin(mvr)H�1>(z) 
9.1.39 

9.1.40 

H!1> (zer') = -e-•r'H!�> (z) 
H!�>(ze-r')= -e•"H!11(z) 

J,(i) J.(Z) Y,(i)= Y,(z) 
H!1>(Z)=H�>(z) H!�> (Z) =H�1> (z) (v real) 

Generatins Function and Auoclated Serie1 

• 9.1.41 eta<t-l/t>= � ti:J"(z) - (t �0) 
l:--· 

• 9.1.42 cos (z sin 8)=J0(z)+2 >: J'Jk(z) cos (2k8) k-i 
• 9.1.43 sin (z sin 8)=2 � J21:+1(z) sin { (2k+1)8} t-o 

• 
cos (z cos 8)=J0(z)+2 � (-)I:J2/t:.(z) cos (2k8) 

t-1 

9.1.45 
sin (z cos 8)=2 � (-)I:J2a:H(e) cos { (2k+1)8} t-0 

9.1.46 l=J0(z)+ 2J2(z)+2J,(z)+2Ja(z)+ . . . 

9.1.47 
cos z=J0(z)-2J2(z)+2J ... (z)-2Je(z) + 
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Other Differential Equations 

9.1.49 w" +(>-2-v2 
2

1) w=O, z 

9.1.50 w'' +(}.2 -v2-1) w=O w=zi'G" ,(>.zl) 4z 4z2 ' 

9.1.51 w" +>-2z11-2w=0, w=zi 'G"1111(2>.zt11jp) 

9.1.52 
2v-l w''--- w'+>-2w=O, w=z•'G",(>.z) z 

9.1.53 
z'w" + (l -2p)zw' + (>.�q2z2«+p:-v2q2)w=O, 

w= z11'G" ,(Xz') 
9.1.54 

9.1.55 
z2(z2-v')w'' +z(z2-3v2)w' 

+ { (z2-v)2- (i'+v2) }w=O, 
9.1.56 

-
where a is any of the 2n roots of unity. 

Differential Equations for Products 

In the followingtJ=z fz and 'G",(z), �p(z) are a.ny 
cylinder functions of orders v, p. respectively. 

9.1.57 
{ tJ'-2(v+p.2)tJ2+ (v'-P.2)2}w 

+4z2(tJ+ 1) (�J+2)w=O, 

9.1.58 
tJ(t12-4v2)w+4z2(tJ+ l)w=O, 

9.1.59 

w=�.(z)�,.(z) 

w=�.(z)�.(z) 

zlw"' + z(4z2+ l-4v2)w' + (4v'- l)w=O, 
w=z�,(z)5?J,(z) 

Upper Bounds 

9.1.60 jJ,(x) j�l  (v ;::::O), j J,(x) j � l/.J2 

9.1.61 

9.1.62 * 

•see pag& u. 

9.1.63 'z" exp fn-y'(l-z') 1 1  IJ" (nz) I :5 { 1  +�(1-z2) } "  

Derivatives With Respect to Order 
9.1.64 
() 

C>v J, (z)=J, (z) In (!z) 

9.1.65 
·-(!z)' ± (-)" 1/t(v+k+l) (iz2)" 

.t-o r(v+k+l) kl 

() () 
C>v Y, (z) =cot (V7r) { Clv J, (z) -'II' Y, (z) } 

() 
-csc (V'II') C>v J_,(z)-7rJ,(z) 

(v�O, ±1 , ±2, . . .  ) 
9.1.66 

[!!...J, (z)J =� Y,. (z) + nl(!z)-" 2: (!z)�J" (
_
z� 

C>v ,.,. 2 2 .t-o (n-k)kl 

9.1.67 

[!!... Y, (z)J =-� J" (z)+ nl(!z) -"� (jz)"Y.t(z) 
C>v ,_.. 2 2 .t-o (n-k)kl 

9.1.68 

[�v J, (z)],_0=�Yo (z), [:v Y, (z) ],_0
=-�J0(z) 

Expreaions in Terms of Hypergeometric Functio.ns 

9.1.69 

9.1.70 
(!z)' • ( z2 ) · 

J,(z) r(v+l) lim F >., p.; v+l; -
4>.p. 

as >., p.-'HSJ through real or complex values; z, v. 
being fixed. 

(0F1 is the generalized hypergeometric function. 
For M(a, b, z) and F(a, b; c; z) see chapters 13 and 
15.) 

Connection With �endre Functions 

If p. and x are fixed and v� co through real 
positive values 

9.1.71 
lim {v"P;" (cos ;)} =J,.(x) (x>O) 
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9.1.72 

lim { v"Q;11 (cos ;)} =-!?r Y,.(x) 

For P;" and Q;", see chapter 8. 
Continued FractioDS 

9.1.73 
J.(z) 1 1 1 

J,_1(z) 211z-1- 2(v+1)z-1- 2(11+2)z-1-

9.1.74 

!z/v iz'/ { 11(11+1) } tz2/{ (11+1)(11+2)} 
=1- 1- 1-

. . .  

Multiplication Theorem 

C6' ,(>.2) =>.±• ± (=F)"' (X2kt 1)t(iz)"' C6' >:�:.t(Z) 
k•O • 

(!X2-1I<l) 

If C6' =J and the upper signs are taken, the restric
tion on >. is unnecessary. 

This theorem will furnish expansions of C6' ,(re11) 
in terms of <if •±.t{r). 

Addition Theorem• 
Neumann'• 

• 

9.1.75 �.(u±v)= � �.T,.(u)Jt(v) k--· 

In 9.1.79 and 9.1.80, 
w=.Y{u2+zr-2uv cos a), 

u-v cos a=w cos x, v sin a=w sin X 

the branches being chosen so that � and X� 
a.s �. a<;> (cos a) is Gegenbauer's polynomial 
(see chapter 22). 

GegenbaUM'I addition theorem. 

If u, va.re real and positive and 0 �a�.-, then w, X 
are real and non-negative, and the geometrical 
relationship of the variables is shown in the dia
gram. 

The restrictions lve±tal< lui are unnecessary in 
9.1.79 when <tf=J and 11 is an integer or zero, and 
in 9.1.80 when CG'=J. 
Degenerate Fonn (u= co): 
9.1.81 ... 
et• co•a=r(ll)(!v)-• � (ll+k)i"'J•+t(v)m•> (cos a) 

1:•0 
(11�0, -1, . . .  ) 

The restriction lvl <lui is unnecessary when Neumann'• ExpaDSion of an Arbitrary Function in a 
�=J and v is  an integer or zero. Special cases are Series of Beeael Functiou. 

9.1.76 
9.1.77 

9.1.78 

Graf'e 

9.1.79 

Gegenbauer'e 

9.1.80 

• 

l=.Po(z)+2 � .n(z) 
t-1 

�.(�) =2•r(v) � (11+k) <t:f•+t(u) J.+,(v) ac�1(cos a) w .t•o u• v• 

.. 
9.1.82 j(z)=arJ0(z)+2 {;t aJ.t(z) (lzl<c) 

where c is the distance of the nearest singularity 
ofj(z) from z=O, 

9.1.83 a,.=� flzl-e' j(t)O.t(t)dt (O<c' <c) 

and 01(t) is Neumann's polynomial. The latter 
is defined by the generating function 

9.1.84 
(lzl<ltD 

O,.(t) is a polynomial of degreen+ 1 in 1/t; Oo(t)= 1/t, 
9.1.85 

1 �n(n-k-1)1 (2)"-2-"+1 _ O,.(t)=i � kl t (n-1 , 2, . . .  ) 
The more general form of expansion 

9.1.86 
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also called a Neumann expansion, is investigated 
in [9.7] and [9.15] together with further generaliza
tions. Examples of Neumann expansions are 
9.1.41 to 9.1.48 and the Addition Theorems. Other 
examples are 
9.1.87 

(.l ) •-� (v+2k) r(v+k) J (z) 12 -£-I k' •+2.t 
k"'O • 

9.1.88 

(v�O, -1,-2 ,  . . . ) 

n!(!z)-" � (!z)tJ.�:(z) 
1r k�o (n-k)k! 

+� {ln (iz)-IP(n+1) }J,.(z) 
1r -� "£ (-).t(n+2k)J,.+2t(z) . 

1r k-1 k(n+k) 

where 1/l(n) is given by 6.3.2. 

9.1.89 

Yo(z) =� {ln (!z) +r }Jo(z) -� "£ (-)k J2"
k
(z) 

1r 11" k�l 

9.2. Asymptotic Expansions for Large 
Arguments 

Principal Al!j'nlptotic Forma 

When v is  fixed and lzi�(X) 

9.2.1 

J,(z)=...f2/(1rz) {cos (z-!V?r-!?r)+e1fzto(lzl-1) } 
( larg zl<?r) 

9.2.2 

Y,(z)=...f2/(?rz) {sin (z-!v?r-!?r)+elf:IO(!zl-1) } 
(larg zl<1r) 

9.2.3 

H�l) (z) "'...f2/( 1rz)e Hz-t.--t .. > 
9.2.4 

9.2.6 

Y,(z) =...f2/(?rz) {P(v, z) sin x+Q(v, z) cos x} 

( jarg z l<r) 
9.2.7 

H!1> (z) =·./2/(1rz) {P(v, z) +iQ(v, z)} etx 
( -?r<arg z<2?r) 

9.2.8 

H!2> (z) =...f2/(rz){ P(v, z) -iQ(v, z) }e-tx 
( -2?r<arg z<1r) 

where X=z-( iv+�)?r and, with 4v2 denoted by,.,., 
9.2.9 

P( ) � (-)t (v, 2k) =1-(p.-1) (p.-9) v, 2 "'� (2z)2l 21(8z)2 

9.2.10 

+ (p.-1) (p.-9) (p.-25) (p.-49)-41(8z)l 

Q( ) "'� (-)t (v, 2k+ 1) v, z L'....J 
(2 )�+I k•O Z 

p.-1 (p.-1} (p.-9)(p.-25) 
Sz 3!(8z)3 + · · · 

If v is real and non-negative and z is positive, the 
remainder after k terms in the expansion of P(v, z) 
does not exceed the (k+ 1)th term in absolute 
value and is of the same sign, provided that -
k>!v-t. The same is true of Q(v,z) provided 
that k>lv-i. 

Asymptotic Expansions of Derivatives 

With the conditions and notation of the pre
ceding subsectio.a 
9.2.11 

J�(z)=...f2/(?rz){ -R(v, z) sin-x-S(v, z) cos x.} 
(larg zi< 1r) 

9.2.12 

Y�(z) =...f2/(?rz) {R(v, z) cos x- S(v, z) sin X} 
H!2> (z)"' ...)2/( 1rZ) e-Ht-1•,..-ir> (-2?r<argz<?r) ( larg z!<1r) 

9.2.13 
Hankel's Asymptotic Expansions 

H�0' (z) = ...fZ/(?rz) { iR(v, z) - S(v, z) }e1x 
When " is  fixed and lzi�(X) ( -?r<arg z<2'11") 

9.2.5 9.2.14 

J.(z)=...f2f(.,z) {P(v, z) cos x-Q(v, z) sin x} H�2>'(z)=...f2/(?rz){ -iR(v, z)-S(v, z) }e- 1x 
( la.rg zl<1r) ( -2?r<arg z<r) 
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9.2.15 
"' 1.: 4v2+16fc2- 1 (v, 2k) R(v, z)-� (-) 4v2-(4k-1)2 (2z)2.t 

9.2.16 

=1 (J.L-l)(J.L+l5)+ 21(8z)2 • • 
• 

S( ) "'� (-).t 4v2+4(2k+I)2- l  (v,2k+l) v, z f.;6 4v2- (4k+l)2 (2z)2A:+I 
_J.L+3 (J.L-1)(J.L-9) (J.I+35)+ Sz 3l(8z)3 • • • 

Modulus and Phase 

For real v and positive x 
9.2.17 

9.2.18 

M.= IH�1> (x) 1=-v'{ J;(x)+. Y!(x)} 
6,=arg H�l) (x) =arctan ( Y.(x)/J.(x)} 

N,= IH�u' (x) I =-v'{ J; z(x) + y� z(x) } 
cp,=arg H;1l'(x)=arctan { Y;(x)jJ;(x) } 

9.2.19 J,(x)=M, cos o., 

9.2.20 J;(x)=N, cos cp,, 

Y,(x)=.l\-1, sin 0,, 
Y;(x)=N, sin cp •. 

In the following relations, primes denote differ
entiations with respect to x. 
9.2.21 M!0;=2/(7rX) 
9.2.22 N:=M?+lo1:o;2=M;z+it(-rrxM.)2 
9.2.23 (r-v2)M,M;+xZN,N;+xN:=O 
9.2.24 

tan (cp.-O,)=M.o;;M;=2/(7rXM.M;) 
M.N.sin ('fJ,-0.)=2/(7rx) 

9.2.25 xZM;' +xM;+ (x2-v2)M.-4/(rM!)=O 

9.2.26 

xBw"' +x(4x2+ 1-4v2)w' + (4v2- l)w=O, w=xM; 

9.2.27 

Asymptotic Expansions of Modulus and Phase 

When vis fixed, x is large and positive, and J.L=4v2 
9.2.28 

Mz,...� { 1+! J.l-1 + 1 · 3 (J.�-l) (J.L-9) 
• 1rX 2 (2x)2 2 .  4 (2x)t 

1 · 3 · 5  (J.L-1) (J.L-9) (J.L-25) 
+2 · 4 · 6  (2x)e + . . . } 

9.2.29 

J,L-1 
(), ..... x-(!v+�J��+ 2(4x) 

+ 
(J.L-l) (J.I-25) + (J.I-1) (J.L2-114J.L+1073) 

6(4x)3 5(4x)5 
+ (J.L-1) (5J.L8-1535J.L2+54703J.I-375733) + 14(4x)7 • 

• 
• 

9.2.30 

�,..._J_ { 1-! J.l-3 -� (p.-1) (p.-45) } • 7rX 2 (2x)2 2 · 4 (2x)4 
• 

• 
• 

The general term in the last expansion is given by 

1 . 1 . 3 . . . (2k-3) 
2 · 4 · 6  . . . (2k) 

X {J-�-1) (J.L-9) . . .  {J.L-(2k-3)2 } {J.L- (2k+ 1) {2k-1)2 }  
(2x)2.t 

9.2.31 

1 !. J.L+3 p.2+46J,L-63 cp.-x-(zv-�) 7r+2(4x) + 6(4x)3 

. +
J.Ls+ 185J.L2-20531-'+ 1899+ 

· 5(4x)6 • 
• 

• 

If v � 0, the remainder after k terms in 9.2.28 does 
not exceed the (k+ l)th term in absolute value 
and is of the same sign, provided that k>v�j. 

9.3. Asym.ptotic Expansions for Large Orders 

Principal AsyDlptotic Forms 

In the following equations it is supposed that 
v---? CX) through real positive values, the other vari
ables being fixed. 

9.3.1 

9.3.2 

{2 (ez)-· Y.(z)"'--y;; 2-; 

e•<a-tr.nh a) 
Y.(v sech a)"'- 1 

h -v!1rv tan a 

•see page u. 
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9.3.3 
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J, (v sec fj) = 

../2/(7fv tan fj) { cos (v ta.nfj-vfJ-b-) +0 (v-1)} 
CO<tJ<;,r) 

Y,(v sec fj)= 

9.3.4 

9.3.5 

9.3.6 

../2/ (1fll tan fj) { sin (v tan fj-vfj- t7f) +O(v-1)} 
(O<tJ<�) 

J,(v+zv�)=2���-� Ai( -2liz) + O(v-1) 

Y.(v+zv�)= -2>iv-� Bi( -2�z) +O(v.-1) 

2� 1 J,(v) "'33if(}) vH 

2� 1 Y,(v) --3�r(j) v�i 

J ( ) 
-(_i.L)� 

{ 
Ai (v3if) 

, vz - 1 2 "' - z v"" 

In the last two equations r is given by 9.3.38 and 
9.3.39 below. 

Debye'a Asymptotic Expansions 

(i) If a is fixed and positive and v is large and 
positive 

9.3.7 

e•(t&nll a-a) ... u" (coth a) J,(v sech a),...._ .,jz 
tanh 

{ 1  + L: v" } 7fJI a k-1 
9.3.8 

Y,(v sech a) -

where 

9.3.9 

110(t)=l 
'!II (t) = (3t-5t3)/24 
Ut(t)= (8 W-462t4+385t&)/1 152 
'Ua(i)= (30375&-3 69603f+7 65765f 

-4 25425t9)/4 14720 
u4(t)= (44 65125t4-941 21676t6+3499 22430f! 

-4461 85740t10+1859 10725t12)/398 13120 

For us(t) and u8(t) see [9.4] or [9.21]. 

9.3.10 

U.t+I(t)=!t2(1-t2)u�(t)+� .£' (1-5t2)u�;(t)dt 

(k=O, 1, . . .  ) 
Also 

9.3.11 

J;(v sech a)-
� e•<t&nll a-al { 1 +  "£ V.t (coth a) } -v � �-1 v" 

9.3.12 

9.3.13 
v0(t) = 1 
v1 (t) = ( -9t+7t3)/24 
v2 (t) = ( - 135t2 +594t4-455t6)/1152 
v3(t) = (-42525t3+4 51737f-8 83575t7 

+4 75475tg)/4 14720 
9.3.14 
V.t(t)=U.t(t) +t(t2-l){  tul-1 (t) +tu�-i(t) } 

(k=1, 2, . . .  ) 
(ii) Ii fj is fixed, O<f3<!'��' and v is large and 

positive 

9.3.15 
J,(v sec /3) = .,j2J( 1rv tan /3){ L(v, 13) cos 'lr 

+M(v, 13) sin w} 
9.3.16 
Y,(v sec /3)= ...f2/(7fv tan f3){L(v, 13) sin 'lr 

where 'lr= v(tan /3-/3} -;1r 

9.3.17 

L(v, !3)- "£ U2k(i ?�t 13) k•O V" 

-M(v, /3) cos 'lr}  
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9.3.18 

Also 

9.3.19 

M( R) _ .  � '!0Ht(i cot {3) II 1 1.1 '""' � £...j �.t+l k•O II 
3 cot f3+5 cot3 {3 

24v 

J�(11 sec (j) = .J(sin 2{3)/(71"11) { -N(11, f3) sin '1' 
-0(11, {3) cos '1'} 

9.3.20 

Y�(�� sec [j)=.J(sin 213)/(1r11){N(11, {3) cos '1' 
-0(11, 13) sin '¥} 

where 

9.3.21 

N(ll, l3)"' £ V2�:(iJ�t 13) k•O 

9.3.22 

=1+135 cot2 13+594 cot• 13+455 cot6 13 
1152v2 

O( l3) . � �.t+l(i cot 13) 9 cot 13+7 cot3 13 
II, -� � p2Hl 2411 

Asymptotic Expansions iD. the Transition Regions 

When z is fixed, 1�� 1  is large and larg vi<� 

- 9.3.23 

J,(II+ZIIt/8) ....., 2113 Ai (-2113z) ( 1 +  i2f.�:(z) } 111/3 .t•l .,?t/3 
+ 2213 Ai' ( -211Sz) i2 g.�:(z) 

" .t-o .,;tt.a 
9.3.24 

. 21/3 ... j ( ) Y.(11+z11113)--11118 Bi (-21'3z) { 1+  2:: _11?Jr.�a } k•l " 

where 

9.3.25 

2213 ... g ( ) -- Bi' (-2113z) 2:: � V k=O p2tl3 

9.3.26 

Uo(z)=1
3
0 z2 

17 1 ·gt(z)=-70 zs+70 

( ) 9 7+ 611 4 37 Uz z =-1000 z 3150 z -3150 z 

( )- 549 8 110767 6+ 79 2 9a z -28000 z -693000 z 12375 z 

The corresponding expansions for H�ll (v + zv1'3) 
and H!2' (v+zv113) are obtained by use of 9.1.3 
and 9.1.4; they are valid for -!1r<arg ��<t1r and 
-J,..<arg v<!,.., respectively. 

9.3.27 

J;(ll+zlllla) .....,_22/a Ai' (-211Sz) { 1+i:; h.�: (z) } 11213 k•l 112-t/3 

9.3.28 

+21/S 
A' (-21/3 ) � lt(z) 4/3 1 z "'-.J 2 .l:/3 J1 k•O " 

Y�(v+ Zlll/3) "' 22/3 Bi' ( -2113z) { 1 + i2 h.�:(z) } 112/3 k-1 112k/3 

. where 

9.3.29 

ht(Z)=-� Z 
h ( ) 9 6+57 2 z Z =-100 Z 70 z 

699 6 2617 3 23 ha(z)=3500 z -3150 z +3150 

h ( ) 27 10 46631 7 3889 4 1159 
4 z =20000 z 147000 z + 4620 z 115500 z 

9.3.30 

3 1 lo(z)=g z3-g 
131 t 1 l1(z)=-140 z +5 z 

( 9 8 5437 6 593 2 lz z)=-500 z +4500 z -3150 z 
_ 369 9 999443 6 31727 3 � la(z)-7000 z 693000 z +173250 z +346500 
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9.3.31 
a "' a�; b "' �1: J.(v) "'ITa { 1+ 22 21} -673 22 ,.2� ll k=l V ll k=O " 

9.3.32 

, b � 'Yt } a � 8�t 
9.3.33 J.(v) "'m { 1 + .LJ v2�: -,.t/a .L.�k v2t v k-1 " -o 

where 

a. 

b 

ztia .44730 73184, 3'a=.77475 90021 32'sr(t) 
22/3 .41085 01939, 3'b=.71161 34101 31'sr(t) 

ao=l, 1 . 
al=-225=-.004, 

a2=.00069 3735 . . .  , aa=-.00035 38 . .  · 

1 �0=70=.01428 57143 . . .  , 
1213 ��= 10 23750=-.00118 48596 . . . , 

(3�= .00043 78 . . .  , (38=- .00038 . . . 

'Yo=l, 'Yt=3��0=.00730 15873 . · . .  , 

-y2=-.00093 7300 . . .  , -y3=.00044 40 . . •  

oo=�, o�=-3 ::�oo =- .00273 30447 . . .  � 

02= .00060 47 . . .  , o3=-.00038 . . .  
Uniform Asymptotic Expansions 

These are more powerful than the previous ex
pansions of this section, save for 9.3.31 and 9.3.32, 
but their coefficients are more complicated. They 
reduce to 9.3.31 and 9.3.32 when the argument 
equals the order. 

9.3.36 

9.3.37 

H�t> (vz)-2e_ ... ,,a -- { v ) 22 -t_)_ ( 45 )1/4 Ai ( e2�tla 21a '") "' a ( '") 
1-z2 pl/3 ka 0 ll2k 

e2rt/3 Ai' (e2�tt3112/3t) .., b"(5) + JIS/3 � �} 

When ���+ co ,  these expansions hold uniformly 
with respect to z in the sector larg zl�11'-f, where 
E is an arbitrary positive number. The corre
sponding expansion for H�2' (11z) is obtained by 
changing the sign of i in 9.3.37. 

Here 

9.3.38 

� 5a'z= f t .,Jl t2 dt=ln 1 +.Jl=? ..)1 z2 3 J. t z 

equivalently, 

9.3.39 

� (-5)3/2= r · .Jt2 1 dt=.Jz2 !-arccos (!) 3 J l t z 

the branches being chosen so that 5 is real when 
z is positive. The coefficients are given by 

9.3.40 

where U.�; is given by 9.3.9 and 9.3.10, Xo=}.Lo=l 
and 

9.3.41 

>.. (2s+I) (2s+3) . . .  (6s-1) 1 p.,=-6
6s
8
+

1
1 >.., • s l (144)' 

Thus ao(!) =1,  

9.3.42 
5 1 5 1 bo(t)=-4852+ 5' {24(1-z2)3/2 8(1-z2)t} 
5 1 5 1 =-48!2+ (-!) ' {24(z2-1)31:i+8(z2-1)1} 

Tables of the early coefficients are given below. 
For more extensive tables of the coefficients and 
for bounds on the remainder terms in 9.3.35 and 
9.3.36 see [9.38]. 
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Uniform Expansions of the Derivatives 

With the conditions of the preceding subsection 

9.3.45 

<1>' 4e2

.

" t's(1 - z2)l Ai (e2"mv2'3r) .., c�:cr> H, (vz) --2- 4"f { 11m � 7 

where 

9.3.46 

e2r11a Ai' (e2rf/3y2/3r) .. d:�:(r)· + y2/3 � -;p:-} 

and V.t is given by 9.3.13 and 9.3.14. For bounds 
on the remainder terms in 9.3.43 and 9.3.44 see 
[9.38]. 

r bo(t) a1W eoW dt(s) 

0 0. 0180 -0. 004 0. 1587 0. 007 
1 . 0278 -. 004 . 1785 . 009 
2 . 0351 -. 001 . 1862 . 007 
3 . 0366 +. 002 . 1927 . 005 
4 . 0352 . 003 . 2031 . 004 
5 . 0331 . 004 . 2155 . 003 
6 . 0311 . 004 . 2284 . 003 
7 . 0294 . 004 . 2413 . 003 
8 . 0278 . 004 . 2539 . 003 
9 . 0265 . 004 . 2662 . 003 

10 . 0253 . 004 . 2781 . 003 

- r bo(t) a1W co(t) dt(s) 

0 0. 0180 -0. 004 0. 1587 0. 007 
1 . 0109 -. 003 . 1323 . 004 
2 . 0067 -. 002 . 1087 . 002 
3 . 0044 -. 001 . 0903 . 001 
4 . 0031 -. 001 . 0764 . 001 
5 . 0022 -. 000 . 0658 . 000 
6 . 0017 -. 000 . 0576 . 000 
7 . 0013 -. 000 . 0511 . 000 
8 . 0011 -. 000 . 0459 . 000 
9 . 0009 -. 000 . 0415 . 000 

10 . 0007 -. 000 . 0379 . 000 

For r>lO use 

1 
bo(t)- 12 

r-i- .104t-2, al(f)= .003, 

eo<r>- 1
1
2 r++.146t-1, d�Cr)= .003. 

For r< -10 use 

bo(f)"' 1
1
2 r-2, a1 (f)= .000, 

dl (f)= .000. 

Maximum values of higher coefficients: 

I b1 <r> l = .oo3, 

9.4. Polynomial Approximations 2 

9.4.1 

Jo(x) =1-2.24999 97(x/3)2+1 .26562 OS(x/3)4 

-.31638 66(x/3)8+ .04444 79(x/3)8 

- .00394 44(x/3)10+ .00021 OO(x/3)12+E 

!El< 5xiO-s 

9.4.2 o<x�3 

Y0(x) = (2/-tr) ln(ix)J0(x) + .36746 691 

9.4.3 

+.60559 366(x/3)2-.74350 384(x/3)' 

+ .25300 117(x/3)6-.04261 .214(x/3)8 
+ .00427 916(x/3)10-.00024 846(x/3)12+E 

lEi< 1.4X lo-s 

3 �x< Q) 

fo= .79788 456-.00000 077(3/x)-.00552 740(3/x)2 

-.00009 512(3/x)3+.00137 237(3/x)' 

-.00072 805(3/x)5+ .00014 476(3/x)6+E 

lEi< 1 .6Xlo-s 
2 Equations 9.4.1 to 9.4.6 and 9.8.1 to 9.8.8 are taken 

from E. E. Allen, Analytical approximations, Math. Tables 
Aids Comp. 8, 240-241 (1954), and Polynomial approxi
mations to some modified Bessel functions, Math. Tables 
Aids Comp. 10, 162-164 (1956) (with permission). They 
were checked at the National Physical Laboratory by 
systematic tabulation; new bounds for the errors, e, given 
here were obtained as a result. 
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80=:z:-.78539 816-.04166 397(3/:z:) 
-.00003 954(3/x)2+.00262 573(3/:z:)3 
- .00054 125(3/:z:)'- .00029 333(3/x)5 

+.00013 558(3/:z:)6+� 

IEI<7X10-S 

9.4.4 -3�x�3 
x-1 J1 (x)=!-.56249 985(x/3)2+.21093 573(x/3)4 

-.03954 289(x/3)6+ .00443 319(x/3)8 
-.00031 761 (x/3)10+.00001 109(x/3)12+E· 

IEI<L3Xl0-8 

9.4.5 O<x�3 
xY1(x)= (2/?r):z: ln(!x)JI(x)- .63661 98 

9.4.6 

+ .22120 91(x/3)2+2.16827 09(x/3)4 
-1.31648 27(x/3)8+ .31239 '51 (x/3)8 

-.04009 76(x/3)1°+ .00278 73(X'/3)12+E: 
IEI<L1X 10-7 

3 �x< Q) 

}1=.79788 456+.00000 156(3/x)+.01659 667(3/x)2 
+ .00017 105(3/x)S-.00249 511 (3/x)' 

+.00113 653(3/x)6-.00020 033(3/x)8+e 
IEI<4X l0-8 

Bl=x-2.35619 449+.12499 612(3/x) 
+ .00005 650(3/x)2- .00637 879(3/x)3 
+ .00074 348(3/x)'+ .00079 824(3/x)6 

-.00029 166(3/x)6+e 
IEI<9X10-8 

.. 

· For expansions _pf J0(x), Yo(x), J1(x), and Y1(x) 
in series of Chebyshev polynomials for the ranges 
0 �x=s;8 and 0 :s;s/x�1 , see [9.37]. 

9.5. Zeros 

Real Zeros 

When v is real, the functions J.(z), J�(z), Y,(z) 
and Y;(z) each have an infinite number -of real 
zeros, all of which are simple with the possible 
exception of z=O. For non-negative v the sth 
positive zeros of these functions are denoted by 

j,_, j� .•• y,,, and Y�., respectively, except that z=O 
is counted as the first zero of J�(z). Since 
J�(z)=-J1(z), it follows that 

9.5.1 i�.l =0, •I • Jo., JI.•-1 (8=2, 3, . . .  ) 
The zeros interlace according to the inequalities 

9.5.2 
j,, l<ir+t. l<j,, z<j,+l. Z<j,, a< · · · 

Y•, t<Yr+t, t<Y•, 2<Y•+L z<Y •. a< · 
< •I < < 

I 
< 

• 
< 

"I v_J,,l Y•,l · Y•.l 3•.1 3•. 2 
<v •. 2<Y� . z<i •. 2<i;. a< . 

The positive zeros of any two real distinct cylinder 
functions of the same order are interlaced, as are 
the positive zeros of any real cylinder function 
�.(z), defined as in 9.1.27, and the contiguous 
function � •+I (z). 

If p, is a zero of the cylinder function 

9.5.3 � ,(z) =J,(z) cos('nt) + Y,(z) sin(7!1) 

where t is a parameter, then 

9�5.4 

If rT, is a zero of �; (z) then 

9.5.5 

The parameter t may be regarded as a continuous 
variable and p,, rT, as functions p,(t), rT,(t) of t. If 
these functions are fixed by 

9.5.6 

then 

9.5.7 

p,(O)=O, rT,(O) j�, 1 

j.,.=p,(s), y,,,=p,(s-!) (s=1, 2, . . .  ) 

9.5.8 

j�_.=rT,(s-1), y;,.=rT,(s-!) (s= 1, 2, . . .  ) 

r£71 ( )=(!!:. dp,)-• r£7 ( )=(rT·�-v2 drT,)-• 9.5.9 '@, p, 2 dt ' '@ • u, 2u, dt 

Infinite Products 

9.5.10 

I az) ·-1 "' ( Z2 ) 
9.5.ll J,(z)= 2r( ) II 1-� · Jl •-1 :J,,. 

(v>O) 
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McMahon's Expansions for Large Zeros 

When v is fixed, s> >v and ,u=4v2 

9.5.12 
. ,u-1 4(J.t-1) (7 ,u-31) 32(,u-1) (83}.'2-982.u+3779) 

J,, ,,y,,,"-'{J-813- 3(8{J)3 15(8{J)6 
64(,u-1) (6949,u3-l 53855.u2+15 85743,u-62 77237) 

105(8{3)1 
where {J=(s+!v-!)11' for j,,,, fJ= (8+!v-!)11' for y.,,. With {J= (t+!v-t}r, the right of 9.5.12 is the 
asymptotic expansion of p,(t) for large t. 

32(83.u3+2075}.'2-3039J.t+3537) 
15 (8,8')6 

64(6949.u'+2 96492}.'3-12 48002.u2+74 14380,uj_58 53627) 
105(8{3')1 

where .B'= (s+!v-!)11' for j�·'' {J'=(s+!v-1)11' for Y� .• , {J'=(t+iv+t)11' for u.(t) . For higher terms in 
9.5.12 and 9.5.13 see [9.4] or [9.40]. 

9.5.14 

Asymptotic Expansions of Zeros 
and Associated Values for Large Orders 

j,,l -v+ 1 .85575 71v113+ 1.03315 ov-113 
- .00397v-1- .0908v-613+ .043v-7'3+ 

9.5.15 
Y•. t"'V+.93157 68v118+.26035 1v-1'8 

+ .01198v-1- .0060v-6'3-.001v-7'3+ 
9.5.16 
j�,1 -v+ .8086f 65v1'3+ .07249 Qp-1/3 

- .05097v-1+ .0094v-618+ 
9.5.17 
Y�. t -v+ 1.82109 80vl13+ .94000 7v-1'3 

- .05808v-1-.0540v-6'3+ 
9.5.18 
J;(j,, t) "'- 1.11310 28v-213/(1 + 1.48460 6v-21& 

+.43294v-413-.1943v-2+.019v-SIS+ . . .  ) 
9.5.19 
Y;(y,, 1) -.95554 86v-218/(1 + .74526 Iv-213 

+ .10910v-413-.0185v-2-.003v-8'3+ . , . ) 
9.5.20 
J,(j;, 1 ) "'.67488 51v-113(1-. 16172 3v-2/& 

+.02918v-413 -.0068v-2+ . . .  ) 
9.5.21 
Y,(y;, 1) "'.57319 40v-113(1- .36422 ov-2'3 

+ .09077v-m+ .0237v-2+ . . .  ) 
Corresponding expansions for 8=2, 3 are given 

in [9.40]. These expansions become progressively 
weaker as 8 increases ; those which follow do not 
suffer from this defect. 

Uniform Asymptotic Expansions of Zeros and 
Associated Value-s for Large Orders 

9.5.22 

9.5.23 

. (�-)+�f�:(t) 'th ,. -2/3 J•.r"'PZ ) £.-J . .21:-l Wl )=v a, 
A: - 1  jr 

J' (j ) ,.., _1._ Ai' (a,) { 1 + i: F�:(t) } • '·' v213 z(f)h(r) .t-1 y2l: 

9.5.25 

J.U�. ,) -Ai (a�) 
h�f; { 1 + :E G�:�)} with t=v-213a� Jl k-l y-· 

where a,, a; are the 8th negative zeros of Ai(z), 

Ai'(z) (see 10.4), z=z(f) is the inverse function 
defined implicitly by 9.3.39, and 

9.5.26 
h(r) = { 4r/(1-z2) }l 

it (f)= iz(r) 
{ h(r) } 2bo{f) 

gl (rJ =tr-
1
z(r) {h(r) Pco

(f) 

where b0(f), c0(f) appear in 9.3.42 and 9.3.46. 
Tables of the leading coefficients follow. More ex
tensive tables are given in [9.40]. 

The expansions of y., ,, Y�(y,, ,), Y�. , and Y,(y�. ,) 
corresponding to 9.5.22 to 9.5.25 are obtained by 
changing the symbols j, J, Ai, Ai', a, and a; to 
y, Y, -Bi, -Bi', b, and b; respectively. 
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-r %(t) h(t) ft(t) 

0. 0 1. 000000 1. 25992 0. 0143 
0. 2 1. 166284 1. 22076 . 0142 
0. 4 1. 347557 L 18337 . 0139 
0. 6 1. 543615 L 14780 . 0135 
0. 8 1. 754187 L 11409 . 0131 
1. 0 1. 978963 L 08220 0. 0126 

-r %(t) h(t) !J(t) 

1. 0 1. 978963 1. 08220 0. 0126 
1. 2 2. 217607 1. 05208 . 0121 
1. 4 2. 469770 1. 02367 . 0115 
1. 6 2. 735103 0. 99687 . 0110 
1. 8 3. 013256 . 97159 . 0105 

2. 0 3. 303889 o. 94775 0. 0100 
2. 2 3. 606673 . 92524 . 0095 
2. 4 3. 921292 . 90397 . 0091 
2. 6 4. 247441 . 88387 . 0086 
2. 8 4. 584833 . 86484 . 0082 

3. 0 4. 933192 0. 84681 0. 0078 
3. 2 5. 292257 . 82972 . 0075 
3. 4 5. 661780 . 81348 � . 0071 
3. 6 6. 041525 . 79806 . 0068 
3. 8 6. 431269 . 78338 . 0065 

4. 0 6. 830800 0. 76939 0. 0062 
4. 2 7. 239917 . 75605 . 0060 
4. 4 7. 658427 . 74332 . 0057 
4. 6 8. 086150 . 73115 . 0055 
4. 8 8. 522912 . 71951 . 0052 

5. 0 8. 968548 0. 70836 0. 0050 
5. 2 9. 422900 . 69768 . 0048 
5. 4 9. 885820 . 68742 . 0047 
5. 6 10. 357162 . 67758 . 0045 
6. 8 10. 836791 . 66811 . 0043 

6. 0 11. 324575 0. 65901 0. 0042 
6. 2 11. 820388 . 65024 . 0040 
6. 4 12. 324111 . 64180 . 0039 
6. 6 12. 835627 . 63366 . 0037 
6. 8 13. 354826 . 62580 . 0036 

7. 0 13. 881601 0. 61821 0. 0036 

• 
(-t)-t :(t) -f(-t)i ( -t)th(t) ft(r) gl(t) 

0. 40 1. 528915 1. 62026 0. 0040 -0. 0224 
. 35 1. 541532 . 1. 65351 . 0029 -. 0158 
. 30 1. 551741 1. 68067 . 0020 -. 0104 
. 25 L 559490 1. 70146 . 0012 -. 0062 
. 20 1. 564907 L 71607 . 0006 -. 0033 

O. l5 1. 668285 1. 72523 0. 0003 -0. 0014 
. 10 1. 570048 1. 73002 . 0001 -. 0004 
. 05 1. 570703 1. 73180 • 0000 -. 0001 
. 00 1. 570796 1. 73205 . 0000 -. 0000 

Maximum Values of Higher Coefficiente 

lf2Cr) l= .oo1, IF2Cr) l= .ooo4 co� -r< (X) ) 
lga(f) I= .OOl, IG2(r) I=.0007 (1 � -r< m ) 
I C  _:f)6ga(s) I=.002, 1 <-s)'G2(s) l=.ooo7 

co� -s � 1) 

F1(r) ( -t)gJ(t) ( -t)'g,(t) (-t)2Gi{t) 

-0.007 -0. 1260 -0.010 0. 000 
-. 005 -. 1335 -. 010 . 002 
-. 004 -. 1399 -. 009 . 004 
-. 003 -. 1453 -. 009 . 005 
-. 003 -. 1498 -. 008 . 006 

-0. 002 -0. 1533 -0. 008 0. 006 

F1(t) gl(t) g,(t) G1(t) 

-0. 002 -0. 1533 -0. 008 0. 006 
-. 002 -. 1301 -. 004 . 004 
-. 001 -. 1130 -. 002 . 003 
-. 001 -. 0998 -. 001 . 002 
-. 001 -. 0893 -. 001 . 002 

-0. 001 -0. 0807 -0.001 0. 001 
-0. 001 -. 0734 . 001 

-. 0673 . 001 
-. 0619 . 001 
-. 0573 0. 001 

-0. 0533 
-. 0497 
-. 0464 
-. 0436 
-. 0410 

-0. 0386 
-. 0365 
-. 0345 
-. 0328 
-. 0311 

-0. 0296 
-. 0282 
-. 0270 
-. 0258 
-. 0246 -

-0. 0236 
-. 0227 
-. 0218 
-. 0209 
-. 0201 

-0. 0194 

Complex Zeros of JJ..•) 
When ��� -1 the zeros of J.tz) are all real. If 

v< -1 and v is not an integer the number of com
plex zeros of J.(z) is twice the integer part of 
( -v); if the integer part of ( -v) is odd two of 
these zeros lie on the imaginary axis. 

If v�O, all zeros of J;(z) are real. 

Complex Zeros of Y,(s) 

When v is real the pattern of the complex zeros of 
Y.(z) and Y�(z) depends on the non-integer part 
of v. Attention is confined here to the case v=n, 
a positive integer or zero. 
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;(no+bl 

FIGURE 9.5. Zeros of Y,.(z) and Y�(z) 

larg zl :::;1r. 

Figure 9.5 shows the approximate distribution 
of the complex zeros of Y,.(z) in the region 
la.rg zl �?I". The figure is symmetrical about the 
real axis. The two curves on the left extend to 
infinity, having the asymptotes 

.Fz=±Un 3=± .54931 . . . 

There are an infinite number of zeros Ii'ear each of 
these curves. 

The two curves extending from i= -n to z=n 
and bounding an eye-shaped domain intersect 
the imaginary axis at the points ±i(na+b), 
where 

a=.Jt� 1=.66274 . . .  
b=hfl t;2 ln 2=.19146 

and to=1.19968 . . . is the positive root of coth t 
=t. There are n zeros near each of these curves. 
Asymptotic expansions of these zeros for large n 

are given by the right of 9.5.22 with v=n and 
r=n-218PI or n-218'§, where {3, �� are the complex 
zeros of Bi(z) (see 10.4). 

Figure 9.5 is also applic.able to the zeros of 
Y�(z). There are again an infinite number near 
the infinite curves, and n near each of the finite 
curves. Asymptotic expansions of the latter for 
large n are given by the right of 9.5.24 with 
v=n and r=n-213{3: or n-218�;; where {3; and �; are 
the complex zeros of Bi' (z). 

N umerica.l values of the three smallest com
plex zeros of Y0(z), Y1fz) and Y�(z) in the region 
o< a.rg z<1r are given below. 

For further details see [9.36] and [9.13]. The 
latter reference includes tables to facilitate 
computation. 

Complex Zeros of the Hankel Functions 

The approximate distribution of the zeros of 
H�11 (z) and its derivative in the region larg zl::51r 
is indicated in a similar manner on Figure 9.6. 

CUT - n 0 ----=-.::.-;;..----'":-,---____. - ii lnz ' ' 
' ......... - - - _ _  .... 

-ina 

.,.,, 
" / / ,-' 

FIGURE 9.6. - -zeros of HJll (z) and H�11'(z) 
larg zl ::51r. 

The asymptote of the solitary infinite curve is 
given by 

..Fz=-i In 2=-.34657 
Zeros of Yo(z) and Values of Yt(z) at the Zeros3 

Zero Y, 

Real 
-2. 40301 6632 
-5. 51987 6702 
-8. 65367 2403 

!mag. Real 
+. 53988 2313 +· 10074 7689 
+. 54718 0011 -. 02924 6418 
+. 54841 2067 . +. 01490 8063 

I mag. 
-. 88196 7710 
+. 58716 9503 
-. 46945 87 52 

Zeros of Y,(z) and Values of Y0(z) at the Zeros 

Real,. 

Zero Yo 

I mag. Real I mag. 
-0. 5027 4 3273 
-3. 83353 5193 
-7. 01590 3683 

+. 78624 3714 
+. 56235 6538 
+. 55339 3046 

-. 45952 7684 
+. 04830 1909 
-. 02012 6949 

+I. 31710 1937 
-0. 69251 2884 
+O. 51864 2833 

Zeros of Y�(z) and Values of Y1(z) at the Zeros 
Zero Y1 

Real 
+o. 57678 5129 
- 1. 9404 7 7342 
-5. 33347 8617 

I mag. 
+. 90398 4792 
+. 72118 59191 
+. 56721 9637 

Real 
-. 76349 7088 
+. 16206 4006 
-. 03179 4008 

I mag. 
+. 58924 4865 
-. 95202 7886 
+ .  59685 3673 

a From Nations.! Bureau of Standards, Tables of the Bessel functions Y0(a) aDd Y1(z) for complex arguments, 
Columbia Univ. Press, New York, N.Y., 1950 (with permission). 
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There are n zeros of each function near the 
finite curve extending from z=-n to z=n; the 
asymptotic expansions of these zeros for large n 
are given by the right side of 9.5.22 or 9.5.24 
with v=n and t=e-�11lln-218a, or t=e-����-213a;. 

Zeros or Croee-Produ.cts 
If v is real and X is positive, the zeros of the 

function 

9.5.27 J,(z) Y,(Xz) -J,(>.z) Y,(z) 
are real and simple. If >.>1, the asymptotic 
expansion of the sth zero is 

9.5.28 R+'!!.+q-y+r-4pq+2p8+ /.1 {3 {33 (36 . . .  

where with 4v2 denoted by lh 
9.5.29 

{3=S7r/(X-1) 
�-1 <�-1) (�-25)(>.3-1) p=�l q 6(4).)3(>.-1) 

c�-1) <�2-114�+1073) cx6-1) r · 5(4>.)6(>.-1) 
The asymptotic expansion of the large. positive 

zeros (not necessarily the sth) of the function 

9.5.30 J�(z) Y�(Xz) -J�(Xz) Y;(z) 
is given by 9.5.28 with the same value of {3, but 
instead of 9.5.29 we have 

9.5.31 
�+3 �'+46�-63) (>.3-1) p=--gx' q 6(4X)3(X-1) 
(�3+185�2-2053�+1899) (>.6-1) r 5 (4X)6(X-1) 

The asymptotic expansion of the large positive 
zeros of the function 

9.5.32 J;(z)Y,(Xz)-Y;(z)J,(Xz) 
is given by 9.5.28 with 

9.5.33 
{3= (s-i)7r/(X-1) 

�+3)>.-(�-1) p 8X(X-1) 
�2+46�-63)>.3-(f.'-1)�-25) q 6(4A)3(X-1) 

5(4A)6(X-1)r= (�3+ l85�i-2053�+ 1899)>.6 
-c�-1) (f.'2- n4�+to73) 

9.6.1 

Modified Bessel Functions I and K 

9.6. Definitions and Properties 

DifFerential Equation 

d2w dw z' dz2 +z dz - (z2+v2)w=O 

Solutions are J'*',(z) and K.(z). Each is a regular 
function of z throughout the z-plane cut along the 
negative real axis, and for fixed z( r!O) each is an 
entire function of v. When v= ±n, I.(z) is an 
entire function of z. 

I.(z) (�v2 0) is bounded as z�o in any bounded 
range of arg z. I.(z) and I _,(z) are linearly inde
pendent except when v is  an integer. K.(z) tends 
to zero as izl�m in the sector larg zl<!7f', 
and for all values of v, I.(z) and K.(z) are linearly 
independent. J.(z), K,(z) are real and positive 
when v>-1 and z>o. 
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FIGURE 9.7. l0(x), Ko(x), l1(x) and K1(x). 
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I I I I I \ \ ' \ \ ' \ ', ', ............... --...... ...... __ ------------------------
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FIGURE 9.9. I,(5) and K,(5). 

Relatione Between Solutions 

K ( )=l. I _,(z)-l,(z) , z  �'II" ' ( )  sm n 

. I  
0 

8 10 

The right of this equation is replaced by its 
limiting value if v is a.n integer or zero. 

9.6.3 

9.6.4 

l,(z) =e-t,..'J,(ze*""') 
I,(z) =e3..-t12J,(�e-srt12) 

(-1r<arg z�!1r) 
Ch<a.rg Z�1r) 

9.6.5 

Y,(zei""') = et<•H>r'I,(z) -(2/1r)e-t,.'K.(z) 
( -11'< arg z :�:a "II") 

9.6.6 I _11(Z)=I ,.(z), K_,(z) =K,(z) 
Most of the properties of modified Bessel 

functions can be deduced immediately from those 
of ordinary Bessel functions by application of 
these relations . 

Limiting Form.e for Small Arguments 

When v is fixed and z�o 
9.6.7 

l,(z)- (lz)•jr(v+I) (v r! -1, -2, . . .  ) 
9.6.8 K0(z) --ln z 
9.6.9 

9.6.10 

9.6.ll 

Aecending Series 

CD (iz2)t I,(z)= (tz)' {:; k!r(v+k+I) 

K,. (z)=l (!z)-" � (n-!�1) 1 (-iz2).t 

+ (-)"+1 ln (!z)I ,.(z) 

+C-)"!(!z)" to {1/l(k+l)+�(n+k+l) } k!�;�;) l 
where �(n) is given by 6.3.2. 

iz2 Ciz�2 (iz�3 
9.6.12 Io(z)=1+ (1!)2+ (2!)2 + (3!)2 + · . .  
9.6.13 

iz2 K0(z) =- {ln (!z) +'Y}Io(z)+ (1!)!� 

9.6.14 

(iz�2 (iz�s +CI+t) (21) 2 +(1+!+!) (3!) 2 + . . . 

Wronekiane 

W{ I,(z), I _,(z) } =l,(z)I _ C•+ll (z) -I,+l (z)l _,(z) 
=-2 sin (v1r)/(1rz) 

K,(z)=!"lriet•r'H!1>(zei .. 1) ( -'l!"<a.rg z�!'ll") 9.6.15 

K,(z) =-!rie-t""'H!1>(ze-l""1) ( -!r<a.rg z�?r) W{K,(z), I,(z) } =l,(z) K,+l (z) +I,H(z)K,(z) = 1/z 
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Integral Representations 
9.6.16 

l i... l i  ... l0(z)=- e±• coa B d8=- cosh (z cos 6)d8 
11' 0 11' 0 

9.6.17 K0(z)=-! f ... e±• eou {'y+In (2z sin2 6) }de r Jo 
9.6.18 

I,(z) (!z)' f ... e±r coa s sinb 6 d8 ?r+r(v+i) Jo 
= (tz) • J1 (1-t2)•-te±''dt rtr(v+!) _1 (&lv>-l) 

li" 9.6.19 l,.(z)=-: eo co• 8 cos (nfJ)d8 11" 0 
9.6.20 

l i"" 
J,(z)=- e• coaB COS (vO)do 11" . 0 

sin (vr) r .. e-� coah 1-•'dt 11" Jo (larg zl<lr) 
9.6.21 

i... . i"' 

cos (:rt) K0(x) = cos (x smh t)dt= ...j dt o o V+l 

9.6.22 
' (x>O) 

K,(x)=sec (!vr) i"' cos (x sinh t) cosh (vt).dt 

=esc (ivr) i"' sin (x sinh t) sinh (vt)dt 
(j&lvl<I, x>O) 

9.6.23 

K,(z) 

9.6.24 

9.6.25 

K,(xz) r(v+!)(2z)' f"' cos (xt)dt 
?rtx• Jo (t2+z2)•+t 

9.6.26 

(,qlv>-!, x>O, larg zl<lr)' .. 
Recurrence Relations 

� 2v � •-I (z) -.2" •+I (z)=- .2" ,(z) z 
.2'�(z)= fZ',_I(z)-� ;'l',(z) z 
.2" •-I (z) +.2" •+t(z)=2.2'�(z) 

fZ'�(z) =.2' •+I (z) +� .2' ,(z) z 

��denotes I,, e'"1K, or any linear combination of 
these functions, the coefficients in which are 
independent of z and v. 

9.6.27 I�(z) =It (z) , K�(z) =-K1 (z) 

Formulas for Derivatives 

9.6.28 

(� fzY' f z•;'l' .(z)} =z•-tf!Z •-�.:(z) 

(� fzY' 
f z-•Z(z) } =z-·-t� •+�:(z) 

9.6.29 

(k=0,1 ,2, . . .  ) 

.2" !t> (z)=i�: {.2'.-�:(z) +(�).2' •-H2(z) 

+(;) .2'.-�:H(z)+ . . . +.2'.H(z) } 
(k=0,1,2, . . .  ) 

Analytic Continuation 

9.6.30 l,(ze"'r1) =e"''rt l,(z) 
9.6.31 

(m an integer) 

K.(ze"'r') =e-"'• .. 1K,(z)-ri sin (mv1r) esc (v7r)/,(z) 
(m an integer) 

9.6.32 J,(z) =l,(z) ,· K,(z) =K,(z) (v real) 

Generating Function and Associated Series 
... 

9.6.33 et•<t+llll= 2: ttft(Z) (t�O) 
k•-oo 

... 
9.6.34 e• coa 8=l0(z) +2 :E lt(Z) cos(k6) 

k•l 

9.6.35 
.. 

eratnB=J0(z) +2 :E (-)tht+1(z) sin f (2k+1)8} 
k-0 

... . 
+2 2: (-)tf2�.:(z) cos(2k8) 

kaol 

9.6.36 1 =l0(z) -2/2(z) +2l4(z) -2Ie(z) + . . . 

9.6.37 e'=l0(z) +211(z) +ZI2 (z) +2la(z) + . .  . 
9.6.38 e-•=f0(z)-2lt(z)+212(z)-213(z)+ . .  . 

9.6.39 

cosh z=l0(z)+212(z)+2I.(z) +2Ie(z)+ . .  . 

9.6.40 sinh z=211(z)+213(z)+2Is(z)+ . .  . 
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Other Dift'erential Equationa 

The quantity }.2 in equations 9.1.49 to 9.1.54 
and 9.1.56 can be replaced by -}.2 if at the same 
time the symbol ct' in the given solutions is 
replaced by !E. 
9.6.41 

z2w" +z(l ±2z)w' +(±z-t)w=O, w=e"'1.2",(z) 
Differential equations for products may be 

obtained from 9.1.57 to 9.1.59 by replacing z by 
iz. 

Derivatives With Respect to Order 
9.6.42 

() • l/l(v+k+l) (iz')t ()p /,(z)=l.(z) ln (tz).-(iz)• � r(v+k+l) � 
9.6.43 

:11 K,(z)=i11" cac(vr) {:11 I _,(z)-:11 11(z) } 

-11' cot(J111')K,(z) 
9.6.44. 

(-)" [� /,(z)J = UJI ,.,. 

9.6.46 

[� I.(z)J =-Ko(z), VII ••O 

(v¢0, ±1 , ±2, . . .  ) 

[� K,(z)J =0 vv •-o 
Expreeeions in Terms of Hypergeometrie Functiona 

9.6.47 

I ( (iz)• . 2 • z) r(ll+l) oFt (v+l , iz )  
(tz)•e-• ' z-tM0, , (2z) 
r(v +1) M (v+t, 2v+l, 2z) 22>+tr(11+1) 

9.6.48 K,(z)=(�Ywo. ,(2z) 

(oFt is the generalized hypergeometric function. 
For M(a, b, z), Mo .• (z) a.nd W0,,(z) see chapter 13.) 

Connection With Legendre Funetiona 

If JJ. a.nd z a.re fixed, &lz>O, a.nd v-+oo through 
real positive values 

9.6.49 lim {vPP;"( cosh ;)} =l,.(z) 

9.6.50 lim{v-"e-"flQ!'(cosh ;)l =K,.(z) 

For the definition of P;" and Q!', see chapter 8. 

Multiplieation Theorems 
9.6.51 

!r,(}.z) =}. ±•:E (}.2-�;(tz)lt ;2',,u(z) (1}.'-ti<I) 1:•0 
If ;2' =1 and the upper signs are taken, th� re

striction on }. is unnecessary. 

Neumann Series for K.(•) 
9.6.53 

K,(z)=(-)•-1 {ln (tz)-ljl(n+l) } /,(z) 

+ nl(tz)-• � ( _ )t (!z)tl�:(z) 2 �:-o (n-k)kl 
+(-)" £ (n+2k)l,Ht(z) t-1 k(n+k) 

9.6.54 Ko(z)=- {ln (!z)+-y}/0(z)+2 "£1nk
(z) 

k•l 
Zel'Oa 

Properties of the zeros of l,(z) and K,(z) may 
be deduced from those of J,(z) and H!U(z) respec
tively, by applicati�n of the transformations 
9.6.3 and 9.6.4. 

For example, if 11 is real the zeros of l,(z) a.re all 
complex unless -2k<��< -: (2k-1) for some posi
tive integer k, in which event /,(z) has two real 
zeros. 

The approximate <fu!tribution of the zeros of 
K,(z) in the region -.V �a.rg z�t-' is obtained on 
rotating Figure 9.6 through a.n angle -!11' so that 
the cut lies along the positive imaginary axis. 
The zeros in the region -!11'�a.rg z�.V a.re their 
conjugates. K,.(z) has no zeros in the region 
I a.rg zl � !11'; this result remains true when n is 
replaced by any real number 11. 

9. 7. Asymptotic ExpaneioDA 

Aeymptotie E:�paneiona for Large Arguments 

When 11 is fixed, lzl is la.rge and JJ.--4v2 

9.7.1 
e• JJ.-1 (JJ.- 1) (JJ.-9) l,(z) "" _,f2rZ { 1-sz+ 21(8z)2 
(J£-1)(JJ.-9)(JJ.-25) + } (iargzl<lr) 31(8z)3 • • • 
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9.7.2 /;- _, p.-1 (p.-1)(p.-9) K.(z) "" 'V 2z e P+az+ 21(8z)2 

9.7.3 

(p.-1) (p.-9)(p.-25)
+ } (larg zl<�) + 31(8z)3 • • • 

I' ( ) ,...,__£__ { 1_P.+3 
+ 

(p.- 1) (IJ.+ 15) 
• z .,p;;z 8z 21(8z)2 

(p.-1) (p.-9)(1J.+35) + } Clarg zl <in-) 3!(8z)8 • • · 

The general terms in the last two expansions 
can be written down by inspection of 9.2.15 and 
9.2.16. 

• 

If v is real and non-negative and z is positive 
the remainder after k terms in the expansion 
9. 7.2 does not exceed the (k+ 1)th term in absolute 
value and 1s of the same sign, provided that 
k�v-!. 

9.7.5 
1 1 p.-1 I.(z)K.(z) -22 {1-2 (2z)2 

+� (p.-1) (p.-9)- } 
2 · 4  (2z)4 • • • 

( larg zl<v) 
9.7.6 

I:(z)K:(z)- iz {1+� (2z)� 
_.!:_:_! (p.-1) (p.-45) + } 2 · 4 (2z)4 • • • 

Clarg zl<v) 

The general tenns can be written down by 
inspection of 9.2.28 and 9.2.30. 

Uniform Asymptotic Expansions for Large Orders 

When v-++ (X) ,  these expansions hold uniformly 
with respect to z in the sector larg zl � P.-t, 
where t is an arbitrary positive number. Here 

9.7.ll t=1/.J1+z2, 77=.J1 +z2+ln z 
1+ .J1+z2 

and u.�:(t), V.t(t) are given by 9.3.9, 9.3.10, 9.3.13 
and 9.3.14. See [9.38] for tables of 71, U.t(t), 
tJt(t), and also for bounds on the remainder 
terms in 9. 7. 7 to 9. 7 .10. 

9.8. Polynomial Approximations • 

In equations 9.8.1.,. to 9.8.4, t=x/3.75. 

9.8.1 -3.75 � X  �3.75 

l0(x) = 1 +3.51562 29t2+3.08994 24t4+ 1.20674 92t8 
+.26597 32t8+.03607 68t10+.00458 13t12+t 

IEI<L6X10-7 

9.8.2 3.75 �x< (X) 
xte-%J0(x)=.39894 228+.01328 592t-1 

+ .00225 319e-2-.00157 565t-8 
+.00916 281t-'-.02057 706t-6 
+.02635 537t-11-.01647 633t-7 

+ .00392 377t-8+E 
lei<L9X10-7 

9.8.3 -3.75 �X �3.75 
x-1I1(x)=l+.87890 594t2+.51498 869t' 

+ .15084 934tll + .02658 733t3 
+ .00301 532t10+.00032 411t12+e 

lei<8X10-o 

9.8.4 3.75 �x< (X) 
zle-'11 (x) = .39894 228-.03988 024t-1 

- .00362 018t-2+.00163 Bolt-a 
-.01031 555t-'+.02282 967t-6 
-.02895 312t-6+.01787 654e-7 

- .00420 059t-8+e 
lel<2.2 X 10-7 

' See footnote 2, section 9.f. 
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9.8.5 o<:z:::;2 

�(�)= -In (x/2)/0{�)-.57721 566 

9.8.6 

+ .42278 420(z/2)2+ .23069 756(z/2)' 
+ .03488 590(z/2)4+.00262 698(:�:/2)8 
+ .00010 750(z/2)1°+.00000 740(z/2)12+t 

ltl<lX10-8 

2 :::;�< (I) 

xte"�(z)=1.25331 414-.07832 358(2/z) 

9.8.7 

+.02189 568(2/z)2-.01062 446(2/z)8 
+ .00587 872(2/z)'- .00251 540(2/z)5 

+ .00053 208(2/z)B+t 
lti<L9X 10-7 

O<z::;2 

zK1(z)=:x; In (x/2)/1(z)+ l +.15443 144(x/2)2 
-.67278 579(x/2)4-.18156 897(z/2)6 
-.01919 402(z/2)8-.0011Q. 404(z/2)10 

-.00004 686(z/2)12+t 
lti<8X10-e 

9.8.8 2 �z< m 

9.9.3 
Differential Equations 

x2w'' +:tw'- Ur+v2)w=O, 

9.9.4 

w=ber, x+i bei, x, her_, z+i beL, x, 
ker, x+i kei, x, ker_, x+i keL, x 

x4wi•+2x8w"'-(1 +2v2) (x2w" -zw') 
+ (v'-4v'+z')w=O, 
w=ber±, x, bei±, x, ker:�::. x, kei;±, z 

Relations Between Solutions 

9.9.5 

her_, x=cos(v1r) her, x+sin(v1r) bei, x 
+ (2/?r) sin(v1r) ker, x 

beL, x= -sin(v1r) her, z+cos(v1r) bei, x 
+ (2/?r) sin(v1r) kei, x 

9.9.6 

ker_, x=cos(v1r) ker, x-sin(v1r) kei, :r 
zte"K,(x)= 1.25331 414+.23498 619(2/x) kei_, x=sin(v?r) ker, :t+cos(v?r) kei, x 

-.03655 620(2/z)2+.01504 268(2/z)8 9.9.7 ber_,. z=(-)" ber,. x,· beL,. x= (-)" bei,. x 
-.00780 353(2/:1;)'+.00325 614(2/x)5 

-.00068 245(2/x)6+t 9.9.8 ker_,. x=(-)" ker,. x, keL. x=(-)" kei,.z 
lti<2.2XI0-7 

For expansions of l0(x), Ko(x), lt(X)� and K1(z) 
in series of Chebyshev polynomials for the ranges 
05x�8 and 0�8/z�l, see [9.37]. 

Kelvin Functioll8 

9.9. Definitions and Properties 
In this and the following section v is real, z is 

real and non-negative, and n is again a positive 
integer or zero. · 

Definitiona 

9.9.1 

her, x+i bei, x=J,(u8ut•) =e.,.,IJ,(ztr"'") 
=et• .. CJ,(ze""') =e3.,rif2 l,(xe-ar'") 

9.9.2 

ker, :r+i kei, x=e-t•"'K,(xe"i'') 
= triH!l) ( U3"'1') = -trie-.,riH�2> (u-'1') 

When v=O, suffices are usually suppressed. 

9.9.10 

A.ecending Series 

"' cos { (fv+!k)?r} 2)t her, x=(!x)·� ktr(v+k+1) (ix 

·b . -(L..) • � sin{ (!v+!k)?r} (l.z2)t et, x- "7"" f.:'o klr(11+k+ I) ' 

(iz2)! (iz2)' her x=l- (2!)2 + (4!)1 - • • • 

•. . (iz2)3 (iz2)& bet z=lr- (3!)2 + (5!)2 -
· · · 

·n-1 
ker,. x=!(lx)-" � cos { (in+!k)?r} 

X(n-z�l) ! 
(tz2)l-}n (!x) ber,. z+t?r bei .. X 

+!(!x)" :E cos { (ln+!k)1r} .t-o 
X NCk+I)+!Jt(n+k+I) } (l.z2)t 

k!(n+k)! • 
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(n-k-1)' X k! · (iz2).1:-ln Cix) bei,. x-v her,. x 

0> 
+i(!x)" � sin { C!n+tk)r} 

X {1/l(k+l)+l/l(n+k+l) } (lz2)t k!(n+k)! � 

where 1/l(n) is given by 6.3.2. 

9.9.12 

ker x=-ln (ix) ber x+ir bei x 
+� (-).t l/1(2k+l) (1�)2.1: 

t=O { (2k) ! J 2 

9.9.16 

9.9.17 

If 
9.9.18 

.J2 her' x=ber1 x+bei1 x 
.../2 bei' x=-ber1 x+bei1 x 

.J2 ker' x=ker1 x+kei1 x 

.J2 kei' x=-ker1 x+kei1 x 

Recurrence Relations for Crou-Producta · 

p,=be� x+bei� x 

kei x=-ln (}x) bei x-lr her x then 

q,=ber, x bei� x-ber� x bei, x 
r,=ber, x her� x+bei, x bei; x 
s,= ber;2 x+ bei;2 x 

+ :t· (-).I: { f(�k+2) (lz2)2.t+l 9.9.19 
k•O 2 +1)!} 2 

Functions of Negative Argument 

In general Kelvin functions have a branch 
point at x=O and individual functions with argu
ments xe* .. � are complex. The branch point is 
ab�ent however in the case of her, and bei, when v 
is an integer, and 

9.9.13 

ber,.(-x) =(-)" ber,._x, _ bei,.(-x) =(-)" bei,. x 

Recurrence Relations 

9.9.14 
v.../2 f.+t+f,_,=-x- (J,-g,) 

where 

9.9.15 

J:=2� (j,+t+g.+t-f•-1-g,_,) 

1�-'fcJ.= � (J.+t+g.+t) 

J�+'fcJ.=-� (f.-l+g,_l) 

f,=be�, x} 
g,=be1, x 

f,=bei, x } 
g.=-ber. x 

f,=ke�, x} 
g,=kel, x 

f,=kei, x } 
g,=-ker, x 

and 

The same relations hold with her, bei replaced 
throughout by ker, kei, respectively. 

Indefinite Integrals 

In the following j,, g, are any one of the pairs 
given by equations 9.9.15 and j�, u: are either the 
same pair or any other pair. 

9.9.21 

I r+'f,dx=-x;· Ur+!-g•+l)=-xl+• ('i g.-g;) 
9.9.22 

I x1-'.f,dx=�· (J,_t-g•-t)=x1-' (i g,+g;) 
9.9.23 I x(J.g�-g • .f!)dx= 2�2 {J:Cf,+t+g.+t) 

-g:u.+l-u•+l>-J.cr:+l +g�+l) +g.u�+t-ft.+t> l 
=� x(j;J�-JJ�' +g;{f.-g,{f.') 
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9.9.24 

J x(f�g:+g,ft)dx=� i'-(2f,g!-f,-tff.H 
-f.+tg*,-1 +2g,j�-g._J: +t-g.+t�-1) 

9.9.25 

J x(fl.+ft)dx=x(f,g�-j�g.) 
=- (xf...fi) (f,f,+t +g.g,+t-f•g•+t+f,+tg,) 

9.9.26 

J xj.g.dx=� x2(2j,g,-f,-tg•+t-f•+tg•-t) 

9.9.27 

f x(.f.-g!)dx=� r(fi,-f.-d.+t-g�+g,_lg.+t) 

Ascending Series for Cross-Products 

9.9.28 

ber! x+ bei! x=_ 

9.9.29 

ber, x bei� x-ber� x bei, x 

9.9.30 

ber, x her; x+bei, x bei; x 

9.9.31 

ber�2 x+bei;2 x 
= (Jx)2•-2 

� (2k2+2vk+lv2) (lz2)2.t 
k .. O r(v+k+1)r(v+2k+1) k! 

Expansions in Series of Bessel Functions 

9.9.32 

9.9.33 

ber,(x-J2)= ± (-)"HJ,+2-t(x)J21(x) 
kca-CD 

Zeros of Functions of Order Zero 5 

ber x bei x ker x kei x 

1st zero 2. 84892 5. 02622 1. 71854 3. 91467 
2nd zero 7. 23883 9. 45541 6. 12728 8. 34422 
3rd zero 11. 67396 13. 89349 10. 56294 12. 78256 
4th zero 16. 11356 18. 33398 15. 00269 17. 22314 
5th zero 20. 55463 22. 77544 19. 44381 21. 66464 

ber' x bei' x ker' x  kei' x 

let zero 6. 03871 3. 77320 2. 665.84 4. 93181 
2nd zero 10. 51364 8. 28099 7. 17212 9. 40405 
3rd zero 14. 96844 12. 74215 11. 63218 13. 85827 
4th zero 19. 41758 17. 19343 16. 08312 18. 30717 
5th zero 23. 86430 21. 64114 20. 53068 22. 75379 

9.10. Asym.ptotic Expansions 

AII)'IIlptotic Expansions for Large Arguments 

When vis fued and x is large 

9.10.1 

e,z!-IJ 
ber, x= 1- ff,(x) cos a+g,(x) sin a} -vhx 

.9.10.2 

_! {sin (2v'11') ker, x+cos (2v'11') kei, x} 
'II' 

b
. tEM { ( . } e1, x= _rn-= f, x) srn a-g,(x) cos a -v2'1!'x 

9.10.3 

1 · r +- {cos (2v11") ker, x-sm (2v11") kei, x} 11" 

ker, x=.../11"/(2x)e-%/.J2{f,(-x) cos {J-g,(-x) sin fJ} 
9.10.4 

kei, x=.../11"/(2x) e-z!V2{ -j,(-x) sin {J-g,(-x) cos fJ} 
where 

9.10.5-

a=(x/...fl.)+(!v-i)11", fJ=(7:/...f2)+(Jv+t)11"=a+f11" 
and, with 4� denoted by p., 

9.10.6 

j.(± x) 
"'1+�(I)A:(.u

-1) (!-'-9) . . .  {!-'-(2k-1)2} (k1r) 
f.=i ' k!(8x)� cos 4 ----

s From British Association for the Advancement of 
Science, Annual Report (J. R. Airey), 254 (1927) with 
permission. This reference a.lso gives 5-decimal values of 
the next five zeros of ea.ch function. 
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9.10.7 

g,(± x) 
� 

( 
)l (�£-l) (p.-9) . . . {l'- (2k-1)2} . (h) 

"' L..J =F k1(8 )t Sill 4 
k•l · X 

The terms6 in ker,x and kei, x in equations 9.10.1 
and 9.10.2 are asymptotically negligible compared 
with the other terms, but their iriclusion, in numeri
cal calculations yields improved accuracy. 

The corresponding series for ber; x, b ei; x, ker; x 
and kei: x can be derived from 9.2.11 and 9.2.13 
with z=xe3r114; the extra terms in the expansions 
of her; x and bei; x are respectively 

and 
- (1/r) {sin(2vr)ker; x+cos(2vr)kei; x}  

(l/1r) {cos(2vr)ker� x-sin(2vr)kei; x}. 

Modulus and Phase • 
9.10.8 

9.10.16 

9.10.17 

M�=Mt cos (Ot-8o-ir) 

O�=(Mt!Mo) sin (llt-Oo-ir) 

d(xM�o;) /dx=1W. I 

9.10.18 

N,=.Vtker! 'I+kei! x), tf>,= arctan (kei, xjker, x) 

9.10.19 ker,x=N, cos t/>,1 kei, x=N, sin q,, 

8 

6 

4 
>< 2 ·a; berx .0 I 

>< 
·o:; .,.; 
-o 

M,=.V(ber, x+ bei! x) 1 9,=arctan (bei, xfber,x) 
-o c 0 0 ����--�c-���--���F=��· §  

9.10.9 her. x=M, cos 0,, bei, x=M, sin 9, 

9.10.10 

9.10.11 

M_,.=M,.., 

her; ±=i Mo-rt cos (8..-rt-i?r)-! M,_t cos (8,-1-�) 

=(v/x)M, cos 9,+M.-r1 cos (8,+1-l-n-) 

= - (v/x)M,cos 8,-M,_J cos (8,_t-i?r) 

9.10.12 

bei; x=!M,+l sin (8..-rt-i?r) -}M,_l sin (8,_t -ir) 

= (11/x)M, sin O,+M•+t sin (0,+1-ir) 

= - (11/z)M,sin 8,-M,_t sin (8,_1-i?r) 

9.10.13 

)( 
Jl -2 

-4 

·G 

·8 

�0 

4 

' I ·.02 I I I I 
I : ' I 1, . ·.04 ' I I I I I I , 

' . 
I I -.06 \ I \ ' , 

' ,_, .... j . ·.08 I 
I 
I I I I 

FIGURE 9.10. her x, bei x, ker x and kei x. 

�bti 
bor 

-I 

)( .... � 

ber' x=M1 cos (81-i1r), bei' :t =M1 sin (Ot-b") -3 � 

9.10.14 

M;=(II/X)M.+M.+I cos (8,+1-9,-l?r) 

= - (v/x)M,-M,_1 cos (9,_1-8,-i?r) 

9.10.15 

o;= (M,+l/M,) sin (8..-rt-8,-lr) 

= - (M,_tfM,) sin (8,_1-8,-l?r) 

6 The coefficients of these terms given in [9. 17] are in-

�-·1 
kor -4 

FIGURE 9.11 .  In M0(x), 8o(x), In No(x) and t/>o(x). 

Equations 9.10.ll to 9.10.17 hold with the symbols 
b1 M, 8 replaced throughout by k, N, t/>, respectively. 
In place of 9.10.10 

correct. The present results are due to Mr. G. F. Miller. 9.10.20 
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Asymptotic Expansions of Modulus and Phase 

When v is fixed, x is large and p.=4v 

9.10.21 

exfv2 p.- 1 1 (p.-1)2 1 M.= � { 1 - 8-./2 x + 256 x2 

9.10.22 

(p.- 1) (p.2+ 14p.-399) l.+o (.!.)l 6144;/2 zB X� 

In M =�-.1 1n (2 ) -p.-1 1 (p.-1) (p.-25) _!__ 
' -./2 "2" 1I"X 8-./2 X 384-./2 z3 

(p.- 1) (P-- 13) 
l.+o (l.) 128 x' :t 

Asymptotic �&D8ions of Cross-Products 

If x is large 

9.10.27 

ber2 x+ bei2 X"'- 1 +- -+- -exv2 ( 1 1 1 1 
2rx 4-./2 x 64 x2 

9.10.28 

33 1 1797 1 ) -256-./2 x8-8192 x4+ · · · 

b b ., b ' b . eX-¥2 ( 1 1 1  er x e1 x- er x e1 X "'- -+- -2rx ..j2 8 x 
9 1 39 1 75 1 ) +64..;2 x2+512 za+8192..j2 x4+ . . .  

· 9.10.29 

b b I + b  . b 
., eX-12 ( 1 3 1 er x er x e1 x e1 X"'- --- -211"X -./2 8 X 

9.10.30 

15 1 45 1 315 1 ) -64-./2 x2-512 za+8192..j2 x'+ . . .  

b t:l +b ' 12 
e'IV2 

(1 3 1 + 9 1 er x e1 x ....... - -- - --211"X 4-./2 x 64 x2 

9.10.31 

9.10.32 

75 1 2475 1 ) +256-./2 za+ 8192 x4+ . . .  

ker x kei' x-ker' x kei x--..!.. e-7iv2 (.!.._!! 2x -./2 8 x 

9.10.33 

9 1 39 1 75 1 ) +64..;2 x2-512 za+s192-./2 x'+ . . . 

ker x ker' x+ kei x kei' x--!.. e.-t;v2 (.!.+�! 
2x -./2 8 x 

9.10.34 

15 1 45 1 315 1 
) -64-./2 x2+512 za+8192-./2 x'+ . . . 

ker'2 x+ke1'2 x-- e-"'-12 1 +-- +--. 'lr ( 3 1  9 1  
2x 4-./2 x 64 x2 

75 1 2475 1 
) -25f)v'2 :t+8192 �,+ . . . 

Asymptotic Expansions of Large Zeros 

Let 
9.10.35 

f(�) =
p.- 1 

+p.-1 
+ 

(��o-1) (Sp.+ 19) + 3(p.-1)2 + . . . 16� 32�2 1536�8 512� 

where p.=4v. Then if 8 is a large positive integer 

9.10.36 

Zeros of her. x ....... ,fi(o-j(�) } ,  

Zeros of bei, x-{2{�-j(�) }, 
Zeros of ker, x,...,fi{ o+f( -�) } ,  

Zeros of kei, x-..[2{ �+J( -�) } , 

o=(s-iv-i)'lr 

�=(s-iv+t)'lr 

�= (s-!v-f)11" 

�= (s-iv-i)• 
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For v=O these expressions give the sth zero of 
each function; for other values of v the zeros 
represented may not be the sth. 

Uniform Asymptotic Expan11iona for Large Orden 

When v is large and positive 

9.10.37 

ber,(vx) +i bei,(vx) "' 

9.10.38 

ker, (vx) +i kei, (vx) 
"' / 11'  e-•E(xes"•'')-' { 1 +� (-)j;u.t(�-1) } "J 2v� 1 +� .1:-1 0 

9.10.39 

her� _(vx)+i bei� (vi) 

9.10.40 

{f"' e•E (xea-r•J•)' .. V.t(�-1) "'"J2;; X" 1 +� {1 +t; --r l 

ker; {vx) +i kei� (vx) {;i e-•E (uSrl/4)-• .. v (�-l) 
,..,. _ 'V 2v x l +� { I +f.;i (-).tT l 

where 

9.10.41 

and U.t(t), V.t(t) are given by 9.3.9 and 9.3.13. .All 
fractional powers take their principal values. 

9.11. Polynomial Approximations 

9.11.1 -8�i�8 
her x= 1-64(z/8)'+ 1 13.77777 774(x/8)8 

-
.
32.36345 652(x/.8) 12+2.64191 397 tx/8)18 

-.08349 609(x/8)20+.00122 552(x/8)u 
- .00000 90l (x/8)28+E 

9.11.3 

ker x=-ln (!x) ber x+t11' bei x-.57721 566 
-59.05819 744(x/8)4+171.36272 l33(x/8)8 
-60.60977 451(x/8)12+5.65539 I2l (x/8)18 
-.19636 347(x/8)10+.00309 699(:r/8)24 

-.00002 458(X/8)28+E 
lti<IX I0-8 

9.11.4 

kei :t=-ln(tx)bei x-ir her :t+6.76454 936('X/8)' 
- 142.91827 687(:t/8)8+ 124.23569 650(x/8)1° 
-21 .30060 904(:r/8)14+1.17509 064(:r/8)18 
-.02695 875(x/8)22+.00029 532(x/8)28+E 

IEI<3Xl0-9 

9.ll.5 -8�x�8 
her' x=z[ -4(x/8)2+ 14.22222 222(x/8)8 

-6.06814 810(:�:/8)10+.66047 849(:t/8)H 
-.02609 253(x/8)18+ .00045 957(:t/8)22 

- .00000 394(x/8)26]+e 
lei<2. 1 X I0-8 

9.11.6 - 8 �x�8 
bei' x=x{ !- 10.66666 666(x/8)* 

+ 1 1.37777 772(x/8)8-2.31167 514(z/8)12 
+.14677 204(x/8)18-.00379 386(x/8)20 

+.00004 609(x/8)2']+e 
lti<7X10-8 

!El<I x w-Q 9.11.7 

�11� -8�x�8 
bei x�16(x/8)'-113.77777 774tx/8)8 

+72.81777 742(:t;8)10- 10.5.6765 779(x/8)H 
+.52185 615(:t/8)18- .01103 667(xt8)22 

+.00011 346(x/8)2e+E 
!El<6XI0-9 

ker' x=-ln (!x) her' x-x-1 her x+l11' bei' x 
+x[-3.69113 734(x/8)�+21.42034 017(x/8)8 
-11 .36433 272(x/8)10+ 1 .41384 780(x/8)H 
-.06136 358(x/8)18+.00116 137(x/8)22 

-.00001 075(x/8)28]+E 
lti<BXI0-8 



BESSEL FUNCTIONS OF INTEGER ORDER 385 

9.11.8 

kei' z= -In (!x) bei' :z:-x-1 bei z-i11' ber' x -
+z[.21139 217- 13.39858 846(x./8)� 
+19.41182 758(:z:/8)8-4.65950 823(x/8)12 
+ .33049 424(x/8)16- .00926 707(z/8)20 

+.OOOll 997(x/8)24]+e 
[E[<7X10-8 

9.11.9 8:S;x<oo 
ker x+i kei x= j(x) (1 +E1) 

j(x) = {ix exp [ -1-;.i x+8( -x) J 
[Et[<1 Xl0-7 -

9.11.10 8:S;z< oo 
her x+i bei x-� (ker x+i kei x)=g(x)(1+E2) 11' 

g(x)= k exp [\Jzi x+8(x) J 

[E2l<3X 10-7
-

where 

9.11.11 

O(x) = (.OOOOO 00-.39269 9li) 
+(.01104 86-.01104 85i) (8Jx) 
+ (.00000 00- .00097 651,') (8/z)2 
+ (- .00009 06- .00009 Oli)(8/z)8 
+(- .00002 52+ .00000 00i) (8/z)4 
+ (- .00000 34+.00000 51i) (8/z)5 

+ (.00000 06+.00000 19i)(8/x)8 
9.11.12 8:S;z< oo 

ker' x+i kei' x= -j(x)¢( -x) (1 +es) 
[Ea[<2X10-7 

9.11.13 . 8 :s; x< oo 
her' z+i bei' x-� (ker' z+i kei' .r) =g(x)¢lx) t1 +E4) 

7T' 

where 

9.11.14 

IE4l<3X l0-7 

¢(x) = (.70710 68+.70710 68�') 
+(-.06250 01-.00000 Oli) (8/x) 
+(- .00138 13+.00138 lli) (8/x)2 
+ (.00000 05+.00024 52i)(8/z)a 
+(.00003 46+.00003 38�) (8/x)4 
+(.00001 17-.00000 24�) (8/z)6 

+ (.00000 16-.00000 32i) (8/x)8 

Numerical Methods 

9.12. Use and Extension of the Tables 

Example 1. To ev!lluate J,.(I.55), n=O, 1, 2, 
. .  , each to 5 decimaJ.s. 
The recurrence relation 

J .-1 (x) +J 11+1 (z) = (2n/x)J,.(x) 
can be us� to compute J0(z), J1(x) , J2(x), . . .  , 
successively provided that n<x, otherwise severe 
accumulation of rounding errors will occur. 
Since, however, J,.(z) is a decreasing function of n 
when n>x, recurrence can always be carried out 
in the direction of decreasing n. 

. 

Inepection of Table 9.2 shows that J,.(1.55) 
vanishes to 5 decimals when n>7. Taking arbi
trary values zero for Je and unity for J8, we compute 
by recurrence the entries in the second column of 
the following table, rounding off to the nearest 
integer at each step. 

11. Trial valuu 
9 0 
8 1 
7 10 
6 89 
5 679 
4 4292 
3 21473 
2 78829 
1 181957 
0 155954 

J.(1.56) 
. 00000 
. 00000 
. 00003 
. 00028 
. 00211 
. 01331 
. 06661 
. 24453 
. 56442 
. 48376 

We normalize the results by use of the equation 
9.1.46, namely 

Jo(x) +2J2(x) +2J4(x) + . . .  = 1  

This yields the normalization factor 

1/322376=.00000 31019 7 
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and multiplying the trial values by this factor we 
obtain the required results, given in the third 
column. As a check we may verify the value of 
J0(1 .55) by interpolation in Table 9.1. 

Remarks. (i) In this example it was possible 
to estimate immediately the value of n=N, say, 
at which to begin the recurrence. This may not 
always be the case and an arbitrary value of N may 
have to be taken. The number of correct signifi
cant figures in the final values is the same as the 
number of digits in the respective trial values. 
If the chosen N is too small the trial values will 
have too few digits and insufficient accuracy is 
obtained in the results. The calculation must 
then be repeated taking a higher value. On the 
other hand if N were too large unnecessary effort 
would be expended. This could be offset to some 
extent by discarding significant figures in the trial 
values which are in excess of the number of 
decimals required in J,.. , (ii) If we had required, say, Jo(I.55), J1 (1.55), 
. . .  , J10(1.55), each to 5 significant figures, we 
would have found the values of Jt0(1.55) and 
J11 (1.55) to 5 significant figures by interpolation 
in Table 9.3 and then computed by recurrence 
J0, J8, • • •  , J0, no normalization -being required. 

.Alternatively, we could begin the recurrence at 
a higher value of N and reta-in only 5 significant 
figures in the trial values for n510. 

(iii) Exactly similar methods can be used to 
compute· tlre modified Bessel function l,.(x) by 
means of the relations 9.6.26 and 9.6.36. If x is 
la.rge, however, considerable cancellation will 
take place in using the latter equation, and it is preferable to normalize by means of 9.6.37. 

Example 2. To evaluate Y,.(1.55), n=O, 1, 2, 
. ., 10, each to 5 significant figures. 
The recurrence relation 

Yn-1 (x) + Y n+t (:z:) = (2n/x) Y,.(x) 
can be used to compute Y,.(x) in the direction of 
increasing n .both for n<x and n>x, because in 
the latter event Yn(X) is a numerically increasing 
function of n. 

We therefore compute Yo(l.55) and Yt(l .55) by 
interpolation in Table 9.1. generate Y2(1.55), 
Y8(1.55), . . .  , Y10(1 .55) by recurrence and check 
Y10(1 .55) by interpolation in Table 9.3. 

n Yn(1.65) n Y,.(1.65) 
0 +O. 40225 6 -1. 9917X 10' 
1 -0. 37970 7 -1. 5100X 10' 
2 -0. 89218 8 -1. 3440 X l04 
3 -1. 9227 9 -1. 3722X 1()6 
4 -6. 5505' · 10 -1. 5801X1()6 
5 -31. 886 

Remarks. (i) An altern ative way of computing 
Yo(z), should J0 (z), J2(x), J,(x), . . .  , be avail
able (see Example 1), is to use formula 9.1.89. 
The other starting value for the recurrence, 
Yt(z), can then be found from the Wronskian 
relation Jt(x)Yo(x) -J0(x)Yt(X) =2/(1rX). This is a 
convenient procedure for use with an automatic 
computer. 

(ii) Similar methods can be used to compute the 
modified Bessel function K,.(x) by means of the 
recurrence relation 9.6.26 and the relation 9.6.54. 
except that if x is large severe cancellation will 
occur in the use of 9.6.54 and other methods for 
evaluating K0(x) may be preferable, for example, 
use of the asymptotic expansion 9.7.2 or the poly
nomial approximation 9.8.6. 

Example 3. To evaluate J0(.36) and Y0(.36) 
each to 5 decimals, using the multiplication 
theorem. 

From 9.1.74 we have 

We take z=.4. Then X=.9, (X2- 1)(!z) = - .038, 
and extracting the necessary values of J.t(.4) and 
Y.t(.4) from Tables 9.1 and 9.2, we compute the 
required results as follows : 
k a�o a,..! .t(-4) 
0 + 1.0 + .96040 
1 +0.038 + .00745 
2 +0.7220X Io-• +.oooo1 
3 +0.914X 10-' 
4 +0.87X I0-7 
5 +0.7X1o-o 

a.Y .t(-4) 
- .60602 
-.06767 
-.00599 
-.00074 
-.00011 
-.00002 

J0{.36) = + .96786 Yo(.36) = - .68055 

Remark. This procedure is equivalent to inter
polating by means of the Taylor series 

at z= .4, and expressing the derivatives <G"�A:> (z) in 
terms of <G" .t(Z) by means of the recurrence rela
tions and differential equation for the Bessel 
functions. 

Example 4. To evaluate J,(x), J:(x), Y,(x) 
and Y�(x) for v=50, x=75, each to 6 decimals. 

We use the asymptotic expansions 9.3.35, 9.3.36, 
9.3.43, and 9.3.44. Here z=x/v=3/2. From 9.3.39 
we find 

2 1 2 3 (-f)8'2=2 .JS-arccos 3= + .2769653. 
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Hence ( 4t )1" r=-.5567724 and 1- z2 = + 1.155332. 

Next, 
v113=3.684031, v213r= -7.556562. 

Interpolating in Table 10.11, we find that 

Ai(v2'ar) = + .299953, 
Bi(r'8r)= - .160565, 

Ai'(v218r) = + .451441, 
Bi' (v213r) = + .819542. 

As a check on the interpolation, we may verify 
that Ai Bi'-Ai'Bi=1 /?r. 

Interpolating in the table following 9.3.46 we 
obtain 

co(r) = + .144.2. 
The contributions of the terms involving a1 (t) 
and d1 (t) are negligible, and substituting in the 
asymptotic expansions we find tha.t 

J60(75) = + L155332(so-118X .299953 
+5o-618X .451441 x .o136) = + .094077, 

J�(75)= - (4/3)(1 .155332)-1(50-i111X .299953 
x .1442+5o-211X .451441)=-.038658, 

Y60(75) = -1.155332( -5o-113X .160565 
+50-613X .819542 x .0136)= + .050335, 

-
Y'60(75) = + (4/3) (1.155332)-1( -so-'111X .160565 

x .1442+5o-2111X .819542) = + .069543. 

As a check we may verify that 

JY'-J'Y=2/(1fn). 
Remarks. This example may also be computed 

using the Debye expansions 9.3.15, 9.3.16, 9.3.19, 
and 9.3.20. Four terms of each of these seri� are 
required, compared with two in the computations 
above. The closer the argument�rder ratio is to 
unity, the less effective the Debye -expansions 
become. In the neighborhood of unity the expan
sions 9.3.23, 9.3.24, 9.3.27, and 9.3.28 will furnish · 
results of moderate accuracy; for high-accuracy 
work the uniform expansions should again be used. 

Example 5. To evaluate the 5th positive zero 
of Jto(x) and the corresponding value of J�0(x), 
each to 5 decimals. 

We use the asymptotic expansions 9.5.22 and 
9.5.23 setting v= 10, s=5. From Table 10.11 

we find 

a6= -7.944134, 

Hence 

Ai'(a6) = + .947336. 

r=10-213aa= .21544347aa= - 1.7115118. 

Interpolating in the table following 9.5.26 we 
obtain 

z(r) = +2.888631, 
.ftCr) = + .0101, 

hCr> = + .98259, 
F1Cr> = -.oo1. 

The bounds given at the foot of the table show 
that the contributions of higher terms to the 
asymptotic series are negligible. Hence 

ito, a=28.88631 + .00107+ . . .  =28.88738, 

J' (j ) 2 .947336 
10 10' 6 =-10213 2.888631 X .98259 

X (1-.00001+ . . .  )=- .14381. 

Example 6. To evaluate the first root of 
Jo(x)Yo(Xx)- Yo(x)Jo(X'X)=O for X=t to 4 signifi
cant figures. 

Let ai1> denote the root. Direct interpolation 
in Table 9. 7 is impracticable owing to the 
divergence of the differences. Inspection of 
9.5.28 suggests that a smoother function is 
(X-1 )a�0. Using Table 9.7 we compute the fol-
lowing values · -

1/>- (X- l)al1> 6 6' 
0. 4 3. 110 

+21 
0. 6 3. 131 -12 

+ 9  
0. 8 3. 140 -7 

+2 
1 . 0  3. 142(11") 

Interpolating for 1/).= .667, we obtain 
(X - 1  )ai11 = 3.134 and thence the required root 
a���=6.268. 

Example 7. To evaluate her,. 1.55, bei,. 1.55, 
n=O, 1, 2, . . .  , each to 5 decimals. 

We use the recurrence relation 

J .. -t (xes""') +J,.+t (zeS..tH) 
= -n.../2 

(l+t)J,.(xe3 ... t"), 
X 

taking arbitrary values zero for J�(uh0') and 
l+Oi for J8(xe3'�'114) (see Ex8D1ple 1). 
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n Real !mag. ber,.x bei,z 
trial values trial values 

9 0 0 . 00000 . 00000 
8 + 1  0 . 00000 . 00000 
7 -7 -7 -. 00002 -. 00003 
6 - 1  +89 -. 00003 +. 00030 
5 +500 -475 +. 00181 -. 00148 
4 - 4447 -203 -. 01494 -. 00180 
3 + 14989 + 17446 +. 04614 +. 06258 
2 + 11172 -88578 +. 05994 -. 29580 
1 - 197012 + 123804 -. 69531 +. 36781 
0 +281539 + 155373 +. 91004 +. 59461 

:t + 106734 +207449 +. 30763 +. 72619 

The values of ber11X and bei,.x are computed by 
multiplication of the trial values by the normal
izing factor 

1/(294989-22011i)= (.3371 19+ .025155i) X I0-6, 

obtained from the relation 

Adequate checks are furnished by interpolating 
in Table 9.12 for her 1.55 and bei 1.55, and the 
use of a. simple sum check on the normalization. 

Should ker ,.x and kei,.x be required they can be 
computed by forward recurrence using formulas 
9.9.14, taking the required starting values for 
n=O and 1 from Table 9.12 (see Example 2). If 
an independent check on the recurrence is required 
the asymptotic expansion 9.10.38 can be used. 
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10. Bessel Functions of Fractional Order 

Mathematical Properties 

10.1. Spherical Bessel Functions Wronskian a 

Definitions 
Dift'erential Equation 

10.1.1 

zlw'' + 2 zw' + [zl-n(n+ 1) ]w=O 
(n=O,± 1, ±2, . . .  ) 

Particular solutions are the Spherical Bessel 
functions of the first kind 

j,.(z)=.Vi1r/zJ a+t(z), 
the Spherica,l Bessel junctions of the second kind 

y.(z)=.V!1r!zY ,.+t(z), 
and the Spherical Bessel junctions of the third. 
kind ' 

h�t> (z) = j,.(z) +iy.(z)=.Vt1f'/zH�1h(�) , 
h�a> (z) =j,.(z) -iy.(z) =.V!1r/zH���(z). 

The pairs j,.,(z), y,.,(z) and h�1>(z), h�a>(z) are 
linee.rly independent solutions for every n. For 
general properties see the remarks after 9.1.1. 

Aecending Series (See 9.1.2, 9.1.10) 
10.1.2 

z" {1 izl· 
j,.(z) 1 · 3 · 5  . . .  (2n+l) · 1 1(2n+3) 

10.1.3 

(lzS)I } +2!(2n+3) (2n+5)- · · · 

(z)=-1 ·3 ·5  . . .  (2n-1){ 1 iz1 
y,. zn+l 1 1 (1-2n) . 

10.1.4 

10.1.5 

(tz2)2 } +2=1..,..,.(1�2n)(3-2n)- · · · 
(n=O, 1, 2, . . .  ) 

LUniting Values aa z-+0 

" . ( ) 1 z- Jn z --+ 1·3·5 . . . (2n+1) 

z"+ly,.,(z)--+-1·3·5 . . . (2n-1) (n=O, 1, 2, . . .  ) 

10.1.6 

10.1.7 

W{j,.(z), y,.(z) } =z-2 

W{Mf>(z), h�>(z) }=-2iz-s (n=O, 1 ,  2, . . .  ) 

RepreeentatioD.8 by Elementary FunctioD.8 

10.1.8 

j"(z)=z-1[P(n+!, z) sin (z-!1lllr) 
+Q(n+t, z) cos (z-!1lllr}] 

10.1.9 

y,.(z)=(-l)"+lz-1[P(n+l, z) cos (z+tn11') 
-Q(n+l, z) sin (z+;n,.-)] 

P (n+i, z)=1 (n+2)! (2z)-1 
2 1r(n-1) 

Q(n+i, z) 

� 
1 
2 
3 

(n+4)1 _4 + 41r(n-3) (2z) - · · · 

= � ( -t)•(n+i, 2k)(2z)-t.t 0 

(n+1)1 (2z)-l (n+3)1 (2z)-a 
1!r(n) 3lr(n-2) 

(n+5)1 _6 +51 r (n-4) (2z) - • • · 

[J�l)) 
= � (-l)"(n+t, 2k+1)(2z)-2t-l 

1 

2 
6 

12 

0 

(n=O, 1, 2, . . .  ) 
(n+k)l (n+i, k) k!r(n-k+l) 

2 3 

12 
60 120 

4 . 5 

4 20 180 
420 

840 1680 
5 30 3360 15120 30240 

437 
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10.1.10 

j,.(z) =fn(z) sin z+(-1)"+1f-n-l(z) cos z 
fo(z)=z-1, ft(z)=z�2 

f,.-l(z) +f .. +t (z) = (2n+l)z-1/,. (z) 
(n=O, ± 1 , ±2, . . .  ) 

The Functions j,.(z), y,.(z) for n=O, 1, 2 

1 1 11 . ( ) sin z 0. . Jo z =-z 
. ( \..-sin z cos z Jt ZJ=7 --

z
-

. ( ) (3 1) . 3 J2 z = --- sm z-- cos z z3 z z2 

10.1.12 
. cos z Yo(z) =-J-t(z) =-

z 
. cos z 810 z Y1(z)=J-2(z) = - 7 --

z
-

Yz(z)=-j-�(z)=(-�!.) cos z- 3, sin z .z z z 

. 6 n.o 

. 5  

I .4 I I I I I 
.3 : I I I 
.2 : 

-. I 

-.2 

-.3 

I I 

•see page n. 

FIGURE 10.1. j,.(z). n=0(1)3. 

* 

* 

Yn (�l 

FIGURE 10.2. y,.(x). n=0(1)3. 

y 

.10 

.05 

0 
' 8 I 1 0 14 

n 

I I 
-.05 

' I I 
\ ' 

-.10 \ ' ' ' \ Vn (X) 
-.15 \ \ \ 

-.20 

FIGURE 10.3. j,.(x), y,.(z). z=10. 

Po:�n's Integral and Gegenbauer's Generalization 

10.1.13 j,.(z)=2,.�� 1 f.,. cos (z cos 9) sin2"+19 d9 
n. J o 

(See 9.1.20.) 

10.1.14 

=!. ( -i)" f .. e1• coa 6P,.(cos 9) sin 9 d8 2 Jo 

(n=O, 1, 2, . . .  ) 

* 

* 

* 
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Spherical Bessel Functions of the Second and Third 
Kind 

10.1.15 

y,.(z) = (  -1)"+1i-n-1 (z) (n=O, ± 1 ,  ± 2, . . .  ) 

10.1.16 

10.1.17 
* 

10.1.18 

h��-1 (z) =i(-l)"h�11(z) 
h<!�-� (z)= -i (-l)"h�2>(z) (n=O, 1, 2, . . .  )_ 

Elementary Properties 
Recurrence Relaltona 

f,.(z) : j,.t ?�, y .. (z) , h�n (z), h:!1 (z) 
(n=O, ± 1,  ±2, . . .  ) 

10.1.19 fn-l(z) +f,.+1(z) = (2n+l)z-1/,.(z) 

10.1.20 
d nf,.-1(z) - (n.+1)f,.+1(z) = (2n+1) dz J,.�z) 

10.1.21 n+1 d - f,.(z)+i-d f,.(z)=f,.-1(z) z z 
(See 10.1.23.) 

rr d 
10.1.22 -j,. (z) -d-J,. (z) =f,.+r (z) z z 
(See 10.1.24.) 

Differentiation Formulas 

j,.(z) :j,.(z), y,.(z), �n(z), h;;'(z) 
(n=O, ± 1 ,  ±2, . . .  ) 

10.1.23 (; J2)"' [z"+1j,.(z)]=z"-"'+Ij,._,.(z) 

10.1.24 (� fz) m 
[z-"f,.(z).]= ( -1)"'z-"-"'fn+m(z) 

(m=l, 2, 3, . . .  ) 
Rayleigh's Formulas 

10.1.25 

in(Z)=z" (-!�)" sin z 
z dz z 

10.1.26 

( ) 11 ( 1 d )"' cos z Yn z = -z -; dz -2-
•sP,:ft nAV� n 

(n=O, I ,  2, . . .  ) 

Modulus and Phase 

j"(z)=.Ji-trfzM,.H(z) cos 8n+l(z), 

y,.(z) =.Jtn-/zM"H(z) sin 8,.H(z) 
(See 9.2.17.) 

10.1.27 

(.1 / ) MZ ( ) =!_ � (2n-k)l(2n-2k)'! (2 )2.t-zn 2" 7r z n+t z zt 'lr kl[ (n-k) 1]2 z 

(See 9.2.28.) 

10.1.28 (!-tr/z)Mf12(z) =j5(z) +y5(z)=z-2 

10.�.29 

(;,rjz)M:t 2(z)= jHz) +yf(z) =z-2+z-' 

10.1.30 

Cro88 Products 

10.1.31 j,.(z)y,._l (z) -j,._t (z)y,.(z) = z-t 

10.1.32 

j,.+t(Z)Y,.-t (z) -j,._t (z)Yn+t (z) = (�n+ l)z-3 

10.1.33 

io(z)j,.(z) +Yo(z)y,.(z) 

= z-2 � (-l).t2n-2.t (k+t) cn-k) z2t-.. 
0 n-2.t k 

(n=O, 1, 2, . . .  ) 
Analytic Continuation 

10.1.34 

10.1.35 y,.(ze"'"') = ( -l)"'e"'""1y,.(z) 

10.1.37 h��l (ze<2m+tlrf) = ( -1)"h�1l (z) 

10.1.38 h�1> (ze2m"') =M'' (z) 
(l=l ,  2; m, n=O, 1 ,  2, . . .  ) 

Generating Functiona 
10.1.39 

1 ... (-t)" - sin.Jz2+2zt=:E -1- Yn-t(Z) 
z 0 n. (21tl<lz!) 

10.1.40 
1 ... t" 
- cos .Jz2-2zt= :E -1 in-tCz) z o n 
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Derivativee With Respect to Order 
10.1.41 

[�j,(x)J =(!11'"/:t) {Ci(2x) sin x-Si(2x) cos x} ()11 ••0 
10.1.42 

[� j,(x)J =(!1r/z) {Ci(2z) cos x+Si(2z) sin z} ()11 •·-1 

10.1.43 

[� y.(x)] =(!11"/:t) { Ci(2z) cos z+[Si(2x)-1r] sin x} 
VII ••O 

10.1.44 

[� y.(x)J = 
VII ••-1 

(i1r/x) { Ci(2x) sin x-[Si(2z) -1r] COB x} 
Addition Theoreme and Degenerate Form• 

r, p, 8, �arbitrary complex; R=..f(r+p2-2rp coB 8) 

10.1.45 si�R=* (2n+1)j,.(�r)j,.(>.p)P,.(cos 8) 

• cos �R • . 10.1.46 ---vr-=� (2n+1)J,.(Xr)y,.(Xp)P,.(cos 8) 
jre±'8I<IP! 

10.1.47 e" co• '= � (2n+ 1) ei""'' j,.(z)P,.(cos 8) 
0 

10.1.48 

Jo(z sin 8)=* (4n+l) 2�?(�!�2j2,.(z)P2,.(cos8) 

10.1.49 
j,.(2z)= 

DupUcation Formula 

• l •+I � 2n-2k+ 1 . ( ) ( ) -n z "'cr kl(2n-k+1)! J,.-t z y,._"l z 

Some Infinite Seriee Involrinc i!(z) 

• 
10.1.50 � (2n+I)j�(z)=l 0 

10.1.51 * (-1)"(2n+l)j�(z)=8i�;z 

10.1.52 * j�(z)= Si��z) 

•See pa�re u. 

Fresnel Integrale 
10.1.53 

1 f% 0 ( ..j2x/1r) =
2J 0 J -i ( t)dt 

(See also 11.1.1, 11.1.2.) 

Zeros and Their Asymptotic Expansions 

The zeros of j,.(x) and y,.(x) are the same as the 
zeros of J,.+1(x) and Y,.+i(x) a.nd the formulas for 
j,,, and y,,, given in 9.5 are applicable with 
11=n+!. There are, however, no simple relations 
connecting the zeros of the derivatives. Ac
cordingly, we now give formulas for a� ... b� ... the 
s-th positive zero of j�(z), y�(z) , respectively; 
z=O is counted as the first zero of j�(z). 

(Tables of a�., b� .• , j,.(a� .• ), y,.(b� .• ) are given in 
[10.31].) 

Elementary Relatione 

j,.(z) j,.(z) cos ...t+y,.(z) sin 1rt 

(t a. real parameter, 0 �t � 1) 
If T,. is a. zero ofj�(z) then 

10.1.55 j,.(T,.) =[T../(n+ 1)]fll-l (T,.) 
(See 10.1.21.) 

10.1.56 
(See 10.1.22.) 

10.1.57 {1 d }-· 
= ; [-r!-n(n+l)] d:,. 
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McMahon's Expansions for n Fixed and a Large 

10.1.58 

a� . ., b� .• -P- (Jt+7) (SP)-1 

-; (7Jt2+154}'+95)(8p)-3 

-�; (85}'8+3535}'2+3561}'+6133)(8p)-6 

-��� (6949}'1+474908}'8+330638}'2 

+9046780}'-5075147) (8P)-7- • • •  

P=1r(s+!n-!) for a�. ,  P=1r(s+in) for b�. , ;  
Jt= (2n+l)2 

Asymptotic Espanaiona of Zeros and Auociated Values 
for n Large 

10.1.59 

a�. �- (n+i) + .8086165(n+i) 113-.236680(n+i) -1/8 
-.20736(n+!)-1+.0233(n+i)-6!8+ . . . 

10.1.60 

b�. �- (n+!) + 1.8210980(n+!J 1/8 
+ .802728(n+!)-1!8-.11740(n+!)-1 

+.0249(n+!)-6'8+ . . .  
10.1.61 

j,.(0:.. 1) - .8458430(n+!) -610 { 1 -.566032(n+!) -213 

+.38081 (n+i) -•!8-.2203(n+!) -2+ . . .  } 

10.1.62 

y.,.(b� , 1) -.7183921(n+!)-5'0{ 1-1 .274769(n+!)-2'8 

+L23038(n+!) -tl3-l.0070 (n+!) -2+ . . . } 
See [10.31] for corresponding expansions for 

8=2, 3. 

Uniform Asymptotic Expansions of Zeroe and 

Aeeociated Values for n Large 

10.1.63 

0:. . •  -(n+!) { z[(n+!)-2'3a;] 

10.1.64 

b�,, -en+!) { z((n+t)-SISb:J 

10.1.65 

j.,. (a�. ,) -.Ji1rAi(a;) (n+!)-610 
h[(n+i) -21aa;] (z[(n+!)-2/sa;]) -112 

10.1.66 

y.,.(b�. ,) "' -�Bi(b;) (n+i) -618 
h [(n+!) -2/ab;] (z [ (n+!)-2!8b;]) -t/2 

{ 1 +  ± Ht[(n+t) -2i8b;](n+!)-2A: } k•l 

h(�), zW are defined as in 9.5.26, 9.3.38, 9.3.39. 
a;, b; s-th (negative) real zero of Ai'(z), Bi'(z) 
(see 10.4.95, 10.4.99.) 

Complex Zeros of h�1)(z), h�u'(z) 

h�n (z) and h�ll (ze""r'), m any integer, have the 
same zeros. 

h�1> (z) has n zeros, symmetrica.lly distributed with 
respect to the imaginary axis and lying approxi
mately on the finite a.rc joining z= -n and z=n 
shown in Figure 9.6. If n is odd, one zero lies on 
the imaginary axis. 

h�ll' (z) has n+ 1 zeros lying approximately on the 
same curve. If n is even, one zero lies on the 
imaginary axis. 
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10.2. Modified Spherical Bessel Functions 

Definitions 

Dift'erential Equation 

10.2.1 
z2w" +2zw'-[z2+n(n+1)]w=O 

(n=O,. ±1,  ±2, . . .  ) 
Pa.rtic.ular solutions are the M odijied Spherical 

Bessel junctions of the first kind, 

10.2.2 

..ftrr/zi,.+!(z)=e-""'12j,.(ze"11� (-?r<arg zS trr) 
=eanll2j,.(ze-htl1) (trr<arg z$1r) 

of the second kind, 

10.2.3 
..ftrr/z/_,._f(Z) = e3Cn+llfil2y,. (zert/� • 

(-?r<a.rg zS trr) 
= e- en+ u .. "'y,. (ze -a .. l/� 

Ctrr<a.rg Z$1r) 
of the third kind, 

10.2.4 
..ftrr/zK,.+t(z) =!1r( -1)"+1-Jtrr/z[I,.+t(z) -I -n-t(z)] 
The pairs 

.Ji1r/zi nH(�) 1 :Ji1r/zi -n-t(z) 
and 

.JiTr/zi,.+t(z) , .JiTr/zK,.+t(z) 
are linearly independent solutions for every n. 

Most properties of the Modified Spherical 
Bessel functions can be derived from those of the 
Spherical Bessel functions by use of the above 
relations. 

AeeendJn.g Seriea 10.2.5 

10.2.6 
ret: 1 . 3 . 5 . . .  (2n-1) v!Trt..:L,.-t(z) (- 1)"z"+1 { tz2 (!z1)2 } 1+1 ! (1-2n) +21(1-2n)(3-2n) + · · · 

(n=O, 1, 2, . . . ) 

Wronekiana 
10.2.7 

W{.,f}?r/zl,.H(z), ../!?r/zL,._t(z) } = ( - 1)"+1z-2 
10.2.8 

W{.J!Tr/zi n+t(z), .Jtrr/zK,.+l (z) } = -trrz-2 
Representatiooa by Elementary Functioll8 

10.2.9 

.J!1r/zi,.H(z) = (2z) -1[R(n+l,-z)ez 
- (  -1)"R(n+i,z)e-'] 

10.2.10 

..ftTr/zi _,._t(z) = (2z) -1[R(n+! ,-z) e' 
+ (  -1)"R(n+},z)e-•] 

10.2.11 
(n+1)! _1 R(n+!, z)=1+ llr(n) (2z) 

(n+2)1 _2 +2!r(n-1) (2z) + · · · 

n =� (n+t, k)(2z)-.t 

(See 10.1.9.) 
10.2.12 

0 (n=O, 1, 2, . . .  ) 

.Jtrr/zi,.+t(z)=g,.(z) sinh z+g_,._;(z) cosh z 
go(z)=z-1, Ut(z)=-Z-2 

g,._t (z) -g,.+l (z) = (2n+ 1)z-1g,.(z) 
(n=O, ±1, ±2, . . .  ) 

The Functioll8 .Jtrr/zi :!n+ll(z), 11=0, 1 ,  2 
10.2.13 

� sinh z 'V11ft.:.It,,(z)=-z-

�I ( )
- sinh z+cosh z V'l7rf.:. a12 z -- 22 z 

..ftrr/zi612(z)=(3s+!) sinh z-32 cosh z z z z 
10.2.14 

cosh z .Ji1r/zl -t/2(z)= -2-

�� I ( )
-sinh z_ cosh z VP/� -s/2 z --2- z2 

../i1r/zi _512(z)= -;2 sinh z+(�+�) cosh z 
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Modified Spherical Beaeel Functions of J.he Third Kind 

10.2.15 

..J!:rrjzK,.+,(z)=irie<"+l).,mh!P(zel"') 
( -r<arg z �!11') 

=-!rie-<"+0"''2h�2> (ze-t"') 
(lr<arg z � r) 

10.2.16 
Kn+t (z)=K-n-t(Z) (n=O, 1 ,  2, . . .  ) 

The Functions "'h-/zK,.+i(z) ,n=O, 1, 2 

10.2.17 ../J11"/ZKt/2(z) = (trr/z)e-z 
../ir/zKa12(z) = (!11"/z)e-'(1 +z-1) 
../i1r/zK612(z) = (!11"/z)e-•(1 +3z-1+3z-1) 

Elementary Properties 

Recurrence Relationa 

f,.(z): ../irfzl,.+,(z), (-1)"+1../!11"/zK,.+t(z} 
(n=O, ± 1 ,  ±2, . . .  ) 

10.2.18 f,._1(z) -fn+t (z)= (2n+ 1)z-1/,.{z) 

10.2.19 nf,._1(z) + (n+1)f .. �t (Z) ={2n+1) :z f,. (z) 

10.2.20 n+l f,.(z)+d
d f,.(z)=f,.-t(z) z z 

(See 10.2.22.) 
n d 10.2.21 -- f,.(z)+d-j,.(z) f,.+t(z) z z 

(See 10.2.23.) 
Dift'erentiation Formulaa 

j,.(z) : ../�/zl,.+t(z), (-1)"+1../�/zK,.+t(z) 
(n=O, ± 1 ,  ±2, . . .  ) 

10.2.22 c; d:)"'[z"+lj,.(z)]=z"-"'+lf,._m(Z) 

10.2.23 c; d:)"'[z-"j,.(z)]=z-"-"'f,.+m(Z) 
(m=l, 2, 3, . . .  ) 

y 
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FIGURE 10.4 . .Jix l,.+i(z), .Jix Ka+l(Z). n=0(1)3. 

' s 
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s n 
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Formula of Rayleigh's Type 

10.2.24 ../WZI,.+t(z)=z" (� d�)" sm; z 

10.2.25 

� (1 d)" cosh z "V 'J1r/d -·n-t(z)=z" z dz -z-
(n=O, 1 ,  2, . . .  ) 

10.2.26 

(v/z)[J! +t(z)-1� .. -t(z)] 
_ !._ � (-l)Hl (2n-k) ! (2n-2k)! (2 )a-211 -z2 � ki [(n-k) !]2 z 

(n=O, 1 ,  2, . . .  ) 
10.2.27 (!1r/z) [/t2(z)-E112(z)] = -z-2 

10.2.28 (!1r/z)[/it2 (z) -I:a12 (z)]=z-2-z-• 

10.2.29 

(!11"/Z) rn12(z)-/:6/2 (z)) = -z-2+3z-4-9z-& 

Generating Functions 

1G.2.30 

.!. sinh.Jz2-2izt= � ( -�t)" [ .Jtrr/zLn+t(z)) z o n 

(2 lt l< lz l) 
10.2.31 

1 ., (it)" - cosh.Jz2+2izt=:E -1 [.Jtn"/zl,._,(z)] z o n. 

Derivatives With Respect to Order 

10.2.32 

[:11 I.(x)] •• t=-2!z [Ei(2x)e-"'-E1( -2x)e"'] 

10.2.33 

10.2.34 [� K.(x)J = ":f-.J1r/2xEi(-2x)e• VII ••:t:t 

For E1 (x) an.d Ei(x), see 5.1.1, 5.1.2. 
•see page 11. 

Addition Theore�ns and Degenerate Forms 

r, p, 8, X arbitrary complex; R=.Jr+p2-2rp cos 8 

10.2.35 

10.2.36 

e' eosB=± (2n+l) [.JJ1r/Z/11+t(z)]P11(COS 8) 0 
10.2.37 

e -uou= ± ( -1)"(2n+ 1)[ .Jtn"/zl11+t(z) ]P ,.(cos 8) 0 
Duplication For�nula 

10.2.38 
K,.+t(2z)= 

10.3.1 

1 -t n+t � (-1)1:(2n-2k+1) K2 ( ) n.1r z � k!(2n-k+1)1 .. -Ht z 

10.3. Riccati-Besse1 Functions 
DUferential Equation 

z2w" + [z2-n(n+ 1)]w=O 
(n=O, ± 1, ±2, . . .  ) 

Pairs of linearly independent solution.s are 

zj,.(z), zy,.(z) 
zh�1> (z), zh�2> (z) 

All properties of these function.s follow directly 
from those of the Spherical Bessel function.s. 

The Functions zj.(z), zy.(z), n=O, 1, 2 

10.3.2 
zio(z)=sin z, zjt(z) = z-1 sin z-cos z 

10.3.3 

zj2(z) =(3z-2-1) sin z-3z-1 cos z � 

zy0(z) =-cos z, zy,(z) =-sin z-z-1 cos z 

zy2(z)= -3z-1 sin z-(3z-2- 1 )  cos z • 

Wronskian& 

10.3.4 W{ zj,.(z), zy,.(z) } = 1  

10.3.5 W{ zh�ll(z), zh�> (z) } = -2i 
(n=O, 1 ,  2, . . .  ) 
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10.4. Airy Functions 
Definitions and Elementary Properties 

Differential Equation 

10.4.1 w"-zw=O 
Pairs of linearly independent solutions are 

Ai (z), Bi (z), 
Ai (z), Ai (ze2 .. m), 
Ai (z), Ai (ze-2rf/3). 

Ascending Series 

10.4.2 Ai (z) =cd(z) -c2g(z) 

10.4.3 Bi (z)=.J3 [cJ(z)+c2g(z)] 
1 3 1 ·4  6 1 ·4 · 7 9 /(z)=1+31 z +m z +� z + . . .  

CD 11 (1) 2a'-
= � 3 3 ,. (3k)l 

(- ) + 2 ·+2 ·,5 7+2 · 5 · 8  10+ g z = z 4! z 71 z To! z . . .  
=� 31: (�\ (3�:�)1 (a+�\=1 --

31: (a+�)
l:
=(3&:+1) (3a+4) . . .  (3a+3k-2) 

(See -6.1.22.) 
(a arbitrary; k=l, 2, 3, . . .  ) 

10.4.4 
c1=Ai (O)=Bi (O)/.J3=3-2i8/r(2/3) 

=.35502 80538 87817 
10.4.5 

c2=-Ai' (O)=Bi' (0)/-/3=3-1/8/r(l/3) 
=.25881 94037 92807 

Relations Between Solutiona 

10.4.7 
Ai (z) +e2rli3 Ai (ze2r1/8) +e-Z.-1/8 Ai (ze-2rl/8) =0 

10.4.8 
Bi (z) +e2rtta Bi (ze2 .. '!8) +e-2'""18 Bi (ze-2�"118) =0 

10.4.9 Ai (ze±2rHS)=ie±r1!B(Ai (z) =Fi Bi (z)] 

Wronakiana 

10.4.10 W{Ai (z), Bi (z) } =11'-1 

10.4.12 W{Ai (z), Ai (ze-2 .. 118)} =t?r-Ier1i8 

10.4.13 W{Ai (ze2rti3), Ai (ze-2.,.1/3) } =!V?r-I 

1.0 I ,8 
,., 

I \  I 
.2 \ 

10 
-.2 

-.4 
-.6 

-.8 

-1.0 
FIGURE 10.6. Ai (±x), Ai' (±x). 

2.2 

2.0 
. 1.8 

I.e 

1.2 

LO (\ .a 1'\ f\ I \ I \ 

-1.0 
FIGURl!l 10.7. Bi (±x), Bi' (±x). 
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Representations in Terms o£ Bessel Funetiona 

10.4.14 
Ai (z) =!.JZ[I -ttaCs)-J1,a(s) ]=7r-1{Zi3KttaCs) 

10.4.15 

10.4.16 

Ai (-z)=i.JZ[JJ,a(s) +J -1taCs) 1 
=h'z/3[e"mHDHs) +e-""8H!,A(s)] 

• - Ai' (z)=lz[L,,a(s)-I,,a(s)] =r-1 (zJ...f3)K,,a(s) 
10.4.17 

Ai' (-z)=-!z(J_,,a(rJ -J,,a(sJ] 
=!<z/...f3)[e-"'18H�}Hr> +e"'18Hm Cr> I 

10.4.18 Bi (z) =.JZ/3[LIIa(s) +I1ta(S)] 
10.4.19 

Bi (...:.. z) = -v'zi3[J -1ta(S) -Jtta(s)] 
= ti{Zi3[e•'18Hf}Hr J -e-ri18Hf�l (S)] 

10.4.20 Bi' (zJ= (z/...f3)[L,1a(SJ +I,,a(s)] 
10.4.21 

Bi' (-z) = (z/...;3) [J -2/S(s) +J,,a(s)] 
= ti(z/...;3) [e-"'18HJ}Hs) -e,.'ieHm<r>] 

Repreaentatio.na of Bessel Functions in Tenne of Airy 
Functions (3 )t/3 z= - r  2 

10.4.22 J:�:11a(s) =!.J37Z[ ...f3 Ai (-z) =F Bi (-z)] 
*1.0.4.23 H�l13(s)=e'>'r�18...f3/Z[Ai (-z)-i Bi (-z)] 
10.4.24 HZI13(s) =e±"118...f3/Z[Ai ( -z) +i Bi ( - z)] 
10.4.25 1:�:1ta(s)=!..f3JZ[=F ...f3 Ai (z) +Bi (z)] , 
10.4.26 K.;t;t13(r)=7r.J3/Z Ai (z) 
10.4.27 J:,13(s)=(�/2z)[± � Ai' (-z)+Bi' (-z)] 
10.4.28 

H�}Hs) =e-2r''8H�J,.(r) 
=e""8(�/z)[Ai' (-z)-i Bi' (-z)] 

10.4.29 
H4��(s) = e,,., ,a H�l,,(r) 

=e-.118(-J'3"/z)[Ai' ( -z) +i Bi' ( -z)] ----
'See pare u. 

10.4.30 l,u13(r)= (�/2z)[±� Ai' (z) +Bi' (z)] 
10.4.31 

Integral Repreaentationa 

10.4.32 
(3a)-1137r Ai [± (3a)-1!3x]= i"' cos (at8±xt)dt 

10.4.33 
(3a)-1131r Bi [ ± (3a)-113x] 

= i• [exp ( -at3±xt) +sin (at3±xt)]dt 

The Integrals L' Ai (± t)dt, L' Bi (±t)dt 

r=lz812 

10.4.34 i' Ai (t)dt=� ir [I- 1/a(t)-II/a(t)]dt 

10.4.35 i' Ai (-t)dt=� ir [J_11a(t) +Jt1a(t)]dt 

10.4.36 i' Bi (t)dt=-1 ir [LttaCt) +ltta(t)]dt 

10.4.37 i' Bi (-t)dt= .)g ir [J _1,3(t)-J1ta(t)]dt 

Ascending Seriee for L' Ai ( ± t)dt, L' Bi ( ± t)dt 

10.4.38 i' Ai (t)dt=c1F(z)-c2G(z) 

(See 10.4.2.) 
10.4.39 J:' Ai (-t)dt= -c1F(-z)+c,G(-z) 

10.4.40 i' Bi (t)dt=.y'g[c1F(z) +c,G(z)] 
(See 10.4.3.) 
10.4.41 J:' Bi (-t)dt=-...f3[c1F(-z)+c2G(-z)] 

1 ' 1 . 4 7 1 . 4 . 7 10+ F(z)=z+ 41 z +y z +101 z . · · 

.. (2) . zs.t+s 
=� 3.1: 3 .t (3k+2)1 

The constanta c1, c2 are given in 10.4.4, 10.4.5. 
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The Functions Gi(z), Hi(z) 
10.4.42 

Gi (z) =7r-1i., sin(� t3+zt) dt 
=�Bi (z)+ i%[Ai (z) Bi (t)-Ai (t) Bi (z)]dt 

10.4.43 

Gi' (z)=�Bi' (z)+ i'[Ai'(z) Bi (t)-Ai (t) Bi' (z)]dt 

10.4.44 
Hi(z)=7r-1J:"' exp(-� t3+zt) dt 

=�Bi (z)+ .f!Ai (t) Bi (z)-Ai(z) Bi (t)Jdt 

10.4.45 
Hi' (z)=�Bi' (z)+ J:'[Ai (t) Bi'(z)-Ai'(z)�Bi (t)]dt 

10.4.46 Gi (z)+Hi (z)=Bi (z) 

Representations of L• Ai(± t)dt, L•Bi(±t)dt 
by Gi (±z), Hi (±z) 

10.4.47 J:'Ai (t)dt=�+11'[Ai' (z)Gi(z)-Ai (z)Gi'(z)] 

10.4.48 

10.4.49 
=-�-7r[Ai' (2) Hi (z)-Ai (z) Hi' (z)] 3 

f'Ai (-t)dt=-!.-11'[Ai' (-z) Gi (-z) J o 3 

10.4.50 

10.4.51 

-Ai (-z) Gi' (-z)] 

=�+7r[Ai' (-z) Hi (-z) 3 
-Ai (-z)Hi'(-z)] 

J:' Bi (t)dt=71'[Bi' (z) Gi (z)-Bi (z) Gi' (z)] 

10.4.52 =-7r(Bi' (z) Hi (z)-Bi (z) Hi'(z)] 
10.4.53 

i' Bi (-t)dt=-1r[Bi' (-z) Gi (-z) 
-Bi (-z) Gi' (-z)] 

10.4.54 =1r[Bi' (-z) Hi ( -z) 
-Bi (-z) Hi' (-z)] 

Differential Equations for Gi (z), Hi (z) 

10.4.55 w"-zw=-1r-1 

w(O) =� Bi (O) = .J:a Ai (0) = .20497 55424 78 

w'(O)=�Bi' (0)=-.J:aAi' (0)=.14942 94524 49 

w(z)=Gi(z) 
10.4.56 - w"-zw=71'-1 

w(O) =� Bi (O) = � Ai {0) = .40995 10849 56 

w' (O) =� Bi' (O) =-Ja Ai' (O) = .29885 89048 98 

w(z)=Hi (z) 
Difi'erential Equa-tion for Products of Airy Functions 

10.4.57 w''' -4zw'-2w=O 
Linearly independent solutions are Ai2 (z), 
Ai (z) Bi (z) , Bi2 (z). 

Wronskian for Product& of Airy Functions 

10.4.58 W{Ai2 (z) , Ai (z) Bi (z), Bi2 (z) }=271"-s 
Asymptotic Expansions for izl Large 

r(3k+!) (2k+I) (2k+3) . . .  (6k-I) co=l, c�:=54.tk!r (k+!) 216.tk! ' 

6k+l d0=l,d.�:=-6k-l C�; 

10.4.59 

r=� z3'2 3 

(k=l , 2, 3, . . .  ) 

Ai (z) _! 7r-112z-114e-r � ( -l)tc.ts-" (larg zl<7r) 2 0 

10�4.60 
Ai (-z)-7r-1'2z-1'4 [sin (r+i) * (-l)ltc21:S--2.t 

-cos (r+i) * (-l)tc21:HS-2.t-t] 
10.4.61 



BESSEL FUNCTIONS OF FRACTIONAL ORDl!;R 449 

10.4.62 

Ai' (-z)--11"-lzt [cos (r+i) � (-l)kd2.�:r-a 

10.4.63 

10�4.64 

+sin (r+i) � (-1)1d21+tr-a-1] 
(jarg zi<f1r) 

(jarg zl<i 1r) 

Bi (-z) -11"-tz-l [cos (r+i) � (-l)"c2.�:r-2.t 

+sin ( r +i) � ( -1 )1c?.t+l r-a-1 J 
(larg zl'<f1r) 

10.4.65 

Bi (ze*"'113) 

-.J27;e*"'1'8z-t [sin (r+i=F� ln 2) � (-l)l"c2.�:r-a 

-cos (r+i:r�ln 2) � (-1)1c2H1r-21-1] 
(jarg zl<i1r) 

10.4.66 
.. 

* Bi' (z)-11"-tzier � d�r;r-.t (jarg zl<br) - 0 . 

10.4.67 

Bi' (-z)-1r-tzt [sin (r+i) � (-1)1�r-?.t 

-cos (r+i) � (-1)�<d2H1 r-2A:-l] 
(jarg zl<t1r) 

10.4.68 

-.,f211re"' .. ''8zl [cos (r+i=F� In 2) � (-1)�<d2.�:t-21 

10.4.69 

+sin (r+i:r� In 2) � (-I)1d2A:tlr-2A:-l] 
C larg zl<t 1r) 

Modulus and Phase 

Ai (-x)=M(x) cos 8(x), Bi (-x)=M(x) sin 8(x) 
M(x)=.J[Ai2 ( -x)+Bi2 ( -x)], 

8(x)=arctan [Bi ( -x)/Ai ( -x)] · 

10.4.70 

Ai' (-x)=N(x) cos cp (x), Bi' (-x)=N(x) sin cp(x) 

N(x) =.J[Ai'1 (-x)+Bi'2 (-x)], 
tf>(x) =arctan [Bi' ( -x)/.A.i' ( -x)] 

Differential Equations fo.r Modulus and Phase 

Primes denote differentiation with respect to x 

10.4.71 

10.4.72 

10.4.73 NN'=-xMM' 
10.4.74 

tan (cfJ-8)=M8'/M'= -(rMM')-1, 
MN sin (cp-8)=r-1 

10.4. 75 M" +xM-r-2 M-3=0 
10.4.76 (M2)"' +4x(M2)' -2-M!=O 

10.4.77 8'2+!{8'" /8') -!(fJ" /fJ')2=x 

* 

·Asymptotic Expansions of Modulus and Phase for 
Large z 

10.4.78 M2{x)· -� x-112 * �2.�:�1 
��:. (fr)3k (2x)-at 

10.4.79 

1 2 [ 5 . I-105 8(x) "'4 1r-3 zat2 1-4 (2x)-a+96 (2x)-e 

-82825 (2 )-11+12820 31525 (2 )-12_ J 128 X 14336 X • • • 
10.4.80 

N2(x) -.!.xt� (-l)t+1 Bk+I 2a.t (.!.) (2z)-at 
11" 0 12lk! 6k-1 2 3k 

Asymptotic Forms orfosAi (±t)dt,J'
Bi (±Odlfor Largez 

10.4.82 .£"' Ai (t)dt-!-� 1r-1'2z-3'4 exp ( -�x312) 
10.4.83 

f" Ai (-t)dt-�-11"-112x-a'· cos c�z3'2+�) 
Jo 3 3 4 
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10.4.84 ix Bi (t)dt"'7r-1'2x-3'' exp (� z312) 
10.4.85 ix Bi (- t)dt "'7r-1'2x -at• sin (� x312 +'i) 
Asymptotic Form11 ofGi (±:c), Gi' (±x), Hi (±x), Hi' (±x) 

for Large .:c 

10.4.86 

10.4.87 Gi ( -x) "'7r-1'2x-1'4 cos (� x3'2+i) 
10.4.88 Gi' (x) "'_I_ 7r-1x-2 

96 

10.4.89 Gi' (-:c) "'7r-1'2:c114 sin (� x3'2+'i) 
10.4.90 Hi (:c) "'7r-1�2x-1'4 exp (J:cBI2) 

10.4.91 

10.4.92 

10.4.93 

Hi (-:c) "'7r-1x-1 

Hi' (x) "'7r-t12zll• exp (lz3'') 

Hi' (-z) ........ -� 7r-1x-2 
2 

Zeros and Their AII)'Dlptotic Expan11iona 

Ai (z), Ai' (z) have zeros on the negative real 
axis only. Bi (z), Bi' (z) have zeros on the nega
tive real axis and in the sector f7r<l arg zl<!11". 
a,, a; ;  b, b; s-th (real) negative zero of Ai (z), 
Ai' (z) ; Bi (z), Bi' (z),-respectively. {3., {3; ; {3, {3; 
s-th complex zero of Bi (z), Bi' (z) in the sectors 
v<arg z<tn-. - tJr<arg z< -v, respectively. 

10.4.94 a,= -j[311"(4s- 1)/8] 

10.4.95 a:= -g[3,.(4s-3)/8] 

10.4.96 Ai' (a,) = ( - 1)'-�1[311"(4s- 1)/8] 

10.4.97 Ai (a;) = ( - 1)•-1g1[311"(4s-3)/8] 

10.4.98 

10.4.99 

b,= -j[311"(4s-3)/8] 

b;=-g[3?r(4s- 1)/8] 

10.4.100 Bi' (b,) = ( - 1)'-�1[3?r(4s-3)/8] 

10.4.101 Bi (b;) = ( - l)'g1[3r(4s- 1)/8] 

10.4.102 {3,= e,.''3f [3; (4s-1) + �i In 2 J 

10.4.103 f3:= e,.113g [3; (4s-3) + �i In 2 J 
•see page u. 

10.4.104 

Bi' ({3,)=(-l)'.J2e-ril6j1 [3; (4s-I) + �i ln 2] 
10.4.105 

Bi ({3;) = (-1)'-1../2e"116g1 [3; (4s-3) + �i ln 2] 
I zl sufficiently large 

j(z)"'z2t3 (1 +_! z-2 _ _! 2_4+ 77125 z-o 
48 36 82944 

1080 56875 -8 
69 87296 z 

+ 16 23755 96875 -10_ ) 3344 30208 z . . .  

( ) 2/3 (t 7 -2+ 35 -4 181223 -0 g Z "'Z � 48 z 288 Z -207360 Z 

+ 186 83371 -8 
1� 44160 z 

9 1 1458 84361 . 10 ) 1911 02976 z- + · · · 

j (z) ....... 11"-112z1t& (1 +!. 2_,_ 1525 z-• 
1 48 4608 

23 97875 -- ) + 
6 63552 z-o_ · · · 

( ) -1/2 -1/0(1 7 -2+1673 -4 
Ut z '"'-'7( z -96 z 6144 z 

843 94709 6 ) 265 42080 z- + 
· · · 

Formal and Asymptotic Solutions of Ordinary Differ
ential Equations· of Second Order With Turning 
Points 

An equation 
10.4.106 W"+a(z, >.)W'+b(z, >.)W 0 

in which X is a real or corn plex parameter. and, 
for fixed >., a(z, :>..) is analytic in z and b(z, X) ·is 
continuous in z in some region of the z-plane, may 
be reduced by the transfor�pation 

10.4.107 W(z)=w(z) exp ( -�J' a(t, X)dt) 
to the equation 

10.4.108 

w'' +tp(Z, :>..)w=O 

1 1 d 
tp(Z, X)=b(z, X)-4 a2(z, >.)-2 dz a(z, X). 

* 
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If �(z, >.) can be written in the form 

10.4.109 
. 

where q(z, >.) is bounded in a re�on R of the z. 
plane, then the zeros of p(z) in R are said to be 
turning points of the equation 10.4.108. 

The Special Case w" +[�1z+q(z, >..)]w=O 

Let X=IXIe''" vary over a sectorial domain S: 
1>-l � >.o(>O), w1:$w:$w2, and suppose that q(z, X) is 
continuo\15 in z for lzl<r and X in S, and q(z, >.) 
-� q,.(z)X-" as X---+cil in S. 0 

Formal Series Solution 
10.4.ll0 

� � 
w(z) =u(z} � � .. (z)X -"+X -1u' (z) � t/f,.(z)X _,. 0 0 

u" +X2zu=O 

eo, ct constants 

1 1 r· 11 
� .. +I(z)=-2 t/l�(z) -2 Jo � q,._1(t)t/11(t)dt 

Y,,.(z)=� z-t i' t-t c��'(t) + � qn-.t(t)�A:(t) J dt 

(n=O, 1, 2, . . .  ) 
Uniform Aaymptotic Expanalona of Solutions 

For z real, i.e. for the equation 

10.4.111 
where x varies in a. bounded interval a<x<h that 
includes the origin and where, for each �ed X in S, 
q(x, >.) is continuous in x for a :$x :$h, the following 
asymptotic representations hold. 

(i) If X is real and positive, there are solutions 
Yo(x), Y1(x) such that, uniformly in x on a:$x:$0, 

10.4.112 
Yo(X) =Ai (->.113x)[1+0(X-1)) 
Y1(x)=Bi ( ->.213x)[ 1+ 0(>.-1)] 

and, uniformly in x on. 0 :$x:$h 

10.4.113 

(X�ao) 

Yo(x) =Ai (-X213x)[1 +0(>. -1)]+ Bi ( ->.Mx)0(>.-1), 
Yt(x) =Bi ( -X213x)[l +0(>.-1))+Ai ( ->.213x)0(>.-t) 

(X---+ao)  

(ii) If f!.l>.?. 0,  ./>. r60, there are solutions 
Yo(x), y,(x) such that, uniformly in x on a:$x:$b, 

•See page D. 

10.4.114 
Yo(x) =Ai (->.213x)[1 +0(>. -1)] 
Y1(x) =Bi (-X213x)[1+ 0(>.-1)] (1>.1---+ao)  

For further representations and details, we refer 
to [10.4]. 

When z is complex (bounded or unbounded), 
conditions under which the formal series 10.4.110 
yields a. uniform asymptotic expansion of a. solu
tion are given in [10.121 if q(z, >.) is independent 
of X and 1>-l�ao with fixed w, and in 110.14] if X 
lies in any region of the complex plane. Further 
references are [10.2; 10.9; 10.10]. 

The General Case w"+[X1p(z)+q(z, X)]w=O 

Let X=IXIe''" where IXI� Xo(>O) and -1r:$wS1r; 
suppose that p(z) is analytic in a region R and has 
a zero Z=Zo in R, a.nd that, for fixed X, q(z, >.) is 
analytic in z for z in R. The transformation 
�=Hz), v=[p(z)/�]'1'w(z), where � is defined a.s 
the (unique) solution of the equation 

10.4.ll5 � C�!Y p(z) , 

yields the special case 

10.4.116 * 

(d�)-2 cd�)-· d2 ccd�)·J f(�, X)= dz q(z, >.) - dz �2 dz · 
Example: 

Consider the equation 

10.4.117 y" +[>.2-(>.2-i) x-2]y=O 
for which the points x=O, ao are singular points 
and x= 1 is a. turning point. It has the functions 
xV,..(>.x), xt Y>.(Xx) as particular solutions (see 
9.1.49). 

The equation 10.4.115 becomes 

whence 

Thus 

(d�)2=x2-1 
� dx x2 

(O<x:$1) 

(1:$x< ao ) .  

10.4.118 (x2-l)l/4 v(�)= � .Y(x) 
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satisfies the equation dzv [ 2 5 e r<r+4)] 10.4.119 �2+ X �-16e+"i (z2_1)a V=O 

which is of the form 10.4.111 with z replaced by c 
and g:(�, X) independent of X. 

Suppose PJX�O, ./X¢0. By the first equation 
of 10.4.114 there is a solution v0{t) of 10.4.119, 
i.e., a solution y0(x) of 10.4.117 for which the 
representation 
10.4.120 

vo<t>=(x�
� 

1)''' Yo(z) =Ai( -X213�)[1 +O(X -1)] 

holds uniformly in z on O<x<a:� as !XI�(I). 
To identify Yo(x) in terms of ziJA(Xz), xiY>.(Xx), 

restrict z to O<z�b<1 so that by 10.4.118 � is 
negative, and replace the Airy function by its 
asymptotic representation 10.4.59. This yields 

10.4.121 
Yo(z) 
=( �z� 

1) -1/4 �'11'-1/sx -118( ��) ., .. exp (� X( -�)a'z) 
[ 1  +O(X -1) ]  

=�'11'-1/�-118 e �2x)-lf
4 

exp (� X(-�)3/2) 
[I+ocx-1)] 

Let now X be fixed and x�o in 10.4.121. There 
results 

On the other hand, y0(z) is a solution of 10.4.117 
and therefore it can be written in the form 

where, from 9.1.7 for X fixed and z� 

Thus, letting X--70 in 10.4.123 and comparing the 
resulting relation with 10.4.122 one finds that 
c2=0 and 

It follows from 10.4.120 that uniformly in x on 
O<x< (I) 
10.4.125 
JA(Az) 

Numerical Methods 

10.5. Use and Extension of the Tables 

Spherical Besael Functions 

To computej,..(x), y,.(x), n=O, 1, 2, for values of 
z outside the range of Table 10.1, use formulas 
10.1.11, 10.1.12 and obtain values for the circular 
functions from Tables 4.6-4.8. 

Example I. Compute j1(z) for x=11.425. 
From 10.1.ll, it (x) = sin

2 
x-cos x. Hence, using 

X X 
Tables 4.6 and 4.8, 

. (11 425) = .90920 500 .41634 873 J1 • (11.425)2 11 .425 
=-.00696 54535-.03644 1902 
=-.04340 7356. 

To compute j,.(x), 1 1  �n�20, for a value of x 
within the range of Table 10.3, obtain from Table 
10.3, directly or possibly by linear interpolation, 

iz1Cx), jzo�x) and use these as starting values in the 
recurrence relt�-tion 10.1.19 for decreasing n. 

An alternative procedure which often yields 
better accuracy and which also applies to compu
tations of j,.(z) when both n and z are outside the 
range of Table 10.1 is the following device essen
tially due to J. C. P. Miller [9.20). 

At some value N larger than the desired value 
n, assume tentatively FN+t=O, FN= l  and use 
recurrence relation 10.1.19 for decreasing N to 
obtain the sequence FN-h . . .  , F0• If N was 
chosen large enough, each term of this sequence 
up to F,. is proportional, to a certain number of 
significant figures, to the corresponding term in 
the sequence iN-1(x), . . .  , j0(x) of true values. 
The factor of proportionality, p, may be obtained 
by comparing, say, F0 with the true value j0(x) 
computed separately. The terms in the sequence 
pF0, • • • pF,. are then accurate to the number 
of significant figures present in the tentative 
values. If the accuracy obtained is not sufficient, 
the process may be repeated by starting from a 
larger value N. 
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1 1. Integrals of Bessel Functions 
Mathematical Properties 

11.1. Simple Integrals of Bessel Functions 

11.1.1 

11.1.2 

Recurrence Relations 

11.1.5 

J:'
J,.+t(t)dt= J:'

J,._t(t)dt-2J,.(z) 

11.1.6 L'
Jt(t)dt=1 -J0(z) 

f Jo(t)dt,f Yo(t)dt,f lo(t)dt,f K0(t)dt 

11.1.7 

r�: 1 J 0 �o(t)dt=X�o(x) +211"X { llo(x) � (x)-H1 (x)�(x) } 

�.(x) =AJ.(x) + BY.(x) ,,=0,1 
A and B are constants. 

480 

11.1.8 

rs 1 
Jo 

Zo(t)dt=xZ0(x)+2?rX{ -Lo(x)Zt(x) +Lt(x)Zo(a:) } 

Z,(x) =Al,(x) + Be'"rK,(x) ,,=0,1 

A and B are constants. 
H,(x) and L,(x) are Struve functions (see 

chapter 12). 

11.1.9 fs ( X) "' (z/2)21: 
J o K

0(t)�t=- 'Y+ln2 x� (k!)2(2k+1) 
CD (:z:/2)2); +x� (k!)2(2k+1)2 

.. (x/2)2" ( 1 1) 
+x� (k!)2(2k+ 1) 1 +2+ · · · +;c 

'Y (Euler's constant)=.57721 56649 . . .  
In this and all other integrals of 11.1, x is real 

and positive although all the results remain valid 
for extended portions of the complex plane unless 
stated to the contrary. 
11.1.19 -

J:-u Ko(t)dt=� J:"' J0(t)dt+i � J:' Yo(t)dt 

Asym.ptotic Expan11iona 

11.1.11 

i .. lJo(t) +iYo(t)ldt-(!Y e•cz-.. ,•> 

x[± (-)"a2t+lx-2t-l+i ± (-)"ll2tX-u] 
11.1.12 

11.1.13 

t-o .t•O 

r(k+t) .t r(s+i) a" r(t) � 2's!r(!) 

2 (k+l)aHt=3 ( k+�)(k+�) a" 

-( k+�Y (k-�) a��;-t 
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11.1.14 zte-"' i"' l0(t)dt- (�)-• to atX-t 

where the G.t are defined 88 in 11.1.12. 

11.1.15 xte"' i"' K0(t)dt, ... {;y if, (-)1atX-t 

where the a1 are defined as in 11.1.12. 

Polynomial AppronmatioDA1 

11.1.16 

i .. [J0(t)+�Yo(t)]dt 

=:zdeH:r-.. H{t (-)lG.t(x/8)-M-1 

+ito (-)lbt(z/8)-•+E(Z) J 
' 

k a. b .. 

0 . 06233 47304 . 79788 45600 
I . 00404 03539 . 01256 42405 
2 . 00100 89872 . 00178 70944 
3 . 00053 66169 . 00067 40148 
4 . 00039 92825 . 00041 00676 
5 . 00027 55037 . 00025 43955 
6 . 00012 70039 . 00011 07299 
7 • 00002 68482 . 00002 26238 

11.1.}7 8 �X� CD 

lt(z)l �2x1o-a 
k d. 

0 . 39894 23 
1 . 03117 34 
2 . 00591 91 
3 . 00559 56 
4 -. 01148 58 
5 . 01774 40 
6 -. 00739 95 

2 Approximation 11.1.16 fa from A. J. M. Hitchcock. 
Polynomial approximations to Bessel functions of order 
zero and one and to related .functions, Math. Tables Aids 
Comp. 11, 86-88. (1957) (with permi88ion). 

11.1.18 

i.. 6 
xi� Ko(t)dt= >'. (-)1e1(xf7)-1+E(x) "' t::o 

IE(x)l �2X10-7 
k e .. 
0 1. 25331 414 
1 0. 11190 289 
2 . 02576 646 
3 . 00933 994 
4 . 00417 454 
5 . 00163 271 
6 . 00033 934 

fJo(t)dt JY0(t)dt JK0(t)dt 
t , t , t 

11.1.19 

f"' 1-Jo(t) dt Jo t 

.. 
+2z-:! � {2k+5)[tf(k+3)-tf(l)-l]J2.tH(x) 

.t-o 

For tf(z), see 6.3 • 

11.1.20 -i .. Jo(t)dt +r+ln �= f" [1-Jo(t)]dt 
" t 2 Jo t 

.. (-)l(�)· 
=-t; 2k(k!)1 

11.1.21 

11.1.23 f-i .. K0(t)dt i1r f"' J0(t)dt r f"' Yo(t)dt 
-u t 2 J:r t 2 J:r t 
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Asymptotic Exp8.118ions 

where 

ll.l.25 

where 

ll.l.27 
13 

Co=1 , cJ=g 

2 (k+ 1 )C.t+l =[ 3 (k+ 1 )2 +�] C.t -( k-t.� y C.t-1 

ll.l.28 'J!I2e-:c r:r [Jo(t)-1Jdt"' (21r) -t� C.tX
-� 

J o t k-o 

where C.t is defined a.s in ll.l.27. 

11.1.29 

where 

PolynoJDial Approximations 

f"' �(t)dt 2gJ(x)<'Co(x) go(x)�(x) 
J:c t z2 X 

k a. bk 

0 1. 0 1. 0 
1 o. 15999 2815 0. 31998 5629 
2 . 10161 9385 . 30485 8155 
3 . 13081 1585 . 52324 6341 
4 . 20740 4022 1. 03702 0112 
5 . 28330 0508 1. 69980 3050 
6 . 279.02 . 9488 1. 95320 6413 
7 . 17891 5710 1. 43132 5684 
8 . 06622 8328 0. 59605 4956 
9 . 01070 2234 . 10702 2336 

11.1.30 

k d�: 
0 1 .  25331 41 
1 0. 50913 39 
2 . 32191 84 
3 . 26214 46 
4 . 20601 26 
5 . 11103 96 
6 . 02724 00 

11.1.31 5�x� co 

xle-:c i:c[/o(t) 
t
-1Jdt = tJ" (�) -�> +E(x) 

j E(X) I�  1 :t.X 10-5 

k '" 
0 0. 39893 14 
1 . 13320 55 
2 -. 04938 43 
3 1. 47800 44 
4 -8. 65560 13 
5 28. 12214 78 
6 -48. 05241 15 
7 40. 39473 40 
8 -u. 90943 95 
9 -3. 51950 09 

10 2. 19454 64 

11.2. Repeated Integrals of J,.(z) and K0(z) 
Repeated lntegl'ab of J ,.(z) 

Let 

11.2.1 

fo . ..  (z) =J,.(z) , 

A,.(z)= l2 J,.(t)dt, . . . , j,,,. (z) = fo
'
ir-l. ,.(t)dt 

a: 11.2.2 f-r, ,.(z)= dz' J,.(z) 

Then 

11.2.3 

J .... (z)= r�r) 
i" (z-ty-lJ,.(t)dt (&lr>O> 

2' ... r(k+r) 
11.2.4 j,,,. (z)=r(r) {;, k! J,.+r+2.t(z) 
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RecUI'l'ence Relatioua 
11.2.5 
r(r-I)fr+t. ,.(z)=2(r-1)�,, ,.(z) 

-[(1-r)2-n2+z2]f,_t, ,.(z) 
+ (2r-3)�r-2,,.(z)-�r-s, ,.(z) 11.2.6 

rf,+t. o(z) = �'· o(z)- (r-l)f,-t,o(z) +�r-u(z)' 
11.2.7 fr+t, ,.+t(Z) fr+t. ,.-t(Z)-2},, ,.(z) 

Repeated Integrals of Kc(•) 
Let 

11.2.8 
Kio(z)=Ko(z), 

Ki1(z)= i"' K0(t)dt, . . .  , K�,(z)= i"' Ki,_1(t)dt 

ll.2.9 Ki_, (z)=(-)' fz, Kotz) 

Then 

11.2.10 . -i"' e-• coab ' dt K1,(z) - h' t 0 cos 

(Biz�O, Btr>O, Btz>O, r=O) 
11.2.11 
Ki,(z) =r�r) i"' (t-z)'-1Ko(t)dt 

(Biz�O, Btr>O) 
ll.2.12 Ki2,(o) 

r (r) r (f) 
r(r+i) 

11' 

(Btr>O) 

2 r(r+i) ( 11.2.13 Ki2r+I(O) r(t)r(r+1) Hlr>-�) 
11.2.14 
rKi,+I(z) = -zKi,(z) + (r-1)Ki,_1(z) +zKi,_2(z) 

11.3. Reduction Formulas for Indefinite 
Integrals 

Let 

11.3.1 g11,,(z)= J' e-�''tiiZ,(t)dt 

where Z,(z) represents any of the Bessel functions 
of the first three kinds or the modified Bessel 
functions. The parameters a and b appearing in 
the reduction formulae are associated with the 
particular type of Bessel function as delineated 
in the following table. 

ll.3.2 Z,(z) 
J.(z), Y,(z), H!''(z), H!2'(z) 
l,(z) 
K,(z) 

ll.3.3 
PU11 • • (z)= -e-�''ziiZ,(z) 

a b 
1 1 

-1 1 
1 - 1  

+ (l'+v)g11-t, ,(z)-ag11,•+I (z) 
11.3.4 
pg,., >+t(z)=-e-�''z�'Z,+1(z) 

+ (1-'-v-1 )g11-t .•+t(z)+bg11,.(z) 
ll.3.S 
(p2+ab)g11,,(z)=ae-�''z"Z•+I(z) 

+(I'-v-1 )e-P•zr1Z,(z)-pe-�''z�'Z,(z) 
+p(21'-l )g11_, ,,(z) + [v2-(p. -1 )2]g,._2. ,.(z) 

11.3.6 
a(v-1-')g,.,,+l(z)=-2ve-�''z�'Z,(z)-2vpg11,,(z) 

+ b(p.+ v )g11,,_, (z) 
Cue ls  r+ab=O, v=± (l-'-1) 

11.3.10 

r· e'"z-•+1 
Jo eut

-•J,(t)dt=- 211_1 [J,(z)+i.J,_1(z)] 

. +2•-1(2v�1)r(v) (v.Ci) 
U.3.ll 

r· e'•z•+l 
Jo e"t

•Y,(t)dt=2v+l [Y,(z)-iY,+1 (z)] 

11.3.12 

i2•+1r(v+1) 
11'(2v+ 1) (ffb>-i) 
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11.3.13 
�EGRALB OF BESSEL FUNCTIONS 

i' e-'I,.(t)dt=ze-•[J0(z)+I1(z)] 

11.3.1-l 

11.3.15 

i' e±'t•K,(t)dt 

=F 
1 

2•-1(2v-1)r(v) 

King's integral (see [11.5]) 

11.3.16 J:'e'K0(t)dt=ze'[K0(z)+K1(z)]-1 

11.3.17 

J,"' e't-•K,(t)dt 

Cue 2: 

ll.3.18 

e•z-"+1 
2,_1 [K,(z)+K,_1(z)] (�v>i) 

p=O, I'=±v 
bg., ,_1 (z) =z"Z,(z) 

11.3.19 ag_,, •+t(z)=-z-•Z,(z) 

ll.3.20 J:' t•J,_1(t)dt=a•J,(z) (gl,>O) 

11.3.21 
11.3.22 

2n r· J2 .. (t)dt 1-� -5: (2k-l)J2.t-l(z) 
Jo 

t Z r=i  

11.3.23 

11.3.24 

11.3.26 J:' t-·I.+1(t)dt=z-•I,(z) 2•r(:+ l) 
11.3.27 

J:' t•K,_.(t)dt=-z•K,(z)+2•-1r(v) (f!Av>O) 

11.3.28 

Indefinite lntegrala of Products of Deuel Functiona 

Let CC,.(z) and !i),(z) denote any two cylinder 
functions of orders " a.nd v respectively. 

U.3.29 

f' { (k'-l')t-(#''-;�) }�(kt)!iJ,(lt)dt 

=z{k�Ht(kz)!iJ,(lz)-l�,.(kz)!iJ,+t(lz) } * 

-(1'-v)CC,.(kz)!iJ,(lz) 
11.3.30 

f' t-1'-·-l�+l(t)!iJ,+l(t)dt 
z-,.-· 

=- 2(1'+v+l) {�(z)!iJ,(z)+�+1(z)�,; ... 1{z)} 

11.3.31 

f' t"+•+l�(t)�(t)dt 

ll.3.32 

z"+r+2 
2(�£+v+1) { �(z)�.(z)+�+l(z)!iJ,+l(z) } 

r· tJ!-l(t)dt=2 f; (v+2k)J!+n(z) Jo t-o 
1L3.33 

J:' t[J:_. (t)-J!+l(t)]dt=2vJ:(z) (gl,>O) 

r· zt 11.3.34 
Jo 

tJ�(t)dt=2 [.Po(z) +JHz)] 

11.3.35 

i' 
1 fl 

J .. (t)J,.+1(t)dt=-2 [1-J�(z)]-:E J:(z) 0 k-1 
= � J:(z) t-n+l 

•Bee pap u. 
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11.3.36 

c�+v) f' t-1�(t)iJ),(t)dt 

-(�+v+2n) J' t-1�+,.(t) !7),+,.(t)dt 
n-1 

=%(z)!7),(z) +�+"(z) !1(,+11(z) +2:E �+t(z)!?J,+t(z) .t-1 
Convolution Type Intqrale 

11.3.37 

r· J,.(t)J,(z- t)dt=2 � (-)tJ,.+•+2l+l(z) Jo .t-o 
(fJI�>-1, PAv>-1) 

11.3.38 

i' J,(t)J1_,(z-t)dt=J0(z) -cos z (-1<fJlv<2) 

11.3.39 

i' J,(t) J_,(z-t)dt=sin z , (!&fvl<1) 

11.'3.40 

iz t-1J,.(t)J, (z-t)dt J,.+;(z) 

11.3.41 
f , J,.(t)J,(z-t)dt (�+v)JH,(z) 

Jo t(z-t) p.vz 

11.4. Definite Integrals 
Orthogonality Propertiee of Deuel Functlon.e 

Let �(z) be a. cylinder function of order "· 
In particular, let 

11.4.1 �(z) =AJ,(z) + BY,(z) 

where A and B are real constants. Then 

11.4.2 

i" t�.(X,.t)�(A,.t)dt=O (m �n) 

=c� t'{ c1-�,) �(A,.t) +<if;1(X .. t)} r 
(m=n)(O<a<b) 

provided the following two conditions hold: 
1. A,. is a. real zero of 

�- There must exist 'numbers k1 and k, (both. 
not zero) so that for all n 

In connection with these formulae, see ll.3.29. 
If a=O, the above is, valid provided B=O. This 
case is covered by the following result. 

ll.4.5 

J:1
tJ,(a,.t)J,(a,.t)dt=O (m�n, v>-1) 

=l[J;(a,.))2 
(m=n, b=O, v>-1) 

=2� [::+a:-�] [J,(a,.)]' 

(m=n, b�O, ���-1) 

a1, a2, . . .  are the positive zeros of 
aJ,(x) +W;(x) =O, where a and b are real con
stants. 

11.4.6 

11.4.7 

(m�n) 
1 

2(2n+v+I) 
(m=n)("+n+m>-1) 

Definite lntegrala Over a Finite Range 
.. 

ii Jt.(2z sin t)dt=i J!(z) 

11.4.8 1 .. 
J0(2z sin t) cos 2ntdt=11"J!(z) 

.. 
11.4.9 ii Y0(2z sin t) cos 2ntdt=� J,.(z)Y,.(z) 

11.4.10 
.. 

ii J,.(z sin t) sin,.+lt cos2•+l tdt 

2•r(v+1) 
z-+1 J,.+•+l(z) (81�>-1, fJI">-1) 

11.4.11 
.. 

ii J,.(z sin1 t)J,(z cos' t) esc 2tdt 

= (p.+v) J ,(z) (fJlp.>O, fJl11 >O) 4�11 I'+ 
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Infinite Integrals 

11.4.12 
,. tl .. (l.+r) f eflt,.-IJ,(t)dt=e r(�+v) r(!-�) 

Jo r(J)211r(v-�+1) 

11.4.13 
i"' e-'t"-1l,(t)dt 
ll.4.14 

(&��<�' &l(�+v)>O) 

rc�+v)r(!-�) 
r(!)21'r(v-�+l) 

(&f�<�' &l �+v)>O) 

11.4.23 1 .. K0(t)dt=i 

11.4.24 J_"' 
.. 

e-'.,'J,. (t)dt 2(�����;w) (w2<1) 

=O(w2>1) 
where T,. ( w) is the Chebyshev polynomial of the 
first kind (see chapter 22). 
ll.4.25 

J_ .. .., t -1e-' .. 'J,. (t)dt 

=-!i {-i)"(l-w2)tU,._1 (w) (w2<1) 

=O(w2>I) 

i"' oos bt K0(t)dt (1t2)l 
ll.4.15 

where U,.(w) is the Chebyshev polynomial of the 
(1..101<1) second kind (see chapter 22). 

f.. a.rc sinh b 
J 0 sin bt K0( t)dt (1 + b2)t 

"' 2"r (v+�+1) 
ll.U6 f. t>J,(t)dt= 

r c·-�+I) 
( I Al<t) 

( &l(�+v)>-1,&l�<�) 

ll.4.17 i .. J,(t)dt=1 

ll.4.18 
f .. [1-Jo(t) ]dt 

Jo t11 

ll.4.19 

i"'t,.Y,(t)dt=� r c�+;+1) r c�-;+1) 

X sin � (�-�) ( 9t�±v)>-1, &l�<�) 

ll.4.20 i"' Y,(t)dt=-ta.n ; 

11.4.21 i"' Y0(t)dt=O 
11.4.22 

i .. t"K.(t)dt=211-1 r c�+;+t) r c�-;+1) 
(fll(�± v)>-1) 

ll.4.26 

J_"' .. t-le-'"''J,.+t(t)dt= ( -i)"(2?r)lP,.(w)(w2<1) 
=0{w2>1) 

where P ,.(w) IS the Legendre polynomial (see 
chapter 22). 
ll.4.27 

.(.., e-1ti-1J4[2(zt)l]dt= 'Y��:) (&la!>O, &lz>O) 

where -y(a, z) is the incomplete gamllna function 
(see chapter 6). 

lntegrale of the Form Jo"' e-..aap.z,(bt)dt 

ll.4.28 

.(
"' 
e -jll�� t11-1J,(bt)dt 
r (� v+� �) (� �)' 

(1 1 b2 ) == 2a"r("+I) M 2v+2 �, v+l, -4a2 
(&l(�+v)>O, f!la2>0) 

where the notation M(a, b, z) stands for the con
fluent hypergeometric function {see chapter 13). 
ll.4.29 f"' '. 
Jo e -at t•+IJ,(bt)dt 
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11.4.00 

11.4.31 

bl 
i .. e-asis l,(bt)dt=;: eSa' It• (;:,) 

(Bl11 >-1, 91a2>0) 
11.4.32 b' 
i .. e-a't' K0(bt)dt=: e8a1 Ko (;:,) (&la2>0) 

Weber-Sch.af'heitlin Type Intqrrala 

11.4.33 

f"' J,.(at)J.(bt)dt 
Jo t'A 2l<a•-l<Hr(v+1)r '(�&-��;�+�) 

X F (�&+v-X+1 11-�&-X+l. +1. b') 2 t 2 , 2 , II , a' 
(flCI'+��-x+1)>o, &�x>-1, O<b<a) 

11.4.M 

r .. J,.(at)J.(bt)dt 
Jo t'A 2'A61'-H1r(�&+ 1)r ("-�;x+ 1) 

X F (�'+v-X+1 �&-v-X+l. +1 · a') 2 1 2 , 2 ' #' � b1 
(9l{l'+v-X+1)>0, .'?l'X>-1, O<a<b) 

For 2F1, see chapter 15. 

Special Cases of the Diacontinuoua Weber-Schafheitlin 
Integral 

11.4.35 

f "' J,.(at) sin bt dt 
Jo t 

11.4.36 

f"' J,.(at) cos bt dt 
Jo t 

1 . [ . b] 
#' BID #' arc BID a 

• 1fu Of' SID --.!: 2 

1 [ . b] 
; cos ll &ream a 

Of' cos 1(' p. 2 

(O.$b.$a) · 

(b�a>O) 
U��&>-1) 

(O.$b.$a) 

(b�a>O) 
(91�&>0) 

11.4.37 cos [�' arc sin �] f
o"' J,.(at) cos bt dt 'O.Sb<a) J� (a2-b2)t ' 

-Of' sin rp. 2 
(b2-a2)l[b+(b2-a2)t]" 

11.4.38 

. [ . b] r.. • 
SID #' 8.I'C 8ln a 

Jo J,.(at) sm bt dt= (a'-b2)t 
Of' cos 1f#£ 2 

(9lp.>-2) 

11.4.39 

� 

11.4.40 

J: .. ·t&ly ( )d 2i . b e 0 at t= ( 2 ·b�)t arc sm -__ o r a - a 
-1 2i 

(b2-a2)t+ r(b2-all)l 

Xln { b-(b:-a')t} (O<a<b) 
11.4.41 

i• tr"'lJ,. (at)J,(bt)dt=O 

ll.4.42 

11.4.43 

2"-•Ha"(b,-a,)•-,.-t = b•r(JI-p) 
(b>a>O) 

(&lv>fJlp>-1) 

i.. 1!--1 
0 J,.(atYtl,.-t(bt)dt=--q;-

1 =2b 
=0 

J:• Jo(at) { 1-J0(bt) }dt=O 0 t 

(O<b<a) 

(O<b=a) 

(b>a>O) 
(91�&>0) 

(O<b.Sa) 
b =ln a (b �a>O) 
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Hank.el-Nicholeon Type lntegrale 

11.4.44 
f"' t•HJ,(at)dt aJ'z•-�S 
Jo (t2+z2)�J+l 21'r(�£+1) K,_,.(az) 

( a>O, f!lz>O,-l<f!lv<2�1'+�) 

K0(az) 
z 

11.4.47 
f .. K,(at)dt r3 
Jo t•(t2+z2) 4z•H cos J171'[H,(az)-Y,(az)J 

(f!la>O,. &lz>O, &lv<!) 
11.4.48 
f "' J,(at)dt lt,(!az)Kt.(!az) Jo (t2+z2)l 

11.4.49 

f"' J,(at)dt 
Jo t•(tt+z2)•+t 

(�)' r(v+1) 
r (2v+ 1) /,(!az)K,(iaz) 

(a>O, &lz>O, &lv>-!) 

Numerical Methods 

11.5. Use and Extension of the. Tables 

f"' 
J0(t)dt, tcY0(t)dt, f

"' 
l0(t)dt, f

"' 
Ko(t)dt Jo Jo .Jo J,. 

For moderate values of x, use 11.1.2 and ll.1.7-
11.1.10 a.s appropriate. For x sufficiently large, 
use the asymptotic expansions or the polynomial 
approximations 11.1.11-11.1.18. rs.06 

Example 1. Compute Jo J0(t)dt to 5D. 
Using 11.1.2 and interpolating in Tables 9.1 and 
9.2, we have 

J:S.06 JQ(t)dt=2[.32019 09+.31783 69+.04611 52 
+. 00283 19+.00009 72+.00000 21] 

=1.37415 

f8.05 Example 2. Compute Jo J0(t)dt to 5D by 

interpolation of Table ll.1 using Taylor's formula. 
We have 

J:"'+A Jo(t)dt= J:"' Jo(t)dt+hJo(x)-�2 J1(x) 
ha h4 +12 [J2(x)-Jo(x)J+96 [3Jt(x)-J8(x)J+ . . .  

Then with x=3.0 and h=.05, 

f8.05 
Jo Jo�t)dt= 1 .387567 + (.05) (-.260052) 

-(.00125) (.339059) 
+ (.000010) (.746143) = 1.37415 

This value is readily checked using x=-=3.1 and 
h=-.05. Now IJ0(x) l � 1  for all x and IJ,.(x) l 
<2-t, n� 1 for all x. In Table 11.1, we can 
always choose !hi � .05. Thus if all terms of O(h4) 
and higher are neglected, then a bound for the 
absolute error is 2lh4/48<.2 · 10-6 for all x_jf !hl 
�.05. Similarly, the absolute error for quadratic 
interpolation does not exceed 

h8(2i + 2) /24< .2 · 1 o-•. 

Example 3. Interpolation of J:"'J0(t)dt using 

Simpson's rule. We have 

J::+" Jo(t)dt= J:"' J0(t)dt+ i"'H J0(t)dt 
i"'+" Jo(t)dt=� [Jo(x)+1Jo( x+�)+J0(x+h) ]+R 

Now 

R=-.Jt__ J<•> (t) 2880 ° .. , 

. 1 J�') (x) =s [J 4(x) -4J2(X) +3J o(X)) 

IJ�•> (x) I <6��� < .82 
and with lhl � .05, it follows that 

IRI<.9 · 10-to 

Thus if z=3.0 and h=.05 

J:a.oa J0(t)dt=l.38756 72520+ C-�5) [-.26005 19549 
+4(-.26841 13883)-.27653 49599] 

=1 .37414 86481 
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which is correct to 10D. The above procedure 
gives high accuracy though it may be necessary to 

interpolate twice in Jo(x) to compute Jo( x+�) 
and J0(x+h). A similar technique based on the 
trapezoidal rule is less accurate, but at most only 
one interpolation of J0(x) is required. 

Example 4. Computei8 
J0(t)dt and .f Yo(t)dt 

to 5D using the representation in terms of Struve 
functions and the tables in chapters 9 and 12. 

For x=3, from Tables 9.1 and 12.1 
Jo= -. 260052 J1 = . 339059 
Yo= . 376850 Y1= . 324674 
Jl,= . 574306 B1=1. 020110 

Using ll.l.7, we have 

La J0(t)dt=3(- .260052) + 3; [ (.5743QP) (.339059) 

- (1 .020110) (- .260052)1 
=1.38757 

Similarly, la Y0(t)d�=.19766 

Using 11.1.8 and Tables 9.8 and 12.1, one can 

compute i" l0(t)dt and i"' Ko(t)dt. 

f"' Jo(t)dt, f"' Yo(t)dt, f" [lo(t)-1]dt,i"' Ko(t)dt 
Jz t Jz t Jo t z t 
For moderate values of x, use ll.1.19-11.1.23. 
For x sufficiently large, use the asymptotic ex
pansions or the polynomial approximations 
11.1.24-11.1.31. 

Repeated lntegrab of Jo(%) 
For moderate values of z and r, use 11.2.4. 

If r=1, see Example 1. For moderate values of 
x, use the recurrence formula 11.2.5. If x is large 
and x»r, see the discussion below. 

Example 5. Compute f,. 0(x) j,(x) to 5D for 
x=2 and r=0{1)5 using ll.2.6. We have 

rf,+t (z) =zj,(z) - (r- 1)j,_, (x)+xJ,_,(z) 

J -tCz) = -J.(x), fo(x) =Jo(x), j,(x)= i" Jo(t) dt 

and the terms on this last line are tabulated. Thus 
for z=2, 

f-t= -.57672 48,fo=.22389 08,}1=1.4257703 

The recurrence formula gives 

J2=2(fl +f -I) = 1 .69809 10 
Similarly, 

fa= l.20909 66,],=.62451 73,}6=.25448 17 

When :r> >r, it is convenient to use the auxil
iary function 

g,(�) = (r- 1) !z-•+�,(z) 
This satisfies the recurrence relation 

'J.2Yr+t(x) =x2g,- (r- 1)2Yr-I(z) 
+ (r- 1) (r-2)Yr-2(z), r � 3 

gt(Z)= i" Jo(t)dt, g2(x) =gt(Z)-Jt(x) 
ga(x) =[z2g2(x) -gt(Z) +z.To(z)]/z' 

Example 6. Compute g,{z) to 5D for x=lO 
and r=0(1)6. We have for x=10, 

J0= -.24593 58, J1 ,.04347 27, g1= 1.06701 1 3  

Thus 
g2= 1.02353 86, g3=.98827 49 

and the forward recurrence formula gives 

g4=.96867 36, g6=.94114 12, ·g8= .90474 64 
For tables of 2-'f,(x) , see [ 1 1 . 16]. 

Repeated Integrala of_���) 
For moderate values of z, use t,he recurrence 

formula 11.2.14 for all r. 
Example 7. Compute Ki,(:z:) to 5D for x=2 

a.nd r=0(1)5. We have 

rKi,+1(x) = -xKi,(z) + (r- 1)Ki,_t(z)+zKi,_?(x) 

Ki_1(x) =K1(x), Kio(x) =Ko(x), Kit(x)= i"' Ko(t)dt 
and the functions on this last line are tabulated 
Thus for .:z:=2, 

Ko= .l 1389 39, K1=.13986 59, Ki1=.097l2 06 
and 

Ki2= -2Ki1+2K1=.08549 06 
Similarly, 

Ki3=.07696 36, Ki4= .07043 17, Ki6= .06525 22 
If x/r is not large the formula can still be used 
provided that the starting values are sufficiently 
accurate to offset the growth of rounding error. 

For tables of Ki,(z), see {11 .11]. 
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fm(x)=x-mJ:"'t"'K0(t)dt 
Now 

fo(z)= L"' Ko(t)dt,J.(x)=[1-xK1(x)]/x 

the latter following from 11.3.27 with v= 1. In 
11.3.5, put a=1, b=-1, p=O and v=O. Let 
J.l=m. Then 

f,.(x)=[(m-l)� ... -2(x)--z2Kt(Z) 
-x(m-1)Ko(x))/z2 (m>1) 

Using tabular values of fo and f�, one can compute 
in succession fz, f3, • • • provided that m/z is not 
large. 

Example 8. Computef,.(x) to 5D for x=5 and 
m=0(1)6. We have, retaining two additional 
decimals 

Thus 

Ko= . 00369 11 
fo= 1. 56738 74 

x. =. 00404 46 
f•=· 195M 54 

f2=.05791 27,1.=.01458 93,Je=.00685 36 
Similarly starting withf,, we can compute fa andf6· 

If m>x, employ the recurrence formula in 
-backward form and write 

fm-2(x) =[:Jij,.(z) +z2K1 (z)+z(m-1)K0(z)]/(m-1)2 
In the latter expression, replace f,. by g,.. Fix z. 
Take r>m and 88SUIDe g,=O. Compute Ur-21 g,-t, etc. Then 

lim 9r-2t(x) j,.(x), m=r-2k 
, ....... 

Apart from round-off error, the value of r needed 
to achieve a stated accuracy for given z and m 
can be determined a priori. Let 

Then 
t,= jg,-f,l 

Er-2t (r-1)2(r-3)2 • • • (r-2k+ 1)2 

e, �[rK. (x)+x(r-1)K0(x) ]/(r-1)2 

since for z fixed,j,(x) is positive and decreases as r 
increases. 

Example 9. Computej,.(x) to 5D for x=3 and 
m=0(2)10. We have 

Ko=.03473 95 
If r= 16, _ 

Ete< .86. 1 o-2 

Taking g1e=O, we compute the following values 
of gu, g,2, . . .  , go by recurrence. Also recorded 
are the required values off,. to 5D. 

m g .. ! .. 

14 . 00855 42 
12 . 01061 09 
10 . 01325 05 . 01325 

8 . 01751 39 . 01751 
6 . 02548 09 . 02548 
4 . 04447 31 . 04447 
2 . 11936 90 . 11937 
0 1. 53994 71 1. 53995 

For tables off,.(x), see [11.21]. 
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Table 12.1. Struve Functiol}s (0 � :t � (X)  ) • 501 
llo(z), H1(z), f� llo(t)dt, l0(z)-Lo(z), I,(z)-Lt(z), f" [l0(t)-Lo(t)]dt Jo � Jo 

(2j1r) i"' t-1Ho(i)dt, z=0(.1)5, 5D to 7D 

Table 12.2. Struve Functions for Large Arguments . . . . . . 502 
llo(z)-Yo(x), H1(x)-YI(x), i� [llo(t)-Yo(t)]dt-(2/7r) ln z 

10(x)-Lo(x), [l(x)-LI(x), i� [Lo(t)-lq(t)]dt-(2/1r) In z 

i"' [Ho(t)-Yo(t)]t-:._1dt, z-1=.2{-.01)0, 6D 
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12. Struve Functions and Related Functions 
Mathematical Properties 

12.1. Struve Function H.(�) 12.1.11 

Differential Equation and General Solution 
12.1.12 

12.1.1 

12.1.13 

The general solution is 

12.1.2 w=aJ,(z)+bY,(z)+H,(z) (a,b, constants) 

where z-'H,(z) is an entire function of z. 
Power Series ExpaJUJion 

12.1.3 

12.1. 5 -.• 

Int.egral Repreeentations 

Hn!Xl 
12.1.6 

.8 

H, (z) 2 (!z)• ft (1-t•)'-lsin (z t) dt -{;rev+!) Jo .6 

12.1.7 

12.1.8 

12.1.9 

12.1.10 

496 

y 
2(! z)• f2 sin (z cos 6) sin •• 6d6 

.J;r(v+!) Jo 

=Y, (z) 

+ 2(! z)• f"' e-•• (1+t1)..-1dt .y'ir(v+!) Jo (larg zl<i) 
Recurrence Relations 

.4 

.2 

-.2 

-.4 

-.6 

-.8 

�=(2/r)-H1 

d c -·u ) 1 ·H dz z , :J; 2•r(v+i) z- •+' 

FIGURE 12.1. Struve junctions. 

B,.(z), n=O(l)3 

FIGURE 12.2. Struvejunctions. 

H,.(z), -n=l(1)3 
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-.1 

FIGURE 12.3. Struve functions. 

B.(x), x=3, 5 

Special Propertiee 

12.1.14 B.(x);::: 0 (x>o and .,;::: !) 
12.1.15 

B-(l•+t>(z)= ( -1)-J��+t(z) (n an integer�O) 

12.1.16 B,(z)=(r�Y (1-cos z) 

12.1.17 

�(z)=(2:Y ( 1+ :�)-(:zY (sin z+ 
co: z) 

12.1.18 B.(ze"'r1)=e"'<•+l>.-tft,(z) (m an integer) 

12.1.19 llo(z)=! f: Ju.+J(z) rw  2k+1 

12.1.20 BI(z)=�-� J0(z)+! � 1,::(z) 
r r r .t- 1"t�V-1 

12.1.22 

12.1.23 

Integrate (See chapter 11) 

f"' t-1 Ho(t)dt=! Jo 2 

lt z 12.1.24 t-• H.+t(t)dt , r: z-• B.(z) o 2'-vrr(.,+i) 

12.1.25 
Struve'e lntep-al 

! f"' t-2H1(t)dt=_!H,(z)+� r· t- 1  Ho(t)dt r J. rz r J. 
12.1.26 
2i"' 4 [ � 
- t-1 Ho(t)dt= 1-- z---
r • r2 12·32·3 

+ z6 
1 1·32·52·5 

12.1.27 

fo"' t,.-.-lft,(t)dt r(t�t)ZII-•-1 tan (!r�&) 
J� r(v-!11+ 1) 

(l,qt�£1<1,  gt.,>&t�£-t) 

lfj,(z)= i' H.(t)t•dt 

12.1.28 
!.+1= (2"+ 1)j.(z)-z•+tB,(z) 

zt•+t + <"+I)2'+1r(})r(.,+i) (91.,>-l> 
Aeyrnptotie Expanaiona Cor Large 1•1 

12.1.29 
1 m-1 r(k+i) H,(z)-Y,(z)=- � ( )21-.+t+R,. r .t-o r(.,+!-k) � 2 

( la.rg zl<r) 
where R,.=O(Izl•-t•-1). If " is real, z positive • 
and m+!-.,�0,_ the remainder after m terms is 
of the same sign and numerica.lly less than the 
first term neglected. 
12.1.30 

2 [1 1 1 t . 31 1' . 31 • 51 ] Ho(z)-Yo(z)-; -z-�+---zr- z1 + · · · 

Clarg zl<r) 
12.1.31 

Bt(z)-Yt(z)-� [ 1+ :2- 1:� 3 
+ 1

' . ;: . 5 
. . .J 

12.1.32 

[Ho(t)-Y0(t)]dt-- [ln (2z)+'Yl l. 2 
o r 

( la.rg zl<r) 

where ;·= .57721 56649 . . .  is Euler's constant. 
12.1.33 

f ... - 2 ... (-l)'t[(2k) 1]1 J , t I [Bo(t)-Yo (t)]dt-'II'Z � (kl)2(2k+l)(2z)21 

·s� pa11e n. 
(iarg zl<r) 
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Asymptotic Expanaiona for Large Orden 

12.1.34 
2(!z)' • kl bt H,(z)-Y, (�)--v'ir(.,+i) � zlH 

(larg zl<!T,IJI!<Izl> 

b0=l, b1=2JJ/z, b,=6("/z)2-!, ba=20(11/z)3-4(11/z) 
12.1.35 

H,(z)+iJ,(z)- 2(iz)' ± kl!� (!.,!>!z/) .J;r("+i) t-o zl 

12.2. Modified Struve Function L,(s) 
Power Seriea Expanaion 

c. .. 
12.2.1 L,(z)=-ie -2H,(iz) 

• (z/2)2t =(iz)•+l � r(k+l)r(k+.,+i) 
Integral RepreaentatioiUI 

11' 

12.2.2 · L,(z)=-.;i(zf2)• f2
sinh (z cos 8) sin2• 8d8 1rr(.,+i) Jo 

(,qJJI>-i) 
12.2.3 
I _,(x)-L,(x) ;t.(:z:/2)' f .. sin (t:z:)(l+t2)•-t dt 1rr(v+!) Jo 

(!!v<i, x>O) 

12".2.4 

12.2.5 

6 

3 

2 

' I I 

Recu:rren.ce Relatione 

2., (z/2)• L,_l-L•+l=- L,+ r z -v1r r("+i) 
, (z/2)• L,_1 + L,H =2L,- c 

.... , r(.,+i) 

\L-l 
I I I I I I I \ \ ' ' ' ... 

3.0 3.5 4.0 4.5 

FIGURE 12.4. Modified Struve functions. 

L,.(:z:), ±n=0(1)5 
•see oan lL 

Asymptotic Espanaion for Large I • I 

12.2.6 L,(z)-f_,(z) 
1 .. (-l)t+�r(k+!) 

"'; � (z)�-·H (jargzi<!T) " t-o r(v+i-k) -2 
Integrals 

12.2.7 

i. 2 12.2.8 [lo(t)-Lo(t)]dt-- [ln (2z)+'Yl 0 11" 

2 .. (2k)l (2k-l)l --; �- (kl)2(2z)tt (!arg zl<i1r) 

12.2.9 i. 2 L1(t)dt=Lo(z)-- z 0 11" 
Relation to Modifi.ed SpheriCEol Bessel Function 

12.3. Anger and Weber Functions 

Anger's Function 

12.3.1 ll .. l,(z)==- cos (v6-z sin 8) d8 
11" 0 

12.3.2 l,.(z)=J,. (z) (n an integer) 

12.3.3 

Weber'• Function 

E,(z)==-� f .. sin (JI8-z sin 8) d8 11" Jo 
Relatiou. Between Anger's and Weber'&· Function 

12.3.4 sin (w) l.(z)=cos (n) E,(z)-E_,(z) 
12.3.5 sin (n) E,(z)=l_,(z)-oos {n) l,(z) 
Relationa Between Weber'• Fuo.ction and Struve'• 

Function 

If n is a positive integer or zero, 

f; 1] r(k+i)(}z)"-tt- J 12.3.6 E11(z)=; � r(n+!-k) 
12.3.7 

B,.(z) * 
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12.3.8 

12.3.9 

Eo(z)=-llo(z) 

E1(z)=�H�(z) r 

12.3.10 2z �(z)=3lr 
-H2(z) 

Num.erical Methods 

12.4. Use and Extension of the Tables 

Example 1. Compute Lo(2) to 6D. From 
Table 12.1 l0(2)-Lo(2)=.342152; from Table 9.11 
we have [0(2)=2.279585 so that Lo(2)=1.937433. 

Example 2. Compute Ho(lO) to 6D. From 
Table 12.2 for :z:-1=.1 .  Ho(10)-Yo(10)=.063072; 
from Table 9.1 we have Y0(10)=.055671. Thus, 
Ho(lO)= . 1 18743. 

Example 3. Compute i"' Ho(t)dt for z=6 to 
5D. Using Tables 12.2, 11.1 and 4.2, we have 

fe Ho(t)dt= (e Y0(t)dt+� ln 6+/,(6) Jo Jo r 

=-.125951+(.636620)(1.791759) 
+.816764 

=1.83148 

Example 4. Compute H,.(z) for z=4, -n= 
0(1)8 to 68. From Table 12.1 we have Ho(4)= 
.1350146, H1 (4) = 1.0697267. Using 12.1.9 we find 

H_,(4)=-.433107 H_5(4)= .689652 
H_2(4)= .240694 IL8(4)=-1 .21906 
H._a(4) = .152624 u_7(4) = 2.82066 
H_.(4) = -.439789 H_8(4) = -8.24933 

Example 5. Compute H,.{z) for z=4, n= 
0(1)10 to 78. Starting with the values of Ho(4) 
and H.,(4) and using 12.1.9 with forward recur
rence, we get 

Ho(4) = .13501 46 
H, (4) = 1 .06972 67 
H2(4) = 1.24867 51 
H.a(4) = .85800 95 
H.4(4) = .42637 41 
B4(4) = .16719 87 

lle(4) =.05433 54 
B7(4) =.01510 37 
H8(4) =.00367 33 
Hi(4) =.00080 02 
B10(4)=.00018 S5 

We note that for n >6 there is a. rapid loss of 
significant figures. On the other hand using 12.1.3 
for z=4 we find H.,(4) = .0007935729, H,o(4) = 
.00015447630 and backward recurrence with 12.1.9 
gives 

B8(4) =.00367 1495 
H7(4)=.01510 315 
lle(4)=.05433 519 
B5(4)=.16719 87 
11.(4)=.42637 43 

H3(4)= .85800 94 
H2(4)=1.24867 6 
H1(4)=1 .06972 7 
llo(4) = .13501 4 

Example 6. Compute L,.(.5) for n=0(1)5 to 
88. From 12.2.1 we find L4(.5)=9.6307462X l0-7, 
�(.5)=2.1212342Xl0-5• Then, with 12.2.4 we 
get 

La(.5)=3.82465 03X104 
L2(.5)=5.36867 34X1o-a 

L1(.5)=.05394 2181 
Lo(.5) = .32724 068 

Example 7. Compute L,.(.5) for -n=0(1)5 
to 68. From Tables 12.1 and 9.8 we find Lo(.5) = 
.327240, L1 (.5) = .053942. Then employing 12.2.4 
with backward recurrence we get 

L_, (.5) = .690562 
L_2(.5) = -1 .16177 
L_3(.5) = 7.43824 

L_4(.5) = -75.1418 
L_5(.5) = 1056.92 

Example 8. Compute L,.(z) for z=6 and 
-n=0(1)6 to 88. From Tables 12.2 and 9.8 
we find Lo(6)=67.124454, L1(6)=60.725011. 
Using 12.2.4 we get 

L_, (6) =61 .361631 
L-2(6) =46.776680 
L_3(6) = 30.159494 

L_4(6) = 16.626028 
L6(6)= 7.984089 
L5(6) = 3.32780 

We note that there is no essential loss of accuracy 
until n=-6. However, if further values were 
necess�:�.ry the recurrence procedure becomes un
stable. To avoid the instability use the methods 
described in Examples 5 and 6. 
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Table 12.2 STRUVE FUNCI'IONS FOR LARGE ARGUMENTS 

z-' llo(z)- Yo(:z:) B,(:z:) - Y,(:z:) fa(%) I,(z) -Lo(z) J,(:z:)-L,(z) !b) /a(z) <x> 
o. 20 0. 123301 0, 659949 0. 819924 0.133955 o. 607426 o. 793280 0. 125868 5 0.19 0. 117449 0. 657819 o. 818935 0. 126683 0. 610467 o. 794902 0. 119694 5 0.18 0. 111556 o. 655774 0. 817981 0. 119468 0. 613348 o. 796448 0. 113505 6 0.17 0. 105625 0, 653818 0. 817062 0. 112319 0.616060 o. 797910 0.107299 6 0.16 0. 099655 0. 651952 0. 816182 0. 105242 o. 618598 o. 799279 0. 101079 6 
0.15 0. 093647 o. 650180 o. 815341 o. 098241 0. 620955 0. 800551 0. 094843 7 0.14 0. 087602 0, 648504 0. 814541 0. 091318 o. 623129 o. 801721 0. 088593 7 0.13 0. 081521 o. 646927 0. 813785 0. 084474 0. 625119 o. 802787 0. 082328 8 0.12 0. 075404 0. 645452 0. 813074 0. 077706 0. 626927 0. 803750 0. 076051 8 0.11 o. 069254 0. 644081 0. 812411 o. 071010 0. 628558 0. 804611 o. 069761 9 
0, 1 0  0. 063072 o. 642817 o. 811796 o. 064379 0. 630018 0. 805374 0. 063460 10 
o. 09 0. 056860 o. 641663 o. 811232 0, 057805 o. 631315 0. 806047 o. 057147 11 
o. 08 0.050620 0. 640622 o. 810722 0. 051279 0. 632457 0. 806634 o. 050824 13 
o. 07 0.044354 o. 639696 0. 810266 0. 044793 o. 633450 o. 807140 0. 044492 14 
o. 06 0. 038064 0. 638888 0. 809866 0. 038340 0. 634302 0. 807572 0. 038152 17 
0. 05 o. 031753 o. 638200 0, 809525 0. 031912 0. 635016 0. 807933 0. 031805 20 
o. 04 o. 025425 o. 637634 0. 809244 0. 025506 0. 635596 0. 808225 0. 025451 25 
o. 03 o. 019082 0. 637191 0. 809023 o. 019116 0. 636045 0. 808450 0. 019093 33 
o. 02 o. 012727 0. 636874 0. 808865 0. 012738 0. 636365 o. 808611 0. 012731 50 
o. 01 0. 006366 0. 636683 0. 808770 0. 006367 0. 636556 0. 808706 0. 006366 100 
o.oo 0. 000000 o. 636620 o. g08738 0. 000000 0. 636620 0. 808738 0. 000000 01) [<-g>5] [<-g>2J [< -�)8] [< -�)1] [< -�)2] [< -�)1] [< -�)2] 

f.!Bo(t) - Yo(t)]dt -� ln :z:+ft(:t) 11' 

f.[l..(t) -I,(t)]dt -� lnz+f,(:z:) 11' 

s.· [Bo{t); Yo(t)]dt =fa(:z:) 

<x > -. nearest integer to x. 

Startir!g with H0(:z:) and H1(:z:),reeurrence formula 12.1.9 may be used to generate H.(:z:) fo� n<O. As long as �<:t�2 
(approx.), B.(x) may be generated by forward recurrence. When n>x/2, forward recurrence IS unstabl.e. To avmd t e 

instability, choose n> >x, compute B.(z) and H•+a(x) with 12.1.3. and then use backward recurrence kth �.1.9. 
If n>O, L.(x) must be generated by backward recurrence. If n<O, L.(x) may be generated by bac war recurrence 

as long as L.(z) increases. H n<O and L.(z) is decreasing, forward recurrence should bt: used. 
See Examples 4-8. 
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13. Confluent Hypergeometric Functions 

Mathematical Properties 

13.1. Definitions o£ Kummer and Whittaker 
Functions 

13.1.1 

Kummer'• Equation 

OJw dw z -+ (b-z) --aw=O dz' dz 

It has a. regula.r singularity at z=O and an irregula.r 
singularity at Cl) .  

Independent solutions a.re 

KUD11Der'1 Function 

13.1.2 

a.z (ahz2 (a),.z" 
M(a, b, z) =l +T+ (bh21+ · · · + (b)11nl+ · · · 

where 

(a) .. =a(a+1)(a+2) . . .  (a+n-1), (a)0=1, 

and 

13.1.3 

·u- ( b ) .,.. { M(a, b, z) a, ' z =sin w-b r(l+a-b)r(b) 

Parameters 
(m, n positive integers) 

b F- -n a¢-m 

b¢-n a= -m 

b=-n a¢-m 
b=-n a=-m, 

m>n 

b=-n a=-m, 
m.$n 

,_.M(l+a-b,2-b, z)
} -z  r(a) r(2-b) 

M(a, b, z) 
a convergent series for 

all values of a, b and z 
a. polynomial of degree m 

m z  

a simple pole at b = -n 

undefined 

U(a, b, z) is defined even when b-+±n 
As lzi-+CD 1 

13.1.4 

M(a, b, z)=��!� e•zca-6[1+0(1zl-1)] 
and 

13.1.5 

M(a, b, z) r(b) (-z)-C1[1+0(1zl-1) ] (f?lz<O) r(b-a) 

U(a, b, z) is a many-valued function. Jt.s princi
pal branch is given by -w-<arg z �.,... 

13.1.6 
Lotarithmic Solution 

(-1)"+1 [ U(a, n+1, z) nlr(a-n) M(a,n+1, z) In z 

• (a) zr J + � (n+ i)rrl { !Jt(a+r) -tJ-(1 +r) -tJ-(1 +n+r) } 

(n-1)1  _ ,.  + r(a) z M(a-n, l -n, z),. 

for n=O, 1, 2, . . . , where the last function is the 
sum to n terms. It is to be interpreted as zero 
when n . 0, and !Jt(a)=f'(a)/f(a). 

13.1.7 U(a, 1 -n, z)= z"U(a+?\, 1+n, z) 

As fJl z-+ Cl) 

13.1.8 

Analytic Continuation 
13.1.9 

U( b *,.') .,.. -• { M(b-a, b, z) 
a, , ze .,;:::sin wb e r(l+a-b)r(b) 

e*rHI-&>zt-bM(1-a,2-b, z) 
r(a)r(2-b) } 

where either upper or lower signs are to be taken 
throughout. 

13.1.10 

U( b 2r'") [l -2'r'"l r(l-b) M( b ) a, 1 Ze = -e r(1+a-b) a, 1 Z 

+e-2'r'6"U(a, b, z) 

Alternative Notation• 

1F1 (a; b; z) or �(a; b; z) for M(a, b, z) 
z-C12Fo(a, 1 +a-b; ;- 1/z) or if(a; b; z) for U(a, b, z) 

Complete Solution 

13.1.11 y=AM(a, b, z)+BU(a, b, z) 

where A and B a.re a.rbitra.ry constants, b F- -n. 
Ei1ht SolutioDI 

13.1.12 y1 =M(a, b, z) 
13.1.13 y2=z1-6M(l+a-b, 2-b, z) 
13.1.14 y3=e'M(b-a, b, -z) 
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13.1.15 y,=z1-•e•M(l-a, 2-b, -z) 

13.1.16 Jla= U(a, b, z) 

13.1.17 y8=z1-0U(l +a-b, 2-b, z) 

13.1.18 y1=e•U(b-a, b, -z) 

13.1.19 y8=z1-0e'U(1-a, 2-b, -z) 

Wronwldana 

If W{ m, n} =y,.y� -y,.y� and 

13.1.M 

General Confluent Equation 
13.1.35 

w" +[� +21' + b�' -h'-�: ]w' 

+(b�' -
h

'-�:) (�+ 1,)+ A(�-1) 
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e=sgn (.l"z) =1 if Jz>O, 
= - 1  if Jz5.0 +2Aj' 

+J"+f''-
ah''

]w=O z h 
13.1.20 Solutions: 

W{l, 2}=W{3, 4 } = W{1 ,  4}= -W{2, 3} 36 I. • 13.1. 
= (1-u)z-·e• 

z-.te-I�>M(a, b, h(Z)) 

z-Ae-I1.6>U(a, b, h(Z)) 13.1.21 13.1.37 

W{ 1, 3 } = W{2, 4 }=W{5, 6 }=W{ 7, 8}=0 

13.1.22 W{1, 5 }= - r(b)z-•e•jr(a) 

13.1.23 W{ 1, 7}  = r(b )e•"'•z-·�·tr(b-a) 

13.1.24 W{2, 5 }=-r(2-b)z-•e•jr(1 +a-�) 

13.1.25 W{2, 7 }=-1'(2-b)z-•e•jr(l-a) 

Kum�ner Tranafonnationa 

13.1.27 M(a, b, z)=e'M(b-a, b, -z) 

13.1.28 

z�-•M(l+a-b, 2-b, z)=z1-•e•M(l-a, 2-b, -z) 

13.1.29 U(a, b, z) =z1-11U(1 +a-b, 2._b, z) 

13.1.30 

e'U(b-a, b, -z)=e•rW-o1e'z1-0U(1-a, 2-b, -z) 

Whittaker'• Equation 

13.1.31 

Solutions: 

Whittaker's Functiona 

13.1.32 M •. ,.(z) =e-t•zt+,.M(!+�-.:, 1+2�, z) 
13.1.33 
W •. ,.(z)=e-t•zt+,.U(i+�-.:, 1 +2�-', z) 

( -r<arg z5.r, «=!b-a, �=!b-!) 
"See Pl!P D. 

13.2.1 

13.2. Integral Representations 

!!lb>!!la>O 

r(b-a) r(a) M( 6 ) r(b) a, , z 

13.2.2 

13.2.3 

13.2.4 

13.2.5 

13.2.6 

13.2.7 

=e-A• L8 e"(t-A)11-1(B-t)H•-'dt 
(A=B-1) 

f!ta>O, f!tz>O 

=21-•e•·fo .. e-t• co.b' sinh•-te coth•-ao (i8)d8 • 
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13.2.8 r(a) U(a, b, z) 

= eA•f
A
• e-•'(t-A)<�-I(t+B)b-ca-ldt 

(A=1-B) 
Similar integrals for M •. ,.(z) and W.,,.(z) can 

be deduced with the help of 13.1.32' and 13.1.33. 

13.2.9 
Barnee-type Contour Intepala 

13.3.7 

M�(!) z) =et•(tbz-az)t-t• 
• · � .A,.(lz)t•(b-2a)-t"J•-I+,.(.J(2zb-4za) ) 

n•O 

where 

Ao= l, At=O, A2=lb, 
(n+1)A.+I= (n+b-1)A.-1+(2a-b)A.-2, 

(a real) 
r(a) M(a, b, z)=� fHf• r(-s)r(a+s) (-z)'ds r(b) 2n J,_,.., r(b+s) 13.3.8 

for jarg (-z)l<t...., a, b �O, -1,  -2, . . . . The 
contour must separate the poles of r( -s) from 
those of r(a+s); c is  finite. 

13.2.10 
r(a)r(1 +a-b)z4U(a, b, z) 

M(a, b, z) 
r(b) 

where 

1 fc+c.. . Go= l, Ot= - bh, G�= -l(2h-1)a+ib(b+I)h2, =2ri c-fca r(-s)f(a+s)f(1+a-b+s)z-•ds . (n+l)G,.+t=[(1 -2h)n-bh]G,. 
3� b for jarg zl<2, a�O, -1,  -2, . . .  , -a�1, 2, 

3, . . . . The contour must separate the poles of 
f( -s) from those of f(a+s) and f(l +a-b+s). 

13.3. Connections With Bessel FunctioD.A 
(see chapters 9 and 10) 

Beeeel FunctioJUJ u Limiting Caaes 

If b and z are fixed, 

13.3.1 lim {M(a, b, z/a)/f(b) } =zt-tb /6_1(2\"Z} CI-t• 
13.3.2 lim {M(a, b,-z/a)/f(b)} =zt-t&J._1(2..[Z) 
13.3.3 

lim {r(1+a-b) U(a, b, z/a) } =2zt-t6K6_1(2..fi) 
-· 

13.3.4 
lim { r(1+a-b)U(a, b, -z/a) } 
--

+[(1 -2h)a-h(h-1)(b+n-1)]0,._1 

13.3.9 
where 

-h(h-l)aG,.-2 

M(a, b, z) = :i:O,.(a, b)I,.(z) n-o 

Go=1,  01(a, b)=2a/b, 

(h real) 

G,.+1 (a, b)=2a0,.(a+ l ,  b+1)/b-0,._1(a, b) 
13.4. Recurrence Relations and Dift'erential 

Properties 
13.4.1 
(b-a)M(a-1, b, z)+ (2a-b+z)M(a, b, z) 

-aM(a+I, b, z)=O 
13.4.2 
b(b- l)M(a, b-1, z)+b(l-b-z)M(a, b, z) 

+z(b-a)M(a, b+1, z)=O 
13.4.3 

= -rier'&zt-t6H�12t (2..[Z) (..lz>O) {1 +a-b )M(a, b, z) -aM(a+ 1, b, z) 
13.3.5 =rie-rt&�-t6H'(21(2..fi) (Jz<O) + (b- l)M(a, b-1,  z)=O 

ExpanaioJUJ in Seri.ee 
13.3.6 
M(a, b, z)=e••r (b-a-l)(iz)4-Ht 
* . £ (2b-2a-l),.(b-2a),.(b-a- t + n )  

n•O nl(b),. 
(-1)" 1&-a-t+,.(jz) (b�0,-1,-2, . . .  ) 

13.4.4 
bM(a, b, z)-bM(a-1, b, z)-zM(a, b+I,  z)=O 

13.4.5 
b(a+z)M(a, b, z)+z(a-b)M(a, b+l, z) 

-abM(a+ l ,  b, z)=O 
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13.4.6 

(a- 1+z)M(a, b, z)+(b-a)M(a-1, b, z) 

+ (1 -b)M(a, b-1,  z)=O 

13.4.7 

b(1-b+z)M(a, b, z)+b(b- 1)M(a-I., b-1,  2) 
-azM(a+1, b+1, z)=O 

13.4.8 M'(a, b, z)=i M(a+I, b+1, z) 

13.4.9 fz",. {M(a, b, z)} = �:�: M(a+n, b+n, z) 

13.4.10 aM(a+1, b, z)=aM(a,- b, z)+zM'(a, b, z) 

13.4.11 

(b-a)M(a-1, b, z)=(b-a-z)M(a, b, z) 

+zM'(a, b, z) 

13.4.12 

(b-a)M(a, b+i, z)=bM(a, b, z)-bM'(a, b, z) 

13.4.13 

(b-1)M(a, b-1,  z)=(b- 1)M(a, b, z) 

+zM'(a, b, z) 

13.4.14 

(b-1)M(a-1, b-1, z)=(b-l-z)M(a, b, z} 

+zM'(a, b, z) 

13.4.15 

U(a-1, b, z)+(b-2a-z)U(a, b, z) 

+a(1+a-b)U(a+l, b, z)=O 

13.4.16 

(b-a-1) U(a, b-1 ,  z)+(l-b-z) U(a, b, z) 

+zU(a, b+1, z)=O 

13.4.17 

U(a, b, z)-aU(a+1, b, z)- U(a, b-1,  z)=O 

13.4.18 

(b-a) U(a, b, z) + U(a-1, b, z) 

13.4.19 
(a+z) U(a, b, z)-zU(a, b+1 ,  z) 

+a(b-a-I)U(a+l, b, z)=O 

13.4.20 

(a+ z-1)U(a, b, z)- U(a-1, b, z) 
+(I+a-b)U(a, b-1,  z)=O 

13.4.21 U'(a, b, z)=-aU(a+l, b+l ,  z) 

13.4.22 
d" 

-d {U(a, b, z) } = (-l)"(a),.U(a+n, b+n, z) z" 

13.4.23 

a(1+a-b)U(a+l, b, z)=aU(a, b, z) 

+zU'(a, b, z) 
13.4.24 
(1+a-b)U(a, b-1, z) =(1 -b)U(a, b, z) · 

-zU'(a, b, z) 

13.4.25 U(a, b+l, z)= U(a, b, z)- U'(a, b, z) 

13.4.26 
U(a-1, b, z) = (a-b+z) U(a, b, z) -zU'(a, b, z) 

13.4.27 
U(a-1, b-1, z)=(1-b+z) U(a, b, z) 

-zU'(a, b, z) 

13.4.29 
(1 +2�£+2�e)M.+1.,.(z) - (1 +2�£-2K)Mc-t,,.(z) 

=2(2K-z)M •. ,.(z) 

13.4.30 
W•+l. ,.(z)-ztW.,,.H(z) +("+�-')W.-tiz)=O 

13.4.31 

(2�e-z)W •. iz) +W•+t.10(z) 

=(�£-K+t)(�£+K-!) Wc-t,,.(z) 

13.4.32 
zM�.,. (z)=(!z-�e)M •. 11(z) +C !+1-'+")M.+I.,. (z) 

-zU(a, b+I, z)=O 13.4.33 zW�.10(z)= (!z-")W •. iz) -W.+t.iz) 
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13.5. Asymptotic Expanslone and Limiting 
Forma 

13.5.1 

M(a, b, z) 
r(b) 

e*'"z-• { �1 (a),.(l+a-b). (-z)-•+O(Izj-•) }  r(b-a) ::0 nl 

f e•z--• {�1 (b-a).(l-a). z-•+O(Izl-") } r(a) ;:o n! 
the upper sign being taken if-lT<arg z<fT, the 

lower sign if -fT<e.rg zS -iT. 

13.5.2 

U(a, b, z)-=z-• (� (a).(l�a-6)• (-z)-• 

+O(jzj-11)} (-fT<Ug z<fT) 
Couftqin(J Facton lor the Remamden 

13.5.3 

O(jzj-•)=(a)a(1�1a-6)a (-z)-• 

li+ 
<i+ib-la+iz-iR) + O(Izl-l)l z 

and 

13.5.4- -

O(lzl-") (b-a).,(l-a)., z-" 
81 

(J-6+2a+z-S+O(Izl-1)] 
where the R'th and S'th terms are the smallest in 
the expansions 13.5.1 and 13.5.2. 

For 11111all • (a, b heel) 
13.5.5 As lzJ-+0, M(a, 6, 0)=1, 6� -n 

13.5.6 U(a, b, z) r��-;,/> z1-•+0(Izl�-l) 
(£¥6�2, 6�2) 

13.5.7 

13.5.8 

1 
=-r (a) 

[In z+�(a)+2'Y) 

(6=2) 

+O(Izlnzl) (6=1) 

13.5.10 U(a, b, z) r(l-b) +O(JzJ•- t-f•) r(t +a-b) 

13.5.11 

13.5.12 

13.5.13 
M(a, b, z)= 

(O<fJI6<t) 
1 

r(1+a)+O(jz ln zJ) (6=0) 

r(t-b) 
r(1+a-6) +O(Izl> 

(!Jib SO, 6,.t0) 

For larp a (b, • heel) 

.r (b)el•(ibz-az)l-ltJ6_1 (�(2bz-4az)) 

where 
[ 1 +0(1 lb-aJ-•)] 

Jzl=-1 i b-a l' and �=min (1-p, i-fp), OSP<i· 

13.5.14 
M(a, b, :r:)=r(b)e�Z(fbz-iu)t-t•T-t 

COS (�(2bz-4az)-j6T+iT) 
[1 +0(1 ib-aj-t) 1 

88 a-.-CD for .b bounded, z real:· 

13.5.15 
U(a, b, z) =  

r(jb-a+t)et•zl-t_t{oos (aT)J.._1(�(26z-4az)) 
-sin (a ... ) Y  .._1(�{26z-4az))) [t+O(Ji6-aJ-•)) 

where � is defined in 13.5.13. 

13.5.16 
U(a, 6, z)= r(tb-a+l)T-iet'zl-i• 

cos ( �(2bz-4a:r:) -ibT+a ... +iT) 
[1 +0(Ji6-aj-i) 1 

88 a-+-CD for b bounded, z real. 

For lar(Je real a, b, • 

If c0sh1 11=z/(26-4a) so that z>26-a>t, 
13.5.17 
M(a, b, z)= r(b) sin (a ... ) 

13.5.18 

exp [(b-2a)(l sinh 28-8+cosh1 8)] 
[(b-2a) cosh 8)1-� ... (tb-a) sinh 28]-t 

[t+O(Jtb-aj-1)] 

U(a, b, z)=exp [(6-'2a)(i sinh 28-11+coeh1 8)) 
[(b-2a) cosh 8]1-�(!6-a) sinh 211]-i 

[1 +O<Iib-al-1) J 
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If z= (2b-4a)[l +tf(b-2a)l], so that 

x-2b-4a 
13.5.19 

13.5.21 
M(a, b, z)=r(b) exp { (b-2a) cos' 8} 

M(a, b, x)=e''"(b-2a)f-br(b)[Ai(t) cos (a•) 
[(b-2a) cos 8)1-b[•(!b-a) sin 28tt 

[sin (a•)+sin { (ib-a) (28-sin 28) +l•} 
+OCiib-al-')1 +Bi(t) sin ta•)+O(Ilb-aj-1)] 

13.5.20 13.5.22 
U(a, b, z)=el:r+cz-tbr(l)•-•ro-t 

{ 1-trtt) (bx-2az)-t3t.-t+O<Ilb-al-l) } 
U(a, b, z)=exp [(b-2a) cos' 8][(b-2a) cos 8]1-b 

[(lb-a) sin 28]-l{sin [(ib-a) 
(28-sin 2D)+l•J+0Ciib-al-') } If cos' 8=x/(2b-4a) so that 2b-4a>x>O, 

M(a, b, z) 

a b I 

13.6.1 .. +t 2 .. + 1  2iz 

13.6.2 -·+i -2r+l 2it , 

13.6.-3 r+i 2 .. + 1  21 

13.6.4 n+1 2n+2 2i• 

13.6.5 -n -2n 2i• 

13.6.6 n +I 2n+2 2• -
13.6.7 n+l 2n+I . -2�iz 

13.6.8 L+ 1 - i, 2L+2 2iz 

13.6.9 -n a+1 % 

13.6.10 a a+1 -� 

13.6.11 -n 1+,.-n � 

13.6.12 a a • 

13.6.13 1 2 -2i• 

13.6.14 1 2 21 

13.6.15 -l· i i-' 

13.6.16 i -t .. • t:' 

13.6.17 -n i � 

13.6.18 -n l � 

13.6.19 t t -:t:' 

13.6.20 im+ i  I + n  ,.. 

•see page n. 

13.6. Spedal Cuee 

Relation 

. 
r(l +,.)e'•(iz)-•J ·<•> 

r(l-,.)e1i(iz) 1cos (" )J ,(z) -ein (n) Y,(z) J 
r(1 +,)e•(i•)-•l,(z) 

r (t + n)e"(i•)--lJ •+t(•) 
r(t-n)e"(i•)•+tJ -.-t(•) 

·r(t+ n)e•(j:)--tl •+I(•) * 

r(l+n)e-ln(t&zr)-(ber. �+i bei. �) 
e"'FL(,, z):r;-L-tfCL(f/) 

nl L<'"l( (a+ 1),. • 2:) 
a:r•-r(a, %) 

(nl)t�r- p,.(,, :e) (1+,-n). 

e• 
r'" . - em •  • 
s• 
-sinh . • 

2-t exp ( lzl) B!0' (z) 

exp2�h') B�''<•) 

n! 
(2n)! (-i)-He,.(%) 

n! 1 
(2n+ 1)! ( -j)-• ; Ht,,.+t(z) 

w-t 
- erf :e 
22: 

n!r-b+ .. -1 , 
r(tm+i) 

e' T(m, n, r) 

-

* 

• 

Function 

Beeeel 

Beeeel 

Modified Beeeel 

Spherical Beeeel 

Spherical Belll!el 

Spherical Belll!el 

Kel-vin 

Coulomb Wave 

Laguerre 

Incomplete Gamma 

Poisson-Charlier 

Exponential 

Trigonometric 

Hyperbolic 

Weber 
or 

Parabolic Cylinder 

Hermite 

Hermite 

Error Integral 

Toronto 
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U(a, b, 1) 

a b I! 

13.6.21 .. +� 2•+1 21 
13.6.22 �>+! 2 .. + 1  -2iJ 

13.6.23 �>+l 27+1 2iz 

13.6.24 n+1 2n+2 21 

13.6.Z5 ! t *'"' 
13.6.26 n+! 2n+1 & 
13.6.27 -n ar+1 z 

13.6.28 1-a 1-a z 

13.6.29 1 1 -z 

13.6.30 1 1 z 

13.6.31 1 1 -lnz 

13.6.32 tm-n I+m z 

13.6.33 -! .. 0 2z 

13.6.M 1 1 u 

13.6.35 1 1 -u 

13.6.36 -!· l !tl 

13.6.37 !-! .. i lz' 

13.6.38 l-!n t :r;l 
}3.6.39 l ! :r;l 

13.6. Special c..e-continued 

. 

Relation 

,.-Je•(2z)-• K ,(z) 

j-rle t1�(v+!) -z] (21)-•H!U (,f 
frle-i[�(v+!) -zl(2z)-•H!2l(J}* 
,.-Je•(21)--tK,.+t(z) 

,.t,-t exp (fz111)2-1113elt Ai (1) 
i..,.-JeVi.(2,[u) -•[ker. z+i kei,. z) 

( - 1)-n!L�'">. (z) 

e•r(a, z) 

-r•·Ei (z) 

esE.(z) 

_! li (z) :t 

r(I +n- im)ez--n<t•--10)""'· .. (z) 

r(l +!•)esk,(z) for z>O 

elz[ -tri+� Si (z) -Ci (:r)] 
e-lz(j-ri -i Si (z) -Ci (:e)) 

2-t• e•314 D,(l) 

2t-h•214D. (z)/z • 

2-"H,.(x)/z • 

..;� exp (zl) erfc z 

Function 

Modified Bessel 

Hankel 

Hankel 

Spherical Besse1 

Airy 

Kelvin 

Laguerre 

Incomplete Gamma 

Exponential Integral 

Exponential Integr!ll 

Logarithmic Integral 

Cunningham 

Bateman 

Sine and Cosine Integral 

Sine and Cosine Integral 

Weber 
or 

Parabolic Cylinder 

Hermite 

Error Integral 

13.7. Zeros and Turning Values For the derivative, 

If ib-t, r is the r'th positive zero ofJb_1(z), then 
a first approximation X0 to the r'th positive zero 
of M(a, b, x) is 

13.7.1 Xo=R-t.• { l/(2b-4a)+ O(l/(ib-a)2) } 

13.7.2 X 
r(r+ ib-!)2 

o""' 2b-4a 

A closer approximation is given by 

·See p,..e D. 

13.7.4 

M' (a, b, X1) = 
, X { (b X )  

M(a, b, Xo) 
} M (a, b, o) I+ - o M'(a, b, Xo) 

If X� is the first approximation to a turning value 
of M(a, b, x), that is, to a zero of M'(a, b, x) then 
a better approximation is 

13.7.5 
X�' (a, b, X�) 

aM(a, b, X�) 
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The self-adjoint equation 13.1.1 can also be 
written 

13.7.6 

The Sonine-Polya Theorem 

The maxima and minima of lwl form an in
creasing or decreasing sequence according as 

-azS&-le-= 

is an increasing or decreasing function of x, that is, 
they form an increasing sequence for M(a, b, x) 
if a>o, x<b-i or if a<O, x>b-i, and a decreas
ing sequence if a>O and .x>h-i or if a<O and 
x<h-i. 

The turning values of !wl lie near the curves 

13.7.7 

W= ± r(b)1r-l/2ezl2(ibx-az)l-i&{ l-xj(2b-4a) } -1/t 
Numerical Methods 

13.8. Use and Extension of the Tables 

Calct.tlation of M(o, b, s) 

Kummer'e Transformation 

Example 1. Compute M(.3, .2, -.1) to 78. 
Using 13.1.27 and Tables 4.4 and 13.1 we have 
a=.3, h=.2 so that 

M(.3, .2, -.1)=e-·1M(-.1, ·.2, .1) 
= .85784 90. 

Thus 13.1.27 can be used to extend Table 13.1 to 
negative values of z. Kummer's transformation 
should also be used when a and b are large and 
nearly equal, (or z llirge or small. 

Example 2. Compute M(l7, 161 1) to 78. 
Here a=17, b=16, and 

M(17, 16, 1)=e1M(-1, 16, -1) 
=2.71828 18Xl.06250 00 
=2.88817 44. 

R�urrence RelatioiUI 

Example 3. Compute M( -1.3, 1.2, .1) to 78. 
Using 13.4.1 and Table 13.1 we have a=- .3·, 
b=.2 so that 

M(-1.3, .2, .1)=2[.7 M(-.3, .2, .1)-.3 M(.7, .2, .1)] 
= .35821 23. 

By 13.4.5 when a= -1.3 and b= .2, 
M(-1.3, 1.2, .1)=[.26 M(-.3, .2, .1) 

-.24 M(-1.3, .2, .1)]/.15 
= .89241 08. 

8imila.rly when a=-.3 and b=.2 
M( -.3, 1.2, .1)= .97459 52. 

Check, by 13.4.6, 

M(-1 .3, 1.2, .1)=[.2 M(-.3, .2, .1) 
+ 1.2 M(-.3, 1.2, .1)]/1.5 

= .89241 08. 

In this way 13.4.1-13.4.7 can be used together 
with 13.1.27 to extend Table 13.1 to the range 

-10�a� l0, -10�b�10, -10�x�l0. 
This extension of ten units in any direction is 
possible with the loss of about 18. All the re
currence relations are stable except i) if a<O, b<O 
and lal>lbl, z>O, or ii) h<a, b<O, lb-a!>lhl, 
x<O, when the oscillations may become large, 
especially if lxl also is large. 

Neither interpolation nor the use of recurrence 
relations should be attempted in the strips 
b= -n± .1 where the function is very large nu-

__ merically. In particular M(a, b, x) cannot be 
evaluated in the neighborhood of the points 
a=-m, b=-n, m�n, as near - these points 
small changes in a, b or x can produce very large 
changes in the numerical value of M(a, b, x). 

Example 4. At the point ( -1.  -1 .  z), M(a, b, z) 
is undefined. X When a=-1,  M(-1, b, z)= l-b for all x. 
Hence lim M(-1, b, z)=H -x. ButM(b, b, x)=r 

IH-1 
for all z, when a=b. Hence lim M(b, b, x)=ez. 

IH-1 

In the first case b-4-1 along the line a= -1, and 
in the second case b-4-1 along the line a=b. ' 

Derivativee 

Example 5. To evaluate M'(-.7, -.6, .5) to 
78. By 13.4.8, when a= -. 7 and b=-.6, we have 

M'( -.7, -.6, .5)= :� M(.3, .4, .5) 

= 1.724128. 
Asy111ptotie Fonnulaa 

For x� 10, a and b small, M(a, b, x) should be 
evaluated by 13.5.1 using converging factors 
13.5.3 and 13.5.4 to improve the accuracy if 
necessary. 
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M 
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FIGURE 13.2. M(-4.5, 1, z). 
(From F. 0. Trlcoml, Fun&lonl, lperpo1118trlcbe conftuentl, Edktonl. 

Cremooeae, Rome, Italy, 11164, wllb pennl5slo.n.) 
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14. Coulomb Wave Functions 

Mathematical Properties 

14.1. Differential Equation, Series Expansions 

14.1.1 
Dift'erential Equation 

d2w. +[1 211 L(L+1)]w=O dp2 p p2 

(p>O, - oo <'7< ao ,  L a non-negative integer) 

The Coulomb wave equation h88 a regular 
singularity at p=O with indic� L+.-1 and -L; 
it h88 an irregular singularity at p= oo .  

General Solution 

14.1.2 
w=OtFL(11, p)+02G.i.(77, p) (011 Os constants) 

where F£('7, p) is the regular Coulomb wave 

• 
14.1.13 If!!(�, p)= '5; kAf(17)�-L-l 

t.:z+t 

Irregular Coulomb Wave Function Gr.('tl, p) 

14.1.14 

GL(11, p) = 0��) F£(17, p)[ln 2p+ ;:�:�]+8£(17, p) 

14.1.15 

14.1.16 

8£(17, p)=DL(11) P-LI/IL('7, p) 
1 DL(11)0L(11)=2L+1 

function and fh('7, p) is the irregular (logarithmic) 14.1.17 
Coulomb wave function. 

Regular Coulomb Wave Function FL('I, p) 
14.1.3 

F£(17, p)=0L(11)�+te-'"M(L+1-i11, 2L+2, 2ip) 
14.1.4 

14.1.5 

14.1.6 

Af+t=1, Af+2"""'L�1' 
(k+L) (k-L-l)Af =217Af-t-Af-2 

14.1.7 

(See chapter 6.) 

14.1.8 

14.1.9 

14.1.10 

C'g(17) =2?r17(e2-<'•-1) -I 

o2c )JL<1J>m<'7> L 17 217(2L+ 1) 
CL2+172)t 0£(17) L(2L+1) OL-1('7) 

PL(1J) (1 +172) (4+'72) • • •  (L2+,2)22L 14•1•11 277 (2L+ 1)[ (2L) If' 
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14.1.18 

a�£=1,  af+I=O, 
-· (k-L-1) (k+L)af=217af-�-af_,-(2k-1) PL('1)Af 

(See Table 6.8.) 

14.1.20 

(-l)L+1 1 2(i,-L) r£('7)-r (2L)I J {2L+l + 2L(lt) 

+2:1(i'7-L)(i'7-L+l) + (2L-1)(21) . .  . 
22L(i,-L)(i'7-L+1) . . .  (i'7+L-1) } + (2L)I 

14.1.21 

G, dGL 2'1 {F'[.ln 2 +q£('7) ]+ -IF ( ) } L= dp =o�<'7> L P PLC17> P L "· p 

+8f('7, p) 
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14.1.23 

G1. , Fl. 
I I 1.6 I 

I I 
I Gl. 

L2 

.8 

�����-L-6�������10--����14-+ L 

-.4 

-.8 

-1.2 

1.3 

I 
I 

I 
I 

I 
I 

\ ,' 
'�.-/ 

FIGURE 14.1. FL(.,, p), Gz.('f/, p). 
11=1, p=10 

FIGURE 14.2. Fz., F�, GL and G�. 
,=10, p=20 

Gv-Gi. 
2.4 
22 
20 
I I 
18 
14 
12 
10 
8 
6 
4 
2 
0 
-2 1 4 18 

14.2. Recurrence and Wronskian Relations 

Recurrence RelatioiUI 

If 7.�.£=Fz.(Tt, p) or GL(Tt, p), 

du LJ 
14.2.1 L -d 

z.=(L'+772)luz._1-(-+.,)uz. p p 
14.2.2 

(L+ 1) dd
uz.=[(L+ 1)2 +fi}UL-( (L+ 1)2+'12]tuz.+t p p 

14.2.3 

L[ (L+ 1)2+772)tuL+t = (2L+ 1)[fl+ L(L+ 1) ]uz. p 

14.2.4 

14.2.5 

14.3.1 

-(L+ 1)[L2+.,2]tuz.-1 
Wronaldan Relatione 

Fz.-tGz.-FLGz._,=L(L2+'12) -t 
14.3. Integral Representations 

F + 'G '!. p -ltL-I•(t+2 . )L+'•dt 
·e-'' -z. i"' 

z. "' L� (2L+ 1) !Cz.{'7) o 
e "'P 

14.3.2 

e-rr•i-+1 
J_,..,_ e-'''(1-t)L-t-.(1+t)L+'-.dt (2L+1)10z.(11) -t 

14.3.3 
e-rr,pL+I 

Fz. +iGz.=-(2L+ 1) 1Cz.(11) 

·J:"' { (1-tanh2 t)L+l exp [-i(p tanh t-2,t) ]  

+i(1+t2)z. exp [ -pt+2'1 arctan t]}dt 

14.4. Bessel Function Expansions 

Expanaion in Tenne of Beseel-Cllil'ord FgoctioiUI 

14.4.1 

Fz.(Tt, p)=Cz.(fl) �L���
l 

p-L 'f-. b1t"121�:(2/i) '1 t-tt'+t 
(t=2f1p, ,>o) 

14.4.2 

Gz.('1, p)-Dt('1)>d'1)P-L � ( -1)1btt"12K�;(2.Jt) t-2t+t 
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14.4.3 

b2£+t=1, b2L+2=0, 
• 4,2(k-2L)bt+t+kbt-t+bt-t=O (k�2L+2) 

14.4.4 

(See chapter 9.) 

Espaneion in Tenn• of Spherieal Deuel Fu.netiou 

14.4.5 

JrL('J,p)= --
1 ·3 ·5  . . .  {2L+1)pCL{'J) it b,.� � Jt+t(p) 

14.4.6 
2L+3 6£=1, bL+l= L+1 , 

(2k+1) b,. k(k+1)-L{L+1) 

{2 b (k-l) (k-2)-L(L+1) b } 
17 

1;-J 2k-3 1;-t 

(k).L+1) 
14.4.7 
FH,, p)=1 · 3 · 5 . . .  (2L+l)pCL('J) 

(L+l) _ /-:r (L+2) { (2L+1) bL � �p JL-t(P)+(2L+3) . bL+t 

' ��JL+t(p)+/t;idl b�&Jt+t(P) } 

14.4.8 b� (k+2) b (k-1) b • (2k+3) t+l-(2k-l) 1;-l 

EKpan.ion In Tenn• of Airy Functiou 

z= (2,-p)/(2,)113 �&= (2,)213, ,>>O 
IP-2'11<2, 

14.4.9 

14.4.10 

•See page n. 

J.=(1/5)zl 
1 1�=35 (2r+6) 

1 fa= 63000 (84z7 + 1480z'+ 2320z) 

9t=-(1/5)z 
1 g,=-350 (7z4-30zt) 

1 g,�63000 (1056z'-1160r-2240) 

(See chapter 10. ) 

14.5. Asymptotic Expansions 

.A.ymptotie Expannon for Larp Value. of p 
14.5.1 FL=g cos BL+Jsin BL 
14.5.2 

. 14.5.3 

14.5.5 

Gz. j cos Bz,-g sin Bz. 
Fl=g* C08 eL+r sin Bz, 

11' BL=p-'J ln 2p-L
_2

+crL 

14.5.6 crz.=arg r<L+ 1 +i,) 
(See 6.1.27, 6.1.44.) 

14.5.7 CT£+t=cr£+e.rcte.n L�1 
(See Tablee 4.14, 6.7.) 

• • C8 • 
14.5.8 J -"fJ/"' u-� g�;,f*'';f.i,:fl, u·-� U: 
where 

/o=l, Uo=O, fl=O, !fo=1-'J/P 
/"+1 =a,.j,.-bt!/t 
9�>+t =a,.g,.+b,.j,. 
il+t =a�;Jl-b.g%-f "+;; p 
U:+l=a.U:+bJ:-g,.+l/P 

_(2k+1)'J b _L(L+I)-k(k+I)+,S 
a�;-(2k+2)/ "- (2k+2)p 
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14.5.9 

f+ . 1+ (i71-L) (i11+L+1) + (i'1-L) (i,-L+1)(i�+L+I)(i71+L+2) 
�g- 11(2ip) 2!(2ip)2 

14.5.10 

14.5.11 

+ (i17-L) (i,-L+ 1) (i17-L+2) (i11+ L+ 1) (i11+ L+2) (i11+ L+3) + 31(2ip)8 • • • 

Asymptotic Espanaion for L=O, p=2'1> >O 

Fo(2'1) ,..,r(2/3) { ±I+_! r(l/3) .!_±_8 _ _!+1
8�11;��03 rr

(
(
2
t
1
/
3
3)
) 
�± . . .  } 0�(271)/..f'J 2-.fi� 15 r(2/3) f32 56700 f1 � 

541 

fJ=(2ri/3)U, r(1/3)=2.6789 38534 . . .  , r (2/3)=1.3541 17939 . . •  

14.5.12 

F0(2'7)"' { .70633 26373} �{ 11=.04959 570165 .00888 88888 89 
00(2'7) 1.22340 4016 17 "" 712 

14.5.13 

1=.00245 51991 81 .00091 08958 0611=.00025 34684 115 
,.,. '14 ,.,. 

• . •  } 

F�(2,),.., { .40869 57323} -�{ 1 ±.17282 60369+.00031 74603 174 
0�(2'1) -.70788 17734 '1 ,,. '1' 

1.2 

FIGURE 14.3. Fo('11 p). 
t�=O, 1, 5, 10, p/2 

FIGURE 14.4. ,Po('7, p). 
t�=O, 1, 5, 10, p/2 

± .00358 �148 50+ .00031 1 �824 680 ± .00090 7�66 427 + . . .  } 
'1 '1 '1 

1.2 

,8 

.4 

-l.2 i"7=1 
I 

FIGURE 14.5. Oo('71 p). 
17=0, 1, 5, 10, pf2 

FIGURE 14.6. 0�('1, p). 
"=0, 1, 5, 10, p/2 
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14.6. Special Values and Asymptotic Behavior 

14.6.1 L>O, p=O 

14.6.2 

14.6.3 

14.6.4 

FL=O, F�=O 
GL=CD,  G�=-CD 

L=O, p=O 
Fo=O, Fo=Oo(tJ) 
G0= 1/0o(tJ), Ua= -oo 

L�oo 
FL-OL(fJ),r+-1, GL-DL(fl)p-L 

L=O, 11=0 
Fo=sin p, Fo=cos p 
G0=cos p, llo= -sin p 

14.6.5 p.....-+oo 

GL+iFL-exp i[p.,....fJ ln 2p-�11" +crL] " 

14.6.6 L�O, tJ=O 

FL=(\1rp)l Jut(P) 

GL= ( - l)L(!1rp)l J-!L+ll (p) 

14.6.7 L�O, 2,> >P 

14.6.8 

14.6.9 

F "'(2L+1)!0L('7} (2 )If [2(2 )t] L (2'7)L+l '7P iL+l '7P 

GL"' (2L!�)'7i�L('7) (2'7p)IK:u.+1[2(2'7p)i] 

L=-0, 2'7> >P 
F0-e-r'(11"p)IJ1[2(2'7p)l]  

F�-e-r•(27r'7)1J0[2(2'7p)l] 

Go"'2errr (�)'K1[2(2'7p)i] 

G�--2 (2;)' er•K0[2(21Jp)i] 

L=O, 2,>>P 

a=2�-1NI 
fJ= (p/2'7) t 

U.6.10 

Fo-� {Je«; F�- { fJ-2+ 8
1
17 t-2{J'} F0 

Go"' fJr«; G�,.., { -fJ-'+ 8� t-2{J'} G0 

t=pf2fl 

fJ= { t/(1 -t)} l 
14.6.11 

F0=a sin fJ; F�=-t2(bF0-aG0) 
Go=a cos fJ; G�=-t2(aF0+bG0) 

t=2" p 
1 8t3-3t' 

a=(1-t)l  exp [ 64(2'1J)2(1-t)3] 

fJ=!+2 { (1-t)l+! ln [1- (1-t)t] }  
4 ., t 2 1+(1-t)t 

a=t-2(1-t)t, b=[8'1](1-t) ]-1 
14.6.12 

14.6.13 ,> >o, 2,- P 

X= (211-p) (2'7) -113 

[Go+iFo]"'11"112(2,)1'0[Bi(:r:) +iAi(:r:)] 

14.6.14 ,>>O 

PL=fJ+['72+L(L+ 1) ]''2 
FL(PL) _r(1/3) (PL)1'e{ 1 +  L(L+1) } -1'0 
GL(PL)!.J3 2.,[; 3 Pi 
F�(PL) "' ±  r (2/3) (PL)-1'0{ 1 + L(L+ 1) } 11e 
G�(PL)!.J3 2.,[; 3 Pl 
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14.6.15 

14.6.16 

cro('7) -li+,(ln '7-1)] 
Co( 'I)"' (211"'7) 113e-"�, 

(Equality to 8S for '7>3.) 

14.6.17 ,� 

cro('7)"' -'Y'7 h=Euler's constant) 

2LLI OL(fl)-(2L+1)1 
14.6.18 L-+t» 

0 ( ) 2LLJ -...,/2 L '7 "'(2L+1)1 e 

Numerical Methods 

14.7. Use and Extell8ion of the Tables 

In general the tables a.s presented are not simply 
interpolable. However, values for L>O may be 
obtained with the help of the recurrence relations. 
The values of GL(fl, p) may be obtained by 
applying the recurrence relations in increasing 
order of L. Forward recurrence may be used for 
FL(f/, p) a.s long a.s the instability does not produce 
errors in excess of ·the accuracy needed. In this 
case the backwards recurrence scheme (see Ex
ample 1) should be used. 

Example I. Compute FL(f'l, p) and F;.(,, p) for 
,=2, p=5, L=0(1)5. Starting with F�=l, 
Ft,. =0, where Ft=cFL, we compute from 14.2.3 in 
decreasing order of L: 

(1) (2) (3) ( 4) 
L FI . F£ F, F£ 
1 1  0. 
10 1. 
9 4. 49284 
8 17. 5225 
7 61. 3603 
6 191. 238 
5 523.472 
4 1238. 53 
3 2486. 72 
2 4158.46 
1 5727. 97 
0 6591. 81 

. 090791 

. 21481 

. 43130 

. 72124 

. 99346 
1. 1433 

Fo!Ft= 1.7344 X 10-'=c-1• 

. 091 . 1043 

. 215 . 2030 

. 4313 . 3205 

. 72125 . 3952 

. 99347 . 3709 
1. 1433 . 29380 

The values in the second column are obtained 
from those in the first by multiplying by the 
normalization constant, Fo!Ft where Fo is the 
known value obtained from Table 14.1. 

Repetition starting with F�= 1  and F:.=o 
yields the same results. 

In column 3, the results have been given when 
14.2.3 is used in increasing order of L. 

F� (column �) follows from 14.2.2. 

Example 2. Compute GL(f'J, p) and G�(f'J, p) for 
f1=2, p=5, L=1(1)5. 

Using 14.2.2 and 00(2, 5)=.79445, 0�= -.67049 
from Table 14.1 we find G1(2, 5)=1.0815. Then 
by forward recurrence using 14.2.3 we find: 

L GL - G'r. • 

1 1. 0815 . 60286 
2 1. 4969 . 56619 
3 2. 0487 . 79597 
4 3. 0941 1. 7318 
5 5. 6298 4. 5493 

The values of 0� are obtained with 14.2.1. 
Example 3. Compute 00('7, p) for f1=2, p=2.5. 
From Table 14.1, 00(2, 2)=3.5124, 0�(2, 2) 

= -2.5554. Successive differentiation of 14.1.1 
for L=O gives 

cP+"w <Pw ctt+1w rP-1w p dpl+2 ::::a(2f'J-p) dp& -k{dpt+l + dpt-l }  

Taylor's expansion is w(p+l1p)=w(p)+(l1p)w' 
+ (l1;)2,w" + . . . . With w=Oo(f'J, p) and l1p=.5 
we

. 
get: 

d"Go (.:1p)" d•Go 
k dp" A: I dp• 

0 3. 5124 3. 5124 
1 -2. 5554 -1. 2777 
2 3. 5124 . 43905 
3 -6. 0678 -. 12641 
4 12. 136 . 03160 
5 -29. 540 -. 00769 
� 83. 352 . 00181 
7 -268. 26 -. 00042 

00(2, 2. 5)=2. 5726 
As a. check the result is obtained with f1=2, p=3, 
Ap= -.5. The derivative 0�('7, p) may be ob
tained using Taylor's formula. with w=0�('7, p). 

•see page n. 
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15. Hypergeometric Functions 
Mathematical Properties 

15.1. Gauss Series, Special Elementary Cases, 
Special Values of the Argument 

Gau.M Series 

The circle of convergence of the Gauss hyper-

15.1.7 

F(l, !; !; -z2)=(1+z2)1F{1, 1 ; !; -z2) 
=z-1 ln [z+(1+z2)1] 

geometric series 15.1.8 F(a, b; b; z)=(1 -z)-" 
15.1.1 

• (a) (b) z" =F(b, a;c; z)='L:, " " -
n-o (c),. n! 

r (c) .. r(a+n)r(b+n) z" 
r(a)r(b) � r(c+n) nl 

is the unit circle lzl = 1 .  The behavior of this 
series on its circle of convergence is: 

(a) Divergence when fJl (c-a-b)� -1.  
. (b) Absolute convergence when f!l (c-a-b)>o. 
(c) Conditional convergence when -1 <!?J (c-a 

-b) �0; the point z=1 is excluded. The Gauss 
series reduces to a polynomial of degree n in z 
when a or b is equal to -?i, (n=O, 1, 2, . . . ) .  
(For these cases see also 15.4.) The �eries 15.1.1 
is not defined when c is equal to -m, (m=O, 1, 
2, . . .  ), provided a or b is not a negative integer 
n with n<m. For c= -m 
15.1.2 

lim r(1) F(a, b; c; z)= 
c-+-m C 

(a),.+t(b),.+t z"'+1F (a+m+1 b+m+1 ·  m+2· z) (m+1)! I I I 

Special Elementary Caaee of Gauu Seriee 

(For cases involving higher functions see 15.4.) 

15.1.3 

15.1.4 

F(1, 1 ;  2 ;  z)=-z-1 ln (1-z) * 

F(j, 1; t; z2)=tz-• m·G+;) 
15.1.5 F(i, 1 ;  t; -z2)=z-1 arctan z 
15.1.6 

F(!, !; t; z2)=(1-z2)1F(1, 1 ;  li z2)=z-1 arcsin z 
"See page D. 

556 

15.1.9 F(a, !+a; !; z2)=![(1+z)-24+(1-z)-24] 
15.1.10 

F(a, !+a; i; z2) = 
iz-1(1-2a)-1 [ (1 +z)l-24-(1-z)l-24] 

15.1.11 

F( -a, a;!;-z2)=! { ( (1 + zZ)t+ z]24+[ (1 +z2)1-z]Z4} 
15.1.12 

F(a, 1-a; i; -z2)= 
!(1 +z2)--1 { [(1 +z2)t+z]111-1+[ (1 +z')l-z)24-t} 

15.1.13 

F(a, !+a; 1+2a; z)=220[1+(1-z)l]-24 
=(1-z)iF(1+a, !+a; 1+2a; z) 

15.1.14 

F(a, l+a; 2a; z)=224-1(1-z)-1(1+(1-z)ljl-ta 

15.1.15 F (a, 1-a; fi sin2 z) s�[(���z; 
sin [(2a-2)z] 15.1.16 F(a, 2-a; i; sin2 z) (a-1) sin (2z) 

15.1.17 F(-a, a; i� sin2 z)=cos (2az) 

15 1 18 F( 1 . lc· • 2 ) cos [(2a-l)z] 
. • a, -a, �· srn z 

cos z 
15.1.19 F(a, i+a; i; -ta.n2 z)=cosZ4 z cos (2az) 

Special Values of the Argument 

15.1.20 
r(c)r(c-a-b) F(a, b; c; 1) r(c-a)r(c-b) 

(c�o. -1, -2, . . . , fJl(c-a-b)>o) 
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15.1.21 
-cz r(1+a-b) F(a, b; a-b+l; -1)=2 rt r(t+ !a-b)r(t+ la) 

(1+a-b;t0, -1,  -2, . . .  ) 
15.1.22 
F(a, b; a-bt2; -1) =2-4T11Z(b-l)-1r(a-b+2) 

[r(ia)r(t+!a-b) r(!+!a)/(t+!a-bJ 
(a-b+2�0, -1, -2, . . .  ) 

15.1.23 F(1, a; a+1; -1)=la[tf(!+!a)-tf(!a)] 
15.1.24 

r(l+!a+!b) F (a, b; ia+tb+t;t)=� r(!+!a)r(t+lb) 
(ia+tb+t�O, -1 ,- -2, . . .  ) 

15.1.25 
F(a, b; !a+lb+1; !)=2ri(a-b)-1r(1+la+lb) 

{[r(ta) r(l+!b) ]-1-[r Cl+ia) r(tb) ]-1} 
(!(a+b)+1 �0, -1, -2, . . .  ) 

15.1.26 
F(a, 1-a; b; l)= 

21-bTlr(b) [r(ta+tb) r Cl+!b-!a)]-1 
(b;CO, -1, -2, . . .  ) 

15.1.27 
F(1, 1 ;  a+l; !)=a[tf(!+!a)-tf(ia)] 

(a�-1, -2, -3, . . .  ) 
15.1.28 
T!(a, a; a+1; i)=2"-1a[tf(!+!a)-tf(!a)l 

(a;t-1,  -2, -3, . . .  ) 
15.1.29 

1 • _ . _ -( -!la r(-t)r(t-2a) F (a, �+a, t 2a, i-)- t) r(t)r(-t-2a) 
(i-2a�O, -1, -2, . . .  ) 

15.1.30 
F (a, t+a; t+a; 1-)=(t)•� r(t:i!���ia) 

Ci+J4�0, -1, -2, . . .  ) 
15.1.31 
F (a, ia+ti J4+l; e'r/S) 

2fo+l t -t<•+t> ,.,.,a r Cia+i) = T 3 e r(la+t)r(f) 
(j- a;C-J,-¥,-.Y., . . .  ) 

15.2. DifFerentiation Formulas and Gauss' 
Relations for Contiguous Functions 

Diff'el'e.otiatioo FoTmulas 

d ab 15.2.1 d-F(a, b; c; z)=- F(a+l, b+t; c+1; z) z c 
15.2.2 

d:: F(a, b; c; z) (a����),. F(a+n, b+n; c+n; z) 

15.2.3 
d" 

dz" [z4+"-1F(a, b; c; z)]=(a),.z4-1F(a+n, b; c; z) 

15.2.4 
d" 

dz" [zc-1F(a, b; c; z)]=(c-n),.z•-•-1F(a, b; e-n; z) 

15.2.5 

d:"" [zc-cz+n-1(1-z)11H-cF(a, b; e; z)) 
=(e-a),.z•-a-1(1-z)aH-•-"F(a-n, b;e; z) 

15.2.6 
d" 

dz" [(1-z)czH-•F(a, b;e; z)] 

= (e-a�;�:-b). (1-z)czH-•-•F(a, b; e+n; z) 

15.2.7 
d· 

dz" [(1-z)cz+•-1F(a, b;e; z)] 
"""(-1)"(�):(e-b),. (1-z)11-1F(a+n, b; e+n; z) 

15.2.8 
d· 

dz" [zc-1(1-z)D-c+,. F(a, b; e; z)] 
= (c-n),.z•-•-1(1-z)b-• F(a-n, b; e-n; z) 

15.2.9 

d:: [ZC-1(1-z)aH-•F(a, b;e; z)] 
=(e-n),.z•-"-1(1-z)czH-•-"F(a-n, b-n;c-n; z) 

Gauu' Relationa for Contiguous Funetiona 

The six functions F(a± 1, b; c; z), F(a, b± 1; c; z), 
F(a, b; c± 1 ;  z) are ca.lled contiguous to 
F(a, b; c; z). Relations between F(a, b; c; z) and 
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any two contiguous functions have been given by 
Gauss. By repeated application of these rela
tions the function F(a+m, b+n; c+l; z) with 
integral m, n, l(c+l�O, -1, -2, . . .  ) can be 
expressed as a. linear combination of F(a, b; c; z) 
and one of ita contiguous functions with coefficients 
which are rational functions of a, b, c, z. 

15.2.10 

(c-a)F(a- 1, b; c; z)+(2a-c-az+bz)F(a, b; c; z) 

15.2.21 
[a- 1-(c-b-1)z)F(a, b; c; z) 

15.2.22 

+(c-a)F(a-1, b; c; z) 
-(c-1)(1-z)F(a, b; c-1;  z) =O 

[c-2b+ (b-a)z]F(a, b; c; z) 
+b(1-z)F(a, b+1; c; z) 

-(c-b)F(a, b-1; c; z)=O 
+a(z-1)F(a+1, b; c; z) =O 15.2.23 

15.2.11 c[b-(c-a)z]F(a, b; c; z)-bc(1- z)F(a, b+ 1; c; z) 
(c-b)F(a, b-1; c; z)+(2b-c-bz+az)F(a, b; c; z) + (c-a)(c-b) zF(a, b; c+1;  z)=O 

+b(z-l)F(a, b+1; c; z)=O 15.2.24 
15.2.12 
c(c-1)(z- l)F(a, b; c-1; z) 

+c[c-1-(2c-a-b-1)z]F(a, b; 1; z) 
+ (c-a)(c-b)zF(a, b; �+1; . z) =0 

15.2.13 

(c-b- 1)F(a, b; c; z) +bF(a, b+1; c; z) 
-(c-I)F(a, b; c-1;  z)=O 

15.2.25 
c(l-z)F(a, b; c; z) -cF(a, b-1; c; z) 

* + (c-a)zF(a, b; c+t; z)=O 
15.2.26 

+a(1-z)F(a+1, b; c; z) 
�b- 1-(c-a-1)z]F(a, b; c; z) 

[c-2a- (b-a)z]F(a, b; c; z) 

- (c-a)F(a-1, b; c; z)=O · -

15.2.14 
(b-a)F(a, b; c; z)+aF(a+1, b; c; z) 

-bF(a, b+ 1; c; z) =0 
15.2.15 
(c-a-b)F(a, .b; c; z) +a(l-z)F(a+ 1, b; c; z) 

- (c-b)F(a, b-1; c; z) =0 
15.2.16 
c[a-(c-b)z]F(a, b; c; z)-ac(l-z)F(a+l, b; c; z) 

+(c-a) (c-b)zF(a, b; c+1; z) =O 
15.2.17 
(c-a-I)F(a, b; c; z)+aF(a+1, b; c; z) 

-(c- 1)F(a, b; c-1; z) =O 
15.2.18 
(c-a-b)F(a, b; c; z) - (c-a)F(a- 1, b; c; z) 

+b(l-z)F(a, b+ 1 ;  c; z) =0 
15.2.19 
(b-a)(l-z)F(a, b; c; z)-(c-a)F(a-1, b; c; z) 

+(c-b)F(a, b-1; c; z) =O 
15.2.20 
c(1-z)F(a, b; c; z) -cF(a-1, b; c; z) 

+(c-b)zF(a, b; c+1; z) =O 
'See page a. 

+ (c-b)F(a, b-1; c; z) 
- (c-1)(1-z)F(a, b; c-1;  z)=O 

15.2.27 
c[c-1-(2c-a-b-l)z]F(a, b; c; z) 

+ (c-a)(c-b)zF(a, b; c+l; z) 
-c(c- 1)(1-z)F(a, b; c-1; z)=O 

15.3. Integral Representations and Transfor
mation Formulas 

Integral Repreeentatione 

15.3.1 
F(a, b; c; z)= 

r(c) fl t0-1(1-t)'-0-1 (1-tz)-"dt 
r(b)r(c-b) J o 

(&lc>&lb>O) 

The integral represents a. one valued analytic func
tion in the z-plane cut along the real axis from I to 
c:c and hence 15.3.1 gives the analytic continua
tion of 15.1.1, F(a, b; c; z) . Another integral 
representation is in the form of a. Mellin-Barnes integra.! 



15.3.2 F(a, b; c; z) 
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r(c) J ... r(a+s)r(b+s)r(-s) (-z)'ds 2?rir(a)r(b) -•· r(c+8) 
. r(c) J1"' r(a+8)r(b+s) , =ii r(a)r(b) -c ... r(1+8) r(c+s) csc(rs) (-z) ds 
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Here -r<a.rg(-z)<r and the path of integration is chosen such that the poles of r(a+8) and 
r(b+s) i.e. the points 8=-a-n and s=-b-m(n, m=O, 1, 2 ,  . . . ) respectively, are at its left 
side and tP.e poles of csc(rs) or r( -s) i.e. 8=0, 1, 2, are at its right side. The cases in which -a, -b 
or -c are non-negative integers or a-b equal to an integer are excluded. 

Linear Transformation Formulas 

From 15.3.1 and 15.3.2 a. number of transformation formulas for F(a, b; c; z) can be derived. 

15.3.3 F(a, b; c; z)=(1-z)•-a-bF(c-a, c-b; c; z) 
15.3.4 =(1-z)-aF(a, c-b; c; z 

z 1) 
15.3.5 

15.3.6 

....-(1-z)-11F(b, c-a; c; z 
z 

1) 
r(c)r(c-a-b) =r(c-a)r(c-b) F'(a, b; a+b-c+1; 1-z) 

+(1 )•-a-& r (c)r(a+b-c) F ( b· b+1·  1 ) -z r(a)r(b) c-a, c- , c-a- , -z 
(larg (1-z)l<r) 

r (c)r(b-a) -a ( 1) 15.3.7 · · r(b)r(c-a) (-z) F a, 1-c+a; 1-b+a; z 

15.3.8 

15.3.9 

r(c)r(a-b) _11 ( • • 1) +r(a)r(c-b) (-z) F b, 1-c+b, 1-a+b, z 

-a r(c)r(b-a) ( 1 ) =(1-z) r(b)r(c-a) F aJ c-b; a-b+1; I-z 
-II r(c)r(a-b) ( . 1 ) +(1-z) r(a)r(c-b) F b, c-a; b-a+1, 1_2 

r(c)r(c-a-b) -G ( , • 1) r(c-a)r(c-b) z F a, a-c+1, a+b-c+1, 1-z-

(larg (-z)l<r) 

(larg (1-z) l<r) 

r (c)r(a+b-c) ( 1) + (1-z)•-a-bz"-• F c-a 1-a· c-a-b+1 · 1--r(a)r(b) ' ' ' z 
(l a.rg zl<r, la.rg (1-z) l<1r) 

Each term of 15.3.6 has a. pole when c=a+b±m, (m=O, 1, 2, . . .  ) ;  this case is covered by 

. . r (a+b) • (a),.(b), ,. 15.3.10 F(a, b, a+b, z) r(a)r (b) � (nl)2 [2Jp(n+l)-!f(a+n)-!f(b+n)-ln (1-z)](1-z) 
(la.rg (1-z)l<r, l1-zl<1) 

Furthermore for m=l, 2, 3, . . .  

15.3.11 F(a, b; a+b+m; z) r(m)r(a+b+m) �� (a),.(b),. (1-z)" r (a+m)r(b+m) n•O nl(l-m),. 
-r(a+b+m) (z-1)"' f; (a+m),.(b+m),. (1-z)"[ln (1-z)-�(n+l) r(a)r(b) n:;o nl(n+m)l 

-�(n+m+1)+!f(a+n+m)+!f(b+n+m)] (la.rg (1-z)l<r,ll-zl<1) 
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15.3.12 F(a, b; a+b-m; z) r(m)r(a+b-m) (1-z)-111 � (a-m).(b-m). (1-z)• r(a)r(b) n-o n!{1-m). 
_(-1)"'r(a+b-m) � (a).(b). (1-z)"[ln (1-z)-,Y{n+1) r (a-m)r(b-m) n•O nl(n+m)l 

-,Y(n+m+ 1) +�Jt(a+n)+,Y(b+n) 1 
(la.rg (1-z)I<T,I1-zl<t) 

Similarly each term of 15.3.7 has a pole when b=a±m or b-a= ±m and the case is covered by 

F( ) r(c) ( )-a � (a),.(1-c+a),. -•[I ( )+ r. ) .u ) ( )] 15.3.13 a,a;c; z r (a)r(c-a) -z � (nl) 2 z n -z 2,Y,n+1 -.1'\a+n -,Y c-a-n 
(jarg (-z) I <T, Izl>1, (c-a) ¢0, ±1,  ±2, . . .  ) 

The case b-a=m, (m=1, 2, 3, . . .  ) is covered by 

15.3.14 F(a, a+m; c; z)=F(a+m,a; c; z) 
r (c)(-z)-��-��� ± (a),.+,.(1-c+a),.+.,. z-•[ln (-z)+!fC1+m+n)+1fC1+n) r(a+m)r(c-a) 11-0 nl(n+m)! 

r(c) m-l r (m-n) (a) -lf(a+m+n)-lf(c-a-m-n)J+(-z)-a � " z-• . r(a+m) tl-0 nlr(c-a-n) 
(ja.rg(-z)I<T, lzl>1, (c-a)¢0, ± 1, ±2, . . . ) 

'-. 
The case c-a=O, -1 ,  -2, . . .  becomes elementary, 15.3.3, and the case c-a=1, 2, 3, . . . can be 
obtained from 15.3.14, by a limiting process (see [15.2]). 

Quadratic Trau.afonnation Fonnulu 

If, and only if the numbers ±(1 -c), ± (a-b), ± (a+b-c) are such, that two of them are equal 
or one of them is equal to i, then there exists a quadratic transformation. The basic formulas 
a.re due to Kummer [15.7J a.nd a. complete list is due to Goursa.t [15.3]. See also [15.2). 

15.3.15 F(a,b;2b;z)=(l-z)-i"F( ia, b-ia; b+i; 4z2
2 4) 

15.3.16 

15.3.17 

15.3.18 

15.3.19 

15.3.20 

15.3.21 

=(1-iz)-a F(ia, i+ia; b+i; z2(2-z)-2) 

=(l+i�l z)-24F[a,a-b+!; b+i; G��)] 

( (1-�1 z)2) 
. 

(1-z)-i"F a, 2b-a; b+i; 4-JI=Z 

F(a,a+i;c;z)=(J+J.JI=Z)-24F(2a, 2a-c+1 ;c; l-�) I+ 1-z 

=(1±-v'z)-24F( 2a,c-!; 2c-l; ± 1�) 
� .Jl=Z-1) =(1-z)-o 2a-, 2c-2a-I; c; r:;--: 2-vl-z 

15.3.2� F(a,b; a+b+i;z)=F(2a, 2b; a+b+i; i-hft z) 

15.3.23 =( 1+1 .JI z)-24 F(2a a-b+1 · a+b+1 · -Jl=Z-I) v v ' v. v. �I z+ 1 
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15.3.24 F(a, b; a+b-!; z)=(1-z)-tF(2a-1,2b-1;a+b-!;!-h'1=z) 

15.3.25 =(1-z)-t (i-+t .JI z)1-24 F( 2a-1, a-b+i; a+h-j-; ���) 
15.3.26 F(a, b; a-b+1; z)=(1+z)-•F (ja, ia+i; a-b+l; 4z(l+z)-') 
15.3.27 =(1±-v'Z)-211F(a, a-b+l; 2a-2h+1; ±4-/Z(1±-v'Z)-2) 
15.3.28 =(1-z)-<�F(ia, !a-h+t;a-h+1;-4z(1-z)-2) ( 4z2-4z) 15.3.29 F (a, b; ta+ib+l-; z)=(1-2z)-•F ja, ta+t; ta+tb+t; (1_2z)2 
15.3.30 =F(ja, !b; la+tb+i; 4z-4z2) 
15.3.31 F(a, 1-a; c; z)=(1-z)"-1F(!c-ia, !c+la-t; c; 4z-4z2) 
15.3.32 =(1-z)'-1(1-2z)•-cF (!c-Ia, !c-Ia+!; c; (4z2-4z)(l-2z)-1) 

Cubic transformations are listed in (15.2] and (15.3]. 
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In the formulas above, the square roots are defined so that their value is real and positive when 
0 � z<t. All formulas are valid in the neighborhood of z=O. 

15.4. Special Cases of F(a, b; c; z) 
PolJDomiab 

When a or b is equal to a negative integer, then 

• (-m) (b)· z• 15.4.1 F(-m, b; c; z)="5: 
( )

• • -1 � c ,.  n 
This formula. is also valid when c=-m-l; m, l=O, 1 ,  2, . 

• ( -m),.(b). z" 15.4.2 F( -m, b;-m·-l; z)= "5: ( l) -1 � -m-
• 

n 
Some particular cases are 

15.4.3 F(-n, n; !; z)=T,.(l-2:z:) 
15.4.4 F(-n, n+l; 1 ;  :z:)=P,.(1-2:z:) 

15.4.5 ( 1 ) n! F -n,n+2a; a+2; :z: =(2a),. o�a>(t-2z) 

15.4.6 n! F(-n, a+1+P+n; a+1; z) (a+l). P�«.�>(1-2:z:) 

Here T,., P,., c�a> ,  p�a.�> denote Chebyshev, Legendre's, Gegenba.uer's and Jacobi's polynomials re
spectively (see chapter 22). 

Legendre Functione 

Legendre functions are connected with those special cases of the hypergeometric function for which 
a. quadratic transformation exists (see 15.3). 

15.4.7 F(a, b; 2b; z)=22b-1r(t+b)zt-o (1-z)tc&-a-t>P!:!-t [ ( 1-�) (1-z)-t] 
15.4.8 

• 
=22bw--t r(i+b) z-6(1-z)l<&-a)efr(a-b) Q&:a c��) 

r(2b-a) 6 1 z 

15.4.9 F(a, b; 2b;-z)=22br-t r�(!)b) z-6{l+z)t<&-•>r'r<•-&> Q;:r ( 1+�) (ja.rg zl<r, ja.rg (1 ± z)l<•->* 



15.4.10 F(a, a+!; c; z)=2c-1r(c)zt-1•(1-z)t•-.. -tP�;�.[(1-z)-t] 
(larg zl<1r, larg (1-z)l<�r, z not between 0 and - o:> ) 

15.4.11 F(a, a+!; c; z)=2'-1r(c)( -z)l-l<(1-z)l•-•-tP�;!,[(1-z)-t) 
15.4.12 F(a, b; a+b+!; z)=�H-tr(!+a+b) ( -z)t<t-•-&>J>!:::t((l-z)l] 

(- m<z<O) 

( ja.rg ( -z)l<1r, z not betw
_
een 0 and 1 ) 

15.4.13 F(a, b; a+b+!; :z:)=�H-tr(!+a+b)zt<t-.. -a.>J>!:::t[(l-z)l] 

15.4.14 F(a, b;a-b+1; �=r(a-b+I)zt&-tm(l-z)-�>P�-;· G+:) 
(jarg (1-z)l<'��", z not between 0 and - m )  

15.4.16 F(a, l-a;c; z)=r(c)(-z)t-tc(1-z)l<-tP�-.·c1-2z) 
(la.rg (-z)l<?r, la.rg (1-z)l<'lr, z not between 0 and 1) 

15.4.17 F(a, 1-a; c; z) = r (c):z:t-t<(t-z)tc-tp�-:(1-2z) 

15.4.18 F(a, b; !a+!b+!; z)=r(t+!a+!b)[z(z-l)]tU-•-•>pt��:�:��(l-2z) 
(larg z 1<11", larg (z-1)1<1r, z not between 0 and 1) 

15.4.20 F(a, b; a+b-!; z)=2-+•-Jr(a+b-l)( -z)t<a-•-•>(1-z)-t.Pt:.!:.U(l-z)t] 

(I a.rg ( -z)l<'lr, I a.rg (1-z)l<'lr, �[(1-z)t]>O, z not between 0 and 1 )  

15.4.22 F(a, b; !; z)=?r-t�H-tr(i+a)r(t+b)(z-I)t<t-•-&>[J1:.�:.t(zl)+J1:�:t( -zl)) 
(larg zl<1r, I arg(z-l)l<'lr, z not between 0 and 1 )  

15.4.24 F(a, b; !;-z)=1r-t�-&-1r(i+a)r(1-b)(z+l)-t--t•/''i <&-•> {P!:;:;_1(zl(1+z)-t] 
+P!+�-1[-zl(l +z)-t] } 

(± according as Jz�O, z not between 0 and m ) 
' 15.4.25 F(a, b; !; -z)=?r-t�-&-•r(!+a)r(1-b)(1 +xi -t--t&{P!+�-.[zl(I +:z:)-t]+P!+�-1[ -x112( 1 +z)-t] } 

(O<x< m ) 

15.5. The Hypergeometric Dift'erential Equation 

The hypergeometric differential equation 

<Pw dw 15.5.1 z(1-z) dz2 +[c-(a+b+l)z] dz -abw=O 
'See page D. 
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has tbre·e (regular) singular points z=O, 1, co .  The pairs of exponents at thes� points are 

15.5.2 pf?�=O, 1-c, p���=O, c-a-b, 
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respectively. The general theory of differential equations of the Fuchsian type distinguishes between 
the following ca.ses. 

A. NO'Jle of tM numbers c, c-a-b; a-b iB equal to an i'TI.Uger. Then two linearly independent solutions 
of 15.5.1 in the neighborhood of the singular points 0, 1, co are respectively 

15.5.3 wl(o> =F(a, b; c; z) =(1-z)e-•-&F(c-a, c-b; c; z) 
15.5.4. W,<o>=zl-'F(a-c+1, b-c+1; 2-c; z)=z1-'(l- z)'-a-•F(1-a, 1-b; 2-c; z) 
15.5.5 Wl(l)=F(a, b ;  a+b+1-c ;  1-z)=zt-•F(1+b-c, 1+a-c; a+b+1·-c; l-z) 
15.5.6 Wau>= (1-z) •�-&F(c-b, c-a; c-a-b+ 1 ;  1- z) = zt-'(1-z) c-a-•F(1 -a, 1-b; c-a-b+ 1 ;  1 -z) 
15.5.7 1DJ.c.>=z-11F(a, a-c+1; a-b+1; z-1)=z•-c(z-1) •-��-•F(1 -b, c-b; a-b+1; z-1) 
15.5.8 'WJ(•>= z-"F(b, b-c+1; b-a+1; z-1) =z4-'(z-1)'-•-•F(1-a, c-a; b-a+1; z-1) 

The second set of the above expressions is obtained by applying 15.3.3 to the first set. 
Another set of representations is • obtained by applying 15.3.4. to .J5.5.3 through 15.5.8. This 

gives 15.5.9-15.5.14. 
15.5.9 wHo> =(1-z)-aF(a, c-b; c; z 

z 
1)=(1-z) -11F(b, c-a; c; z 

z 
1) 

15.5.10 W2co>=z1-'(1-z)•-e�-•F( a�c+1, 1-b; 2-c; z 
z 

1)=z1-'(1-z)'-11-1F( b-c+1, 1-a; 2-c; z 
z 1) 

_ 

15.5.11 w.(l)=z-11F(a, a-c+t; a+b-c+1; 1-z-1) =z-"F(b, b-c+1; a+b-c+1; 1-z-1) 
15.5.12 
w,11)=za-•(1 -z) c-•-6F(c·-a, 1-a; c-a-b+ I ; l-z-1)=zt-c(l-z) c-11-•F(c-b, 1-h; c-a-b+ 1; 1-z-1) 

15.5.13 wlC .. >=(z-:-1)-CIF( a, c-b; a-b+1; 1 
1 

�)=(z-1)-•F(b, c-a; b-a+1; 1 
1 

z) 
15.5.14 
w2c .. >=z1-'(z-1)'-a-•F (a-c+1, 1-b; a-b+l; 1 1 

z)=z•-•(z-1)•-•-tF (b-c+1, 1-a; b-a+l;  1 
1 

z) 
15.5.3 to 15.5.14 constitute Kummer's 24 solutions of the hypergeometric equation. The analytic con
tinuation of Wt .2ro> (z) can then be obtained by means of 15.3.3 to 15.3.9. 

B. � of tM numbers a, b, c-a, c-b is an i'TI.Uger. Then one .. ,�f the hypergeometric series for 
instance w1 .2roh 15.5.3, 15.5.4 terminates and the corresponding solution is of the form 

15.5.15 w=z«(1-z)�p .. (z) 
where p,.(z) is a polynomial in z of degree n. This case is referred to a.s the degenerate case of the 
hypergeometric differential equation and its solutions a.re listed and discussed in great detail in [15.2). 

C. The number c-a-b is an integer, c 'TWnintegral. Then 15.3.10 to 15.3.12 give the analytic continu
ation of Wt ,2ro> into the neighborhood of z=l. Similarly 15.3.13 and 15.3.14 give the analytic continu
ation of w, .2(o> into the neighborhood of z= oo in case a-b is an integer but not c, subject of 
course to the further restrictions c-a=O, ± 1, ±2 . . .  (For a detailed discussion of aJl possible 
cases, see [15.2)). 

D. The number c= 1. Then 15.5.3, 15.5.4 are replaced by 

15.5.16 w1(o>=F(a, b; 1 ;  z) 
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(lzl<1) 

E. The number c=m+1, m=1, 2, 3, . . . .  A fundamental system is 

Wl<o>=F(a, b; m+1;  z) 15.5.18 

15.5.19 W2(0)=F(a, b; m+1;  z) ln z+� ci�,.(�) .. I z"[�(a+n)-�(a)+�(b+n)-ltt{b)-�(m+I+n) 
n-1 m ,.n 

m (n-1) ! (-m),. -JI +�(m+1) -�(n+1)+1/1(1)]-� (l-a),.(1-b),. 
z (lzl< 1 and a, b �O, 1 ,  2, . . .  (m-1)) 

F. The number c=1 -m, m=1, 2, 3, . . . . A fundamental system is 

15.5.20 w1<o>=z"'F(a+m, b+m; 1+m; z) 
15.5.21 

w2<o)=zmF(a+m, b+m; 1+m; z) 1n z+z"'� z" (a�;nJ,.(�+�),. [1/t(a+m+n)-�(a+m)+�(b+m+n) 
n-1 m ,.n. 

-�(b+m)-�(m+1 +n)+�(m+1)-�(n+l)+�(l)]-� (1-�:-�j��;-��m),. 
z"'-" 

(lzl<1 and a, b�O, -1,  -2, . . .  -(m-1)) 

15.6. Riemann'� �erential Equation 

The hypergeometric differential equation 15.5.1 
with the (regular) singular points 0, 1 ,  co is a 
special case of Riemann's differential equation 
with three (regular) singular po�_ts a, b, c 

15.6.1 

d!w [1 -
. 

a-a' l -{J-{J' 1--y--y'] dw 
dz2 + z-a + z....:..b + z-c dz 

+
[aa'(a-b)(a-c) +fJfJ'(b-c)(b-a) 

z-a z-b 

+'Y'Y'(c-a)(c-b)J w 
z-c (z-a)(z-b)(z-c) 0 

The. pairs of the exponents with respect to the 
singular points a; b; c are a, a'; {J, fJ'; -y, -y' respec
tively subject to the condition 

15.6.2 a+a' +fJ+fJ' +'Y+'Y' =1 

The complete set of solutions of 15.6.1 is denoted 
by the symbol 

15.6.3 

Special Cases of Riemann's P Function 

(a) The generalized hypergeometric function 

15.6.4 

w=P{: 
a' 

1 

·} {J' -y' 

(b) The hypergeometric function F(a, b; c; z) 

co 
a 
b 

1 

0 
c-a-b ·} 

(c) The Legendre functions P�(z), Q:(z) 
15.6.6 

w=P{ -0!v 
i+!v 

co 1 
(1-z') -'

} 
0 

(d) The confluent hypergeometric function 

15.6.7 

w�P{ H: 
co c 

·} 
-c c-k 

t-u 0 k 
provided lim c�co . 
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Tranaformation Formulas for Riemann's P Function 

15.6.8 c·-·y c--·yp {: z-b z-b 
a' 

b c 
� 'Y 

�I 'Y' 

2 
}
=P{ a:k 

b c 

·} 
�-k-l 'Y+l 

a'+k �'-k-l -y' +l 

15.6.9 p {: b c 

·}
=P{:: 

b1 C1 

·} 
� 'Y � 'Y 

a' fJ' -y' �I -y' 
where 

Az1+B Aa1+B b Ab1+B Ac1+B 15·6•10 z Oz1+D' a Oa1+D' Ob1+D' c Oc1+D 
a.nd A, B, 0, D are a.rbitra.ry constants such that AD-BO�O. 

Riema.nn's P function reduced to the hypergeometric function is 

_
15.6.11 p {: 

a' 

c 

�I 'Y' 
z
} 
=(: :Y C: �y p { �, 

. a -a 

co � (z-a)(c-b)
} (z-b) (c-a) 

'Y'--y 
The P function on the right hand side is Gauss' hypergeometric function (see 15.6.5). If it is replaced 

by Kummer's 24 solutions 15.5.3 to 15.5.14 the complete set of 24 solutions for Riemann's differential 
equation 15.6.1 is obtained. The first of these solutions is for instance by 15.5.3 a.nd 15.6.5 

15.6.12 w=(: :)a (: �y F[a+�+-y,a+fJ'+-r-; 1 +a-a'; �:=:� ��=!G 
15.7. Asymptotic E.xpansioll8 

The beha.vior of F(a, b; c; z) for la.rge lzl is 
described by the transformation formulas of 15.3. 

For fixed a, b, z and large lei one has [15.8] 

15.7.1 

"' (a) (b) z" F(a, b;c; z)=:E " "-+O<Icl -"'-1) n•O (c),. n! 

For fixed a, c, z, (c�O, - 1, -2, . . .  , O<lzl<l) 
and large lbl one has [15.2] 

15.7.2 

F(a, b; c; z)=e-'..,[r(c)/r(c-a)] (bz)-•[1 +O(Ibzl-1)] 
+[r(c)/r(a)] e&'(bz)o-c[l +O(Ibzl-1)] 

(-3; < a.rg(bz)<t11') 
15.7.3 
F(a, b; c; z)=e'..,[r(c)/r(c-a)] (bz)-<�(l+O(Ibzl-1)] 

+[r(c)/r(a)]eu(bz) .. -c[l +O(Ibzl-1)] 
( -t'��'< arg (bz)<i11') 

For the case when more than one of the param
eters ar� large consult [15.2]. 
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d 
. 

du 
ln fJ,(u) j(l\a.0) 

d 
du 

In fJ,(u)= -J(e�a.0) 

d 
du 

In fJ,.(u) =g(e�a0) 

d
: ln fJ.,(u) =-g(e�a0) 

a.=00(5°)85°, e, t1=00(5°}900, HD 
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16. Jacobian Elliptic Functions and Theta Functions 

Mathematical Properties 

Jacobian Elliptic Functions 

16.1. Introduction 

A doubly periodic meromorphic function is 
called an eUiptic function. 

Let m, m1 be numbers such that 

m+m1=l. 
We call m the parameter, m1 the complementary 

parameter. 
In what follows we shall assume that the param

eter m is a. real number. Without loss of gen
erality we can then suppose that 0 � m � 1 (see 
16.10, 16.ll). 

We define quarter-periods K and iK� by 

16.1.1 

f r12 d8 K(m)=K= Jo {1-m sin:8JI'2 '  

• I • I ·J:r/2 d8 tK (m)=tK =t {l · 2 8) 112 
o -m1 sm 

so that K and K' are real numbers. K is called 
the real, iK' the imaginary quarter-period. 

We Q.Ote that 

16.1.2 K(m)=K'(m1)=K'(l-m). 
We also note that if any one of the numbers m, 
m11 K(m), K'(m), K'(m)/K(m) is given, all the 
rest are determined. Thus K and K' can not 
both be chosen arbitrarily. 

In the Arga.nd diagram denote the points 0, K, 
K+iK', iK' by s, c, d, n respectively. These 
points are at the vertices of a rectangle. The 
translations of this rectangle by )J{, SJiK', where 
)., SJ are given all integral values positive or nega
tive, will lead to the lattice 

.s .c .s .c 

.n .d .n .d 

.s .c .s .c 

.n .d .n .d 
the pattern being repeated indefinitely on all 
sides. 

Let p, q be any two of the letters s, c, d, n. 
Then p, q determine in the lattice a minimum 
rectangle whose sides are of length K and K' and. 
whose vertices s, c, d, n are in counterclockwise 
order. 

Definition 

The Jacobian elliptic function pq u is defined by 
the following three properties. 

(i) pq u has a. simple zero at p and a simple 
pole at q. 

(ii) The step from p to q is a half-period of pq u. 
Those of the numbers K, iK', K + iK' which differ 
from this step are only quarter-periods. 

(iii) The coefficient of the leading term in the 
expansion of pq u in ascending powers of u a.bou t 
u=O is unity. With regard to (iii) the leading 
term is u, 1/u, 1 according as u=O is a zero, a 
pole, or an ordinary point. 

Thus the functions with a pole or zero at the 
origin (i.e., the functions in which one letter is s) 
are odd, and the others are even. 

Should we wish to call explicit attention to the 
value of the parameter, we write pq (ulm) instead 
of pq u. 

The Jacobian elliptic functions can also be 
defined with respect to certain integrals. Thus if 

16.1.3 

the angle IP is called the amplitude 
16.1.4 I(J=a.m 'U 

and we define 

16.1.5 

sn u=sin <P, en u=cos "'' 

dn u=(1-m sin2 <P)ll2=d(lfJ) . 
Similarly all the functions pq u can be expressed 
in terms of IP· This second set of definitions, 
although seemingly different, is mathematically 
equivalent to the definition previously given in 
terms of a lattice. For further explanation of 
notations, ipcluding the interpretation, of such 
expressions as so (<P\a), en (u!m), dn (u, k), see 17 .2. 

569 
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16.2. Classification of the· Twelve Jacobian Elliptic Functions 

Acc:ordiD• to Poles and Half-Perioda 

Pole Pole Pole Pole 
iK' K+iK' K 

Half period iK' sn u cd u d.c u 

Half period K + iK' en u ad u nc u 

Half period K dn u nd u 8C U 

The three functions in a vertical column are 
copolar. 

The four functions in a horizontal line are 
coperiodic. Of the periods quoted in the last line 
of each row only two are independent. 

FIGURE 16.1. JlWJbian eUiptic jumtWn.s 

sn u, en u, dn u 

1 
m=2 

The curve for on (ull) is the boundary between thoee 
which have an in1lexion and those which have not. 

!I 
or-------�k--------2�K-------l�k--------4�k--u 

·!I 
·1.0 
-1.!1 

·:tO 
�..,..,---;; ;---.. ." / ��� \ 

FIGURE 16.2. Jacobian eUiptic jumticm 

ns u, nc u, nd u 

1 m=-2 

0 

ns u Periods 2iK', 4K + 4iK', 4K 

ds u  Periods 4iK', 2K+2iK', 4K 

cs u Periods 4iK', 4K+4iK', 2K 

FIGURE 16.3. Jacobian eUiptic jumtWn.s 
sc u, cs u, cd u, de u 

1 
m=-

2 

16.3. Relation of the Jacobian Functions to the 
Copolar Trio sn u, en u, dn u 

16.3.1 

16.3.2 

16.3.3 

cn u 
cdu=dnu 

sn u sdu= 
dnu 

1 ndu= dn1t 

dnu dcu=-en u 
1 nsu=--

sn u 

1 dnu 
DC U=-- dsu=-cn u  sn u 

snu cnu 
sc u=-- cs u=--

cnu snu 

And generally if p, q, r are any three of the letters 
s, c, d, n, 

16.3.4 
pr u 

pqu=-qru 

provided that when two letters are the same, e.g., 
pp u, the corresponding function is put equal to 
unity. 
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16.4. Calculation of the Jacobian Functions by 
Use of the Arithmetic-,Geometric Mean 
(A.G.M.) 

For the A.G.M. scale see 17.6. 
To calculate sn (ujm), en (ujm), and dn (ujm) 

form the A.G.M. scale starting with 

16.4.1 ao=l, bo={mlt co=.,fifi, 
terminating at the step N when eN is negligible to 
the accuracy required. Find lPN in degrees where 

and then compute successively lPN-II lPN-�, 
IPI ,  IPo from the recurrence relation 

16.4.3 

Then 

16.4.4 

. (2 ) c,. . 
Bln IP•-1-IP• =- SlD IP•· 

a,. 

su (ujm) =sin IPo, en (ujm) =cos !Po 

dn (ujm) cos IPo 

571 

. . ., 

16.4.2 
From tlleSe all the other functions can be deter· 
mined. 

u 

16.5.1 0 

16.5.2 �K 
2 

16.5.3 K 

16.5.4 �(iK') 2 
' 

• 16.5.5 l(K+iK') 
2 

16.5.6 K+!(iK') 
2 

16.5.7 iK' 

16.5.8 !K+iK' 
2 

16.5.9 K+iK' 

•.A- ft . ... " 

16.5. Special Arguments 

sn u en u 

0 1 

1 mt114 
(1+tnf'->11J (1 + mtt/1)111 

1 0 

im-u• (1 +mt/1)111 
mtt• 

.2-•llm-''4((1 +mill) II' 
+i(l-mllt)lll) 

c · ·  Y" : ( 1-l) 

m-114 - . cl-mi/J)t/J 
l milt 

. 
... ... 

(1-m,•'2)-•'� _ . ( m1tl2 Y'' 1 1-ml1' 

m-t/s -i(mdm)llt 

dn u 

1 

mt114 

m.u• 

(1 +milt) til 

m, [(l+m1111)tll _ _ c r· 4 -i(1 -m1112)tl1) 

(1-mtlt)tll 

... 

-im,''' 

0 

16.6. Jacobian Functions when m=O or 1 

m=O m=l 

16.6.1 sn (u\m) sin u tanh u 
16.6.2 en (u m) cos u secb u 
16.6.3 dn (u!m) 1 sech u 
16.6.4 cd (ulm) cos u 1 
16.6.5 sd (u m) sin u sinh u 
16.6.6 nd (ujm) 1 cosh u 
16.6.7 de (u�m� sec u 1 
16.6.8 nc (u m sec u cosh u 
16.6.9 sc (u!m) tan u sinh u 
16.6.10 ns (u/m) esc u coth u 
16.6.11 de (u m) CBC U csch u 
16.6.12 cs (u!m) cot u csch u 
16.6.13 am (u!m) u gd u 



16.8.1 sn 
16.8.2 en 
16.8.3 dn 

16.8.4 cd 
16.8.5 8d 
16.8.6 nd 

16.8.7 de 
16.8.8 nc 
16.8.9 80 
16.8.10 D8 
16.8.11 ds 
16.8.12 es 

16.7. Principal Terms 

When the elliptic function pq u is expanded in ascending powers of (u-K,), where K, is one of 
0, K, iK', K+iK', the first term of the expansion is called the principal term and has one of the 
forms A, BX (u-K,), 0-+-(u-K,) according as K, is an ordinary point, � zero

h
or a pole of pq u. 

The following list gives these form
T
sJ where X means that the factor (u:_K,) as to be supplied 

and -+- means that the divisor (u- K,) has to be supplied. 

u -u 

sn u - an u 
en u en 1' 
dn u. dn u 

ed u ed u 
sd u -8d u 
nd u nd u 

de u de u. 
nc u DC U 
8e u -sc u 

DS U - ns u  
ds u -ds u 
C8 u -cs u 

u+K 

ed u 
-m,tllsd u. 

m11/2nd u 

-sn u. 

K,= 

16.7.1 8D u 

16.7.2 en u 

16.7.3 dn u 
16.7.4 ed u 

16.7.5 8du 

16.7.6 nd u 

16.7.7 deu 

16.7.8 ne u 

16.7.9 se u 
16.7.10 ns u 
16.7.11 ds u 
16.7.12 cs u 

u- K 

- ed u 
m1'''8d u 
m1112nd u 

8D u 
m1-

1"cn u - m1-112cn u 
m1-112dn u m,-1"dn u 

-ns u ns u 
-m,-tl2ds u 
- m1-tltcs u 

m,-tllds u 
- m1-1"es u 

de u -;de u 
m,1"nc u -m11'1nc u 

-'mt1"sc u -m1tllsc u 

0 K iK' 

1X 1 m-111-+-

1 -mt"'X -im-111-+-

1 m111t -i-+-
1 -1 X m-tn 

1X m1-tll im-tfll 

1 m,-,, iX 

1 -1+ mtn 

1 -m,-1/t-r im'"X 

lX -m,-1/:s-+- i 
1+ 1 m'"X 
1-+- m1tn -iml/1 
1+ -m,'"X -i 

16.8. Change of Argument 

K-u 

ed u 
m,1'2sd u 
m1'11nd u 

en u 
m1-tllcn u 
m1-'"dn u 

ns u 
m1-t12ds u 
m1-1"cs u 

de u 
m11"nc u 
m,112se u 

u+2K u-2K 

-sn u -so u 
--en u �en u 

dn u dn u ·' 

-cd u. -ed u 
-sd u -sd u 

nd u nd u 

-dc u -dc u 
-no u -no u 

80 u 80 u 

-ns u -ns u 
-ds u ---<ds u. 

C8 u cs u  

K+iK' 

m-t/1 
. (m')'/1 _, -

m 
im,mx 
-m-lts-+-

1 
-i + 

(mm,)'" 
-im1-11J-+-

.. 
-m'"X 

i c:J'. 
imt-1'2 
·mt/2 
i(mm1)11SX 
-im,''' 

2K-u u+iK' 

8D u m-t12ns u 
--'CI). U --'im-111ds u 

dn u --'ic8 u 

-ed u m-111dc u 
8d u im-tnnc u 
nd u ise u 

-dc u m111ed u. 
�nc u im1/lsd u 
-sc u ind u 

D8 u m'"sn u 
ds u  --im'llcn u 

---ocs u --'idn u 

u+ 2iK' 

sn u 
--'CD U. 
�dn u 

cd u 
-sd u 
-nd u 

de u 
---4DC U 
-so u 

ns u 
-ds u 
---1(!8 u 

u+ K+iK' 

m-1/ldc u 
--im1tllm-tllnc u 

im1t12sc u 

-m-1/lns u 
--'im1-t/lm-1"ds u 
---+im,-1 /los u 

-mlll8n u 
im1-111mtl!cn u 
im1-tlldn u 

m'"cd u 
im,1"m'"sd u 

--im,1"nd u 

u+2K 
+ 2iK' 

-sn u 
en u 

-dn u 

-cd u 
8d u. 

-nd u. 

-de u 
DC U 

-sc u 

---'DB U 
ds u 

--'08 u 
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16.9. Relations Between the Squares of the 
Functiol18 

16.9.1 -dn'u+m�=-m cn'u=m sn'u-m 
16.9.2 -mtnd'u+mt = -mm1sdlu=m cd'u-m 

16.9.4 cs'u+m1 =ds'u=ns"u-m 
In using the above results remember that 

m+mt=l. 
If pq u, rt u are any two of the twelve fllllctions, 

one entry expresses tq'u in terms of pq'u and 
another expresses qt2u in terms of rtlu. Since 
tq'u. qt2u= 11 we can obtain from the table the 
bilinea.r relation between pq1-u and rtlu. Thus 
for the functions cd u, sn u we have 

16.9.5 

and therefore 

16.9.6 (1-m cd'u)(l-m sn2u)=mt. 
16.10. Change of Parameter 

Nqatbe Parameter 

If m is a positive number, let 

16.10.1 

16.10.2 

16.10.3 

16.10.4 

m 1 u p.=1+m, "1=1+m' 11= l'tt 
sn (uj-m)=l't1sd (!111') 

en (uj-m)=cd (1111') 

dn (uj-m)=nd (ojp.). 
16.1l. Reciprocal Parameter Oacobi'e Real 

Tr8118formation) 

16.ll.1 

16.U.2 

16.ll.3 

16.ll.4 

Sn (ulm) =p.11'sn (1111') 

en· (ulm) =dn (oil') 
dn (ujm) =en (vii') 

Here if m>1 then m-1=p.<L 
Thus elliptic functions whose pa.ra.meter is real 

can be made to depend on elliptic functions whose 
parameter lies between 0 and 1. 

16.12. Descending Landen Traneformation 
(GaU88' Tranefonnation) 

To decrease the parameter, let 

16.12.1 

then 

16.12.2 

16.12.3 

16.12.4 

sn (ujm) 

dn 2(vll') -(1-p.1") dn (ulm)= (1+p.l12)-dn'(11jp.) . 

Note that successive applications can be made 
conveniently to find sn (ulm) in terms of sn (vii') 
and dn (ulm) in terms of dn (v!l'), but that �e 
calculation of en (ulm) requires all three functions. 

16.13. Approximation in Terme of Circular 
Functione 

When the parameter m is so small that we may 
neglect m' and higher powers, we have the 
approximations 

16.13.1 

sn (u!m) �sin�-� m(u-sin u cos u) cos u -· 

16.13.2 

en (tt!m) �ooeu+� m(u-sin u cos u) sin u 

16.13.3 

16.13.4 am (u!m) �u-� m(u-sin u cos u). 

One way of calculating the Jacobian functions 
is to use Landen's descending transformation to 
reduce the parameter sufficiently for the above 
formulae to become applicable. See also 16.14. 

16.14. Ascending Landen Tr8118formation 

To increase the pa.ra.meter, let 

4ml/2 cl-ml/�2 u 
16.14.1 p.= (1+mlt2)i' 1'1= l+mt12) 1 11=l+p.1us 

16 1,. 2  ( I  )-(1+ 112)
sn (vll') cn (11!p.) 

• ... sn u m - 1'1 dn (11!P.) 
1+P.t112dn 2(11lp.)-l'a112 

16.14.3 en (ul m) = " dn (vii') 

16.14.4 l-p.ll/2 dn2 (11IP.) +P.ll/1 dn (ulm)= ,.,. dn (vii') 
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Note that, when successive applications are to 
be made, it is simplest to calculate dn (ujm) since 
this is expressed always in tenns of the same func
tion. The calculation of en (ujm) leads to that of 
dn (vi�). 

The calculation of sn (ujm) necessitates the 
evaluation of all three functions. 

16.15. Approximation in Tel'Dl8 of Hyperbolic 
Function& 

When the parameter m is so close to.unity that 
m12 and higher powers of m1 can be neglected we 
have the approximations 

16.15.1 

sn (ujm) s:::: tanh u+� m1 (sinh u cosh u-u) sech1 u 
16.15.2 

en (ujm) s::::sech u 

-� m1 (sinh u cosh-u-u) tanh u sech u 

16.15.3 

dn (ulm) s::::sech u 

16.15.4 

1 -
+4 m1 (sinh u cosh u+u) tanh u sech u 

am (ulm) s::::gd u+� m1 (�inh u cosh u-u) sech u. 

Another wa.y of calculating the Jacobian func
tions is to use Landen's ascending transformation 
to increase the parameter sufficiently for the above 
formulae to become applicable. See also 16.13. 

16.16. Derivatives 

Func- Derivative 
tion 

16.16.1 sn u en u dn u 
16.16.2 en u -sn u dn u Pole n 
16.16.3 dn u - m sn u cn u  

16.16.4 cd u -m1 sd u nd u 
16.16.5 sd u cd u nd u Pole d 
16.16.6 nd u m sd u cd u 

16.16.7 de u m1 8C U DC U 
16.16.8 DC U sc u de u Pole c 
16.16.9 80 u de U DC U 
16.16.10 D8 U -ds u cs u  
16.16.11 ds u -c8 u ns u Pole 11 
16.16.12 08 u -ns u ds u  

Note that the derivative is proportional to the 
product of the two copola.r functions. 

16.17. Addition Theorems 
16.17.1 sn(u+t7) 

sn u·cn v·dn v+sn v·cn u·dn u - 1-m sn2u · sn2v 
16.17.2 cn(u+t7) 

en u · en v-sn u · dn u . sn v · dn v 

16•17•3 dn(u+v) dnu- dnv-msnu· cnu· snv · cw 
1-msn2u · sn2v 

Addition theorems are derivable one from 
another and are expressible in a great variety of 
forms. Thus ns(u+v) comes from 1/sn(u+v) in the 
form (1-msnlu sn2v) /(sn u en vdn v+sn vcnudnu) 
from 16.17.1. 

Alternatively ns(u + v)=m112sn { (iK'-u)�v} 
which againfrom16.17.1 yields the form (ns u csv dsu 
-nsv cs uds v)/(ns1u-ns2v). 

The function pq(u+v) is a. rational function of 
the four functions pq u, pq v, pq'u, pq'v. 

16.18. Double Arguments 
16.18.1 sn 2u. 

2sn u . en u . dn u 2sn u · en u · dn u 
1-msn 4u cn:tu+sn2u · dn1u. 

16.18.2 en 2u 
cn1u-sn3u · dn1u cn1u-sn1u · dn2u 

1-msn'u cn1u+sn2u · gn1u. 
16.18.3 dn 2u 

16.18.4 

16.18.5 

16.19.1 

16.19.2 

16.19.3 

_ dn'u.-msn1u · cn1 u - l-msn4u 
dn:tu+cn'u(dn'u-1) 
dn1u-cnlu( dn2u- l) 

l-en 2u sn2u · dnlu 
1 +en 2u cnlu 

1-dn 2u msnlu · cn:tu 
I+dn 2u dnlu 

16.19. Half Arguments 
u,, l-en u sn ,.... l+dn u 

2.1. dn u+cn u en ,-u 1 +dn u 

dnu m1+dn u.+mcn u ,. u t+dn 'U 

16.20. Jacobi's Imaginary Transformation 
16.20.1 

1�.20.2 

16.20.3 

sn(iulm) =isc(ulmt) 
cn(iu.l m)=nc(ul m1) 
dn(iulm) =dc(ul mt) 
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16.21. Complex Arguments 

With the abbreviations 

16.21.1 
s=sn(xj m), c=cn(xjm), d=dn(xl m), s,=sn(ylm,), 

c1=cn(ylm1), d,=dn(yj m1) 

16.21.2 sn(x+iyjm) s · d1 +ic · d · s1 • c1 
c�+ms' . s� 

16.21.3 cn(x+iyl m) c · c1 -is · d · s1 • d, 
�+ms' · s� 

16.21.4 dn(x+iyjm) d · c1 • d1-ims · c · s1 
�+ms' · � 

16.22. Leading Terms of the Series in Ascending 

16.22.1 
Powers of u 

· 

u} u' sn(ul m)=u-(1+m) 31 +(1+14m+zn2) 51 
7 

-(1+135m+135m2+ m3) }r+ . . .  
16.22.2 

u,2 u' cn(ujm)=l-21 + (1+4m) 41 
u" -(1 +44m+16m2) 61 + . . .  

16.22.3 
u,2 u' dn(uj m) =1-m 21 +m(4+m) 41 

u" -m(16+44m+m2) 61 + . . .  

No formulae are known fo� the general coeffi
cients in these series. 

16.23.6 

16.23.7 
-r 

de (ulm)=2K sec v 

16.23.8 
nc (u!m) 

16.23.9 

2'1f CD ll f/"+1 +x � (-1) 1-t"+' cos (2n+l)v 

'II' sc (u!m)=2mt'2K tan v 

16.23.10 

2-r - .. t/" . + It2K :E ( -1) 1 + ,.2" sm 2nv m1 n•l '.1. 

'II" 2'11" .. q!•+l . 
ns (ulm)=2K csc v-K :; l -q!•+I sm (2n+l)v 

16.23.ll 
'II" 2-r .. q!•+l . ds (ujm)=2K csc v-K :; l +f!•+I sm (2n+l)v 

16.23.12 
1r 2-r • f" . cs (u jm)=2K cot v-K � l +t

/" sm2nv 

16.24. lntqrals of the Twelve Jacobian Elliptic -
Functions 

16.24.1 fsn u du=m-112 In (dn u-m112cn u) 
16.24.2 fen u du=m-112 arccos (dn u) 
16.24.3 f dn u du=arcsin (sn u) 

16.23. Series Expansions in Terms of the Nome 16.24.4 fed u du=m-112 ln (nd u+m'''sd u) 
q=e-�K· fK and the Argument v=ru/(2K) 16 • .24.5 fsd u du= (mm1)-112 arcsin ( -m''2cd u) 

2r • q"+l!S . · f ( 16.23.1 sn (ujm)= m''2K � l-tf•+I sm (2n+1)v 16.24.6 nd u du=m,-112 arccos cd u) 

2r .. q"+I/2 
16.23.2 en (ujm)= m''2K � 1+q2"+' cos (2n+ 1)v 

_ r 2r • q" 16.23.3 dn (ujm) -2K+K *1 1+1/" cos 2nv 
16.23.4 

· _ 2r • (-l)"q"+l/2 cd (uj m) -mmK � l-fj"+I cos (2n+l)v 
16.23.5 

21r • q"+l!S sd (ujm) (mm,)"2Kt; (-l)"
l+f"+Isin (2n+1)v 

16.24.7 f de u du=ln (nc u+sc u) 
16.24.8 fnc u du=m}112 In (de u+m:12sc u) 
16.24.9 fsc u du=m}112 ln (de u+mt''nc u) 
16.24.10 fns u du=ln (ds u-cs u) 

16.24.11 fds u du=ln (ns u-cs u) 
16.24.12 fcs u du=ln (ns u-ds u) 

In numerical uss of the above table certain re
st..-ictions must be put on u in order to keep the 
arguments of the logarithms positive and to avoid 
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trouble with many-valued inverse circular func
tions. 

16.25. Notation for the Integrals of the Squares 
of the Twelve Jacobian Elliptic Functions 

16.25.1 Pq u.= i" pq2t dt when q�s 

16.25.2 Psu.= i" (pq2t-�) dt-� 

Examples 

Cd u.= i" cd2t dt, Ns u.= i"( ns2t-�)dt-_� 

16.26. Integrals in Terms of' the Elliptic Inte
gral of' the Second Kind (see 17 .4) 

16.26.1 mSn u.= -E(u.) +u. 

• 2 16.27.3 J3(z, q)=J3(z)=l+2 ::E  q• cos 2nz 
"""1 

16.27.4 
J,(z, q)="4(z)=l+2 ± (-l)"q112 cos 2nz 

n•t 

Theta functions are important because every 
one of the Jacobian elliptic functions can be ex
pressed as the ratio of two theta functions. 
See 16.36. 

The notation shows these functions as depend
ing on the variable z and the nome q, lqi<L 
In this case, here and elsewhere, the convergence 
is not dependent on the trigonometric& terms. 
In their relation to the Jacobian elliptic functions, 
we note that the nome q is given by 

where K and iK' are the quarter periods. Since 

16.26.2 mCn u=E(u) -m1u. 

16.26.3 Dn u.=E(u) 

ft Pole n q=q(m) is de.termined when the parameter m is 
given, we ca.n also regard the theta functions as 
dependent upon m and then we write 

16.26.4 mCd u.=-E(u.) +u.+msn u. cd u 

16.26.5 
mm1Sd u.=E(u) -m,u-msn u cd u · Pole d 

16.26.6 m1Nd u.=E(u.) -msn u. cd u 

16.26.7 De u=-E(u.)+u.+sn u. de u. 

16.26.8 
m1Nc u.=-E(u.) +m1u.+sn u. de u. Pole c 

16.26.9 m1Sc u= -E(u)+sn u. de u. 

16.26.10 Ns u.=-E(u) +u.-cn u. ds u. 

16.26.ll 
Ds u.=-E(u) +m1u-cn u. ds u 

16.26.12 Cs u=-E(u.)-cn u. ds u 

Pole s 

All the above may be expressed in terms of 
Jacobi's zeta function (see 17.4.27). 

E Z(u.)=E(u.)-Ku., where E=E(K) 

16.27. Theta Functions; Expansions in Terms, 
of the Nome q 

16.27.1 .. 
J,(z, q)=J1(z) =2q1H�(-1)11q"<•+ll sin (2n+l)z 

n-o 
16.27.2 

• 

"'(z, q)="2(z) =2q114 � q-<II+I) cos (2n+l)z 
tt-o 

" .. (z, q)=J .. (zlm), a=l, 2, 3, 4 

but when no ambiguity is to be feared, we write 
J41(z) simply. 

The above notations a.re those given in Modern 
Analysis [16.6]. 

There is a bewildering variety of notations, for 
example the function J4(z) above is sometimes 
denoted by · J0(z) or "(z); see the table given in 
Modem Ana.lyais [16.6]. Further the argument 
u=2Kz/1r is frequently used so that in consulting 
books caution should be exercised. 

16.28. Relations Between the Square& of the 
Thet.a Functions 

16.28.1 "Hz)J!(O) =J�(z)"HO)-J�(z)"�(O) 

16.28.2 "�.(z)"�(O) = "�(z)"�(O) -"Hz)t?�(O) 

16.28.3 "�(z)":(o) =":(z)"l(O) -JHz)"HO) 

16.28.4 "Hz)"�(O) =J�(z)"l(O) -J�(z)"�(O) 

16.28.5 
Note also the important relation 

16.28.6 J�(0)="2(0)"a(O)",(O) or ";="2"3"• 

16.29. Logarithmic Derivatives of ' the Theta 
Functions 

"�(u) 
. • f/11 • 16.29.1 �( ) =cot u+4 � 1 ,211 sm 2nu. 

Vt 'U '11•1 - !£ 



JACOBIAN ELLIPTIC FUNCTIO�S ·"-"D THLT:\ FUNCTIONS ;) I t 

16.29.2 

"�
(
(u
)
)=-tan u+4 "£ (-1)" 1 q

2
"2,. sin 2nu 

"2 u •-1 -q 

16.29.3 
t1�(
(
u)
)
=4 "£ (-1)" 1 (',2 .. sin 2nu t1a 'U ••1 - !l. 

16.29.4 "�(u) 
.. 

q• . 
-( )=4 :E 1 _ n2• sm 2nu t1., 'U n-1 !£ 

16.30. Logarithms of Theta Functions of Swn 
and Difference 

16.30.1 

ln 
t1,(a+�) In 

sin (a+�) 
"1 (a-�) sm (a-�) 

16.30.2 

In 
t12(a+�) 
"2(a-�) 

16.30.3 

CD 1 if"" +4 :E - 1 ,211 sin 2na sin 2nt3 
••1 n -'.£ _ 

In 
cos (a+�) 
cos (a-�) 

• (-1)" q2" +4 :E -- 1 ,211 sin 2na sin 2njj ,. .. , n - � 

In "a(a+�)=4 "£ (-l)" 1__sin2 na sin2n� t13(a-�) ••1 n I-q2" 
16.30.4 

ln "•(a+IJ) 4 -£ !. 1 ('n2• sin 2na sin 2n� "•(a-jj) •·I n - '.£ 
The corresponding expressions when IJ=i-r are 

easily deduced by use of the formulae 4.3.55 and 
4.3.56. 

16.31. Jacobi's Notation for Theta Functions 

16.31.1 8(uJm)=8(u)=t1t(v), 7r'U V=-2K 
16.31.2 e, (uim)=81 (u)="a(v)=E>(u+K) 
16.31.3 H(uim)=H(u)="1(v) 
16.31.4 H1 (ujm)=H1(u) =t)2(v)=H(u+K) 
16.32. Calculation of Jacobi's Theta Function 

9(ujm) by Use of the Arithmetic-Geometric 
Mean 

Form the A.G.M. seale starting with 

16.32.1 

terminating with the Nth step when eN is negligible 
to the accuracy required. Find tfJN in degrees, 
where 

16.32.2 

and then compute successively tfJN-1, tfJN-s, • • •  , 
t{JJ, 'Po from the recurrence relation 

16.32.3 

Then 

16.32.4 

. ( ) c.. . 
SID 2rp,._,-rp,. =- SlD V'a· a,. 

ln 9(ujm)=! ln 2m�'�K(m) +! ln cos (tfJI-tfJo) 
2 r 2 cos tfJo 1 1 

+4 ln  sec (2t{Jo-rp1) +g ln sec (2tfJI-tfJ2) + . . .  
1 + �+1 ln sec (�-.-lPN) 

16.33. Addition of Quarter-Periods to Jacobi's Eta and Theta Functions 

u -u u+K u+2K 

16.33.1 
H(u) - H(u) H1(u) -H(u) 

16.33.2 
H1(u) H1(u) -H(u) - H1{u) 

16.33.3 
81(u) 9,(u) 9(u) 81(u) 

16.33.4 
9(u) 9{u) e,(u) 9(u) 

where 

M(u)=[ exp ( -�;{)]q-t, 
N(u)=[ exp (-r;) J q-• 

u+iK' u+2iK' u+ K+iK' u+2K+2iK' 

iM(u)9(u) -N(u)H(u) M(u)9J(u) N(u)H(u) 

M{u)8,{u) 1)'"(u)H1(u) -iM(u)E)(u) -N(u)H1(u) 

M(u)H1(u) N(u)9,(u) iM(u)H(u) N(u)9,(u) 

iM(u)H(u) -N(u)8(u) M(u)B,(u) -N(u)8(u) 

·H(u) and H1(u) have the period 4K. 9(u) and 
e, (u) have the period 2K. 
2iK' is a. quasi-period for all four functions, 

that is to say, increase of the argument by 2iK' 
multiplies the function by a factor. 
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16.34. Relation of Jacobi's Zeta Function to the 
Theta Functions 

16.34.1 

16.34.2 

16.34.3 

16.34.4 

() Z(u)=00 ln 8(u) 

"' (ru) Z(u)=� 
1 2K 

2K " (ru) 
1 2K 

en u dn u 
sn u 

"I ( 'II"U ) =_!_ 2 2K + dn u sn u 
2K " ( 111.t ) en u 

2 2K 

sn u en u m -d.--n_u_ 

16.35. Calculation of Jacobi's Zeta Function 
Z(ujm) by Use of the Arithmetic-Geometric 
Mean 

Form the A.G.M. scale 17.6 starting with 

16.35.1 

terminating at the Nth step when eN is negligible 
to the accuracy required. Find lPN in degrees 
where 

16.35.2 

16.36.2 e(u+K) e(u) 
t).,(u) 8(K) 1 .,,.(u)=e (o)· 

H >., p. are any integers positive, negative, or 
zero the points tJ..o+2>.K +2p.iK' are said to be 
cqngru,ent to 'IJ..o. 

t),(u) has zeros at the points congruent to 0 
t),(u) has zeros at the points congruent to K 
t),.(u) has zeros at the points congruent to iK' 
t)d(u) has zeros at the points congruent to 

K+iK' 
Thus the suffix secures that the function t),(u) 

has zeros at the points marked p in the intro
ductory diagram in 16.1.2, and the constant by 
which Jacobi's function is divided secures that the 
leading coefficient of "�'(u) at the origin is unity. 
Therefore the functions have the .fundamentally 
important property that if p, q are any two of the 
letters s1 c, n, d, the Jacobian elliptic function 
pq u is given by 

16.36.3 pq u= :;�� · 

These functions �o have the property 

16.36.4 

16.36.5 

for complementary arguments u and K -u. 
In terms of the theta functions defined in 16.27, 

let fJ=1tU/(2K), then 

2Kill (t�) "2 (t�) 16.36.6 t),(u) tJ;(o) 1 t),(u) = "2(o) 

16.36.7 

and then compute successively IPN-h IPN-2, . . . , •.z 
IPJ, � from the recurrence relation 

16.35.3 

Then 

16.35.4 

Z(ulm)=ct sin �PI+c. sin �PJ+ . . . +eN sin lPN· 

16.36. Neville's Notation for Theta Functions 

These functions are defined in terms of Jacobi's 
theta functions of 16.31 by 

16.36.1 H(u) H(u+K) 
tJ,(u)=H'(O)' t),(u) H(K) 

/ 
/ r------4.------�------�------�u r- K\ 

-.!I 

·1.0 
·1.2 

. . 

·, .. , 
�c(ul···-..... ··' 

FIGURE 16.4. N6fJi/k' s thet4 functions 
t),(u), t).(u), t),(u), t),.(u) 

1 m=-2 



JACOBIAN ELLIPTIC FUNCTIONS AND THETA FUNCTIONS 579 

1.0 

.5 

-. 

-1.0 

K\ 
\ \ 

\ \ 
\ 
\ 

..!!..tn�.,(u) \ du \ 

\ dd 
ln�(u) • u 

\ 

4K 

FIGURE 16.5. Logarithmif derivative8 of �ta 
functio'ns 

d d 
du lnt1,(u) , du In t1,.(u) 

1 m=2 
16.37. ExpJ'e88ion as lnfinit� Products 

q=q(m), v=ru/(2K) 
16.37.1 ( 16q )11' • 

t1,(u)= - sin f) n (1-2q'- cos 2v+<t") mm1 11-1 
16.37.2 (16qmJ')ll' • 
t1c(u)= cos fJ n (1+2q"' cos 2v+<t") m 11-1 

16.37.3 (mm )"n • t1.,(u) = 16q1 ,.f!1 (1+2q"'-1 cos 2v+<t"-') 
16.37.4 ( m )''u • t),.(U)= 

-16 1 fl (1 -2q"'-l COS 2v+<t"-') qm, ,._. 

16.38. Expression as Infinite Series 

Let v=ru/(2K) 

16.38.1 

[2rnl/2 J 1/2 • 
16.38.2 t1c(u)= m'�2K � q"'"+t> cos (2n+1)v 

[ r ] ''' "' 2 16.38.3 t14(u)= 2K {1+2 t.;i q" cos 2nv} 

16.38.4 

16.38.5 (2K/r)112=1 +2q+2q'+2!f+ . . .  =t18(0, q) 

16.38.6 
(2K'/r)111=1 +2q1+2qt+2(.+ . . .  =�a(O, q1) 

16.38.7 

(2in!11K/r)111=2q11'(1 +!f+f+q12+q20+ . . .  ) 
=�2(0, q) 

16.38.8 

Numerical Methods 

16.39. Use and Extension of the Tables 

Example 1. Calculate nc {1.996501 .64) to 48. 
From Table 17.1, 1.99650=K+.001. From the 

table of principal terms 
nc u=-mi111/(u-K)+ . .  

-( 36)-1/2 
nc (K+.001I.64) �001 + . . .  

10000 = --6-+ . .  . 

=-1667+ . .  . 

and since the next term is of order .001 this value 
- 1667 is coiTect to at least 48. 

Example 2. Use the descending Landen trans
fonnation to calculate dn (.20! .19) to 6D. 

Here m=.l9, ml"= .9 and so from 16.12�1 

Also 

( 1)' 20 JA= 19 , I+,..'''=t9'"=.19. 

p.2=(1
1
9)'=10-8X7 .67 

which is negligible. 
From 16.12.4 

dn2 [.19 1 (��)J-(t-1�) 
dn(.20l.19) . c I+ ��)-dn'[ .19 1 c��)J 

Now from 16.13.3 
dn [.19 1 c��)J=-.999951 

whence dn (.20j.I9)=.996253. 
Example 3. Use the ascending Landen trans

fonnation to calculate dn (.20!.81) to 5D. 
From 16.14.1 

4(.9) 360 ( 1 )2 
p.= (1.9)2=361' J.lt= 19 

20 19  I+,..f'1=19, v=20X.20=.19, 

JA� is negligible to 4D. Thus 
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Example 7. Use the q-series to compute 
C8 (.53601 621.09). 

Here we use the series 16.23.12, K= 1.60804 862, 
q=.00589 414, t>=;i ijra.dians or 300. 

Since <f is negligible to 8D, we have to 7D 
cs {.53601 621.09) 

=2� cot 300-�{ l!ql sin 600} 
= {.97683 3852){1.73205 081) 
-3.90733 541[ (.00003 4740){.86602 5404)] 
= 1.69180 83. 

Example 8. Use theta functions to compute 
sn (.618021.5) to 5D. 

Here K(t)=1.85407 

Thus 

e0 •61802 X900=300 
1.85407 

sin' a= 1/2, a=45°. 

sn {.618021.5) "· (30°\45°) 
"·{30°\45°) 
.59128 56458 1.04729 . 

from Table 16.1. 
Example 9. Use theta functions to compute 

sc (.618021.5) to 5D. 
As in the preceding example 

so that 
"·(30°\45°) SC (.618021 .5) "c{300\4So) • 

We use Table 16.1 to give 

". {30� 45°) = .59128 
(sec 45°)ltJ0{30°\45°)= 1.02796. 

Therefore 
sc (.618021.5) i��72� (sec 45°)1 

= .68402. 
Example 10. Find sn (.753421.7) by inverse 

interpolation in Table 17 .5. 
This method is explained in chapter 17, Example 

7. 
Example 11. Find u, given that cs (ul.5)=.75. 
From 16.9.4 we have 

Thus 

and 

' 1 sn u l+cs ;' 

sn' (ul.5)= .64 

sn (ul.5)=.8. 
We have therefore replaced the problem by 

that of finding u given sn ( ulm), where m is known. 
If (/l=&m u 

sin f/I=Sn u and so 
f/1= .9272952 radians or 53.13010°. 

From Table 17 .5, 

U=F(53.13010°\45°) =.99391. 
Alternatively, starting with the above value of 

If' we can use the A.G.M. scale to calculate F(f/1\a) 
as explained in 17 .6. This method is to be pre
ferred if more figures are required, or if a differs 
from a tabular value in Table 17 .5. 
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17. Elliptic Integrals 
Mathematical Properties 

17.1. Definition of Elliptic Integrals 17.1.5 

If R(x, y) is a rational function of x and y, 
where y2 is equal to a cubic or quartic polynomial 
in x, the integral 

17.1.1 J R(x, y)dz 

is called an eUiptic inugral. 
The elliptic integral just defined can not, in 

general, be expressed in terms of elementary 
functions. 

Exceptions to this are 

(i) when R(x, y) contains no odd powers of y. 
(ii) when the polynomial y2 bas a repeated factor. 

We therefore exclude these cases . •  

By substituting for y2 and denoting by p,(x) a 
polynomial in x we get 1 

R(x y)_p,(z)+YP2(:z:) 
' Pa(z) +yp4(x) 

(p. (x) +YP2(Z)) (Pa(x) -yp.(x) )y 
{ (Pa(X) )1-y(p,(:z:) )2) y 

Ja(x) +YPe(z) R (x) I R2(x) 
1/Pr(X) 1 1/ 

wher� R1(:z:) and R2(x) are rational functions of x. 
Hence, by expressing Bt(x) as the sum of a poly
nomial and partial fractions 

J R(x, y)dx= J R1(x)dz+�.A.J x'y-1dz 

+�.B.Jr<x-c)'yt'dz 

Let 

17.1.2 

Reduction Formulae 

'if=a¢+a,r+�+aaz+a, Claol+ latl ¢0) 
=bo(x-c)'+b1{x-c)'+b2(x-c)1+ba(x-c)+b• 

(Jbol+ jb,j ¢0) 

17.1.3 1,= J x•y-1dx, J,= J[y(x-c)')-1dx 

By integrating the derivatives of yx' and 
y(x-c)-• we get the reduction formulae 

17.1.4 

(s+ 2)ao1,+a+! a1 (2s+3)1,+a+a2(s+ I)1,H 
+!aa(2s+I)1,+saJ,_1=x'y (s=O, I, 2, . . .  ) 

• See (17.7] 22.72. 

(2-s)bool,-a+! b1 (3-2s)J,-2+b,{I -s)J,_, 

+! b8{I -2s)J,-sb.J,+J =y(x-c)-• 

(s= I, 2, 3, . . .  ) 

By means of these reduction formulae and cer
tain transformations (see Examples 1 and 2) 
every elliptic integral can be brought to depend 
on the integral of a rational function and on three 
canonical forms for elliptic integrals. 

17 .2. Canonical Forms 

Defi:nitiona 

17.2.1 

m=sin2 a; m is the parameter, 

17.2.2 

17.2.3 

17.2.4 

a is the modular angle 

x=sin lp=sn u 

cos lp=Cn u 

(1-m sin2 lp)i=dn u=A(lp), the delta amplitude 

17.2.5 lp=arcsin (sn u)=a.m u., the amplitude 

Elliptic Iutqral of the Fint Kind 

17.2.6 F(lp\a)=F(lpjm) = i• (l-sin2a sin2 8) -td8 

17.2.7 

= 1• 
dw=u 

Elliptic Iutqral of the Second Kind 

17.2.9 = i" (l-sin2 a sin2 8)id.8 

17.2.10 = .f'dn, w dw 

17.2.ll 
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17.2.12 E(rp\a)=u-mi" 
sn2wdw 

17.2.13 
,.. tJ�(?rU/2K) E(m)u =2K(m) tJ4(7rU/2K.) + K(m) 

(For theta functions, see chapter 16.) 

Elliptic Integral of the Third Kind 
17.2.14 

If X ,sn (ulm), 

17.2.15 

II(n; ulm)= .£'' (1-nt2)-1[(1-t2) (1-mt2))-1'2dt 

17.2.16 = i" (1-nsn2 (wlm))-1dw 

The Alnplitude "' 
. 

17.2.17 rp=am u=arcsin (sn u)=e.rcsin x 

can be calculated from Tables 17.5 and 4.14. 

The Parameter m 

Dependence on the paramef£r m is denoted by a 
vertical stroke preceding the parameter, e.g., 
F(cplm). . 

Together with the parameter we define the 
complementary paramef£r m1 by 

17.2.18 

When the parameter is real, it can always be 
arranged, see 17.4, that O�m�l.  

The Modular Angle a 

Dependence on the modular angle a, defined in· 
terms of the parameter by 17 .2.1, is denoted by a 
backward stroke \ preceding the modular angle, 
thus E(cp\a). The complementary modular angle 
is ?r/2-a or 90°-a according to the unit and 
thus m1=sin2 (90°-a)=cos2 a. 

The Modulus k 

In terms of Jacobian elliptic functions (chapter 
16), the modulus k and the complementary 
modulus are defined by 

17.2.19 k=ns (K+iK'), k'=dn K. 
They are related to the parameter by k2=m, 

k''=m1• 
Dependence on the modulus is denoted by a 

comma prece<ling it, thus II(n; u, k). 

In computation the modulus is of minimal im
portance, since it is the paramete.r and its comple
ment which arise naturally. The parameter and 
the modular angle will be employed in this chapter 
to the exclusion of the modulus. 

The Characteristic n 

The elliptic integral of the third kind depends 
on three variables namely (i) the parameter, 
(ii) the amplitude, (iii) the characteristic n. 
When real, the characteristic may be any number 
in the interval (-oo ,  oo) . The properties of the 
integral depend upon the location of the charac
teristic in this interval, see 17.7. 

17 .3. Complete Elliptic Integrals of the Firat 
and Second Kinds 

Referred to the canonical forms of 17.2, the ellip
tic integrals are said to be complete when the 
amplitude is tn" and so x= 1 .  These complete in
tegrals are designated as follows 

17.3.2 

17.3.3' 

K=F(P.Im)=F(P.\a) 

E[K(m)]=E= it (1-t2)-t'2(1-mt2)t'2dt 

f"'2 = J o (1-m sins 6)112d9 

17.3.4 E=E[K(m)]=E(m)=E(i,.\a) 

We also define 

17.3.5 

17.3.6 

17.3.7 f Y /2 
E'=E(m1)=E(l-m)= J o (1-mJ sin26)112d8 

17.3.8 E'=E[K(m1)]=E(mJ)=E(v\tn--a) 

K and iK' are the "real" and 11 imaginary" 
q:uarter-periods of the corresponding Jacobian 
elliptic functions (see chapter 16). 
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Relation to the Hyper&eometric Function 

(see chapter 15) 

17 .3.9 

17.3.10 

17.3.11 

K=i �F(i, i; 1 ;  m) 
E=i�F(-i, i; 1 ;  m) 

Infinite Series 

1 [ (1)2 (1 . 3)2 K(m) =21r 1+ 2 m+ 2 · 4 m2 

17.3.12 

(1 . 3 . 5)' 8 ] + 
2 · 4 · 6 m +  . . .  

E(m)=-1(' 1 - - - - - -
1 [ (1)2 m (1 . 3)2 m2 
2 2 1 2 · 4 3 

17.3.13 

17.3.14 

(1 . 3 . 5)2 m3 J - 2 · 4 · 6  5- . . .  

.l.esendre'a Relation 

EK' + E' K-KK' =i� 

Aulriliary Function 

K'(m) 16 L(m)=-- ln --K(m) � m1 -

( lml<1} 

( l mi<I) 

17.3.15 m=1 -16 exp [-T(K(m) +L(m))/K'(m)] 

17.3.16 m=16 exp [-T(K'(m) +L(mt))/K(m)] 
The function L(m) is tabulated in Table 17.4. 

q-Seriee 

The Nome q and the Complementary Nome q1 
17.3.17 

17.3.18 

17.3.19 

17.3.20 

q=q(m) =exp [-TK'/K] 

fJ.t=q(mt) =exp [-1rK/K'] 
1 1 

ln - ln --r -q• fJ.l 

log to ! log10 .!_= (1r log10 e)2= 1 .86152 28349 to 1 OD q ql 
17.3.21 

m (m)2 (m)s q= exp r-1('K'/Kl=w8 16 +84 16 

+992 C�Y+ . . .  Clmi<I) 

17.3.22 

.. 2f/ sin 2sv 17.3.24 a.m u=v+ f:;1 s(l +if') where v=ru/(2K) 

Limiting Values 

17.3.25 lim K'(E-K)=O 
IIH() 

17.3.26 lim [K-i In (16/m1)]=0 m-+1 
17.3.28 lim q/m=lim q1/ml=1/16 

IIH() lll�l 
Alternative Evaluatione of K and E (see also 17 .5) 

17.3.29 
K(m) =2[1 +mF2]-1K([(1-m�12)/(1 + mi12)]')* 

17.3.30 
E(m) = (l +ml'2)E([ (1-mf12)/(1 +ml12) ]2) 

-2ml12(1 +ml12) -•K([(1 -m�12)/(1 +mf1J)]1) 
17.3.31 K(a) =2.f(a.rcta.n (sec1'2 a)\ a) 

17.3.32 E:(a)=2E(arcta.n (sec112 a)\a)-1 +cos a 

Polynomial Approximatione s (0 � m< 1) 

17.3.33 
K(m)=[ao+atmt+�m�]+[bo+btm, 

+b2m�] ln (1/m1)+e(m) 

17.3.34 

ao= 1 .38629 44 
at= .11197 23 
a2= .07252 96 

le(m) j .:s;3Xl0-6 
bo=.5 
bt=.12134 78 
b2= .02887 29 

K(m)=[ao+alml+ . . .  +a,mtJ+[bo+btml+ . . .  
+o,m:J In (1/m1)+t(m) 

lt(m)j.:s;2X10-8 
a0= 1 .38629 436112 
a1= .09666 344259 
�= .03590 092383 
a8= .03742 563713 
a,= .01451 196212 

bo=.5 
bt = .12498 593597 
b.2= .06880 248576 
b8= .03328 355346 
b,= .00441 787012 

' The approximations 17.3.33-17.3.36 are from C. Haa
tings, Jr., Approximations for Digital Computers, Prince
ton Univ. Preas, Princeton, N. J. (with permission). 

•See pase 11. 
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FIGURE 17.1. · · Oomplete· eUiptic integral of the first 
kind. 

E 
1.6 

1.5 

E•E!9o•\al 

E'•EC9o'\go•-al 

F:iGURE 17 .2. Oompkte elliptic integral of the 
second kind. 

17.3.35 
E(m)=[1 +a,m,+�m�]+[b1m1+b2m�] ln (1/m1) 

+E(m) 

17.3.36 

a,=.46301 51 
�=.10778 12 

IE(m)I<4XlO-• 

b, = .24527 27 
b2= .04124 96 

E(m)=[l+�m�+ . . .  +a,mt]+[b1mt+ . . .  
+b,mt] In (1/m1) +E(m) 

IE(m)I<2X10-• 

a1= .44325 141463 
�= .06260 601220 
aa=.04757 383546 
a,=.01736 506451 

bt=.24998 368310 
b2=.09200 180037 
b3= .04069 697526 
b,= .00526 449639 

17 .4. Incomplete Ellip�ic Integrals of the First 
and Second Kinds 

17.4.1 
17.4.2 

17.4.3 
17.4.4 

Extension or the Tables 

Negative Amplitude 

F( -¥'1m) = -F(<Pim) 

E( - ¥'1m) = -E(IP.Im) 

Amplitude of Any Magnitude 

F(sr±¥'1m) =2sK±F(¥'1m) 

E(u+2K) =E(u) +2E 

17.4.5 E(u+2iK') =E(u) +2i(K'-E') 

17.4.6 
E(u+2mK +2niK') =E(u) + 2mE+ 2ni(K'-E') 

17.4.7 E(K-u)=E-E(u) +msn u ed u 

Imqinary Amplitude 

. If tan 8=sinh <P 

17.4.8 F(i<P\a) =iF(B\!r-a)  

17.4.9 
E(i<P\a) = -iE(8\!r-a) +iF(8\!r-a) 

+i tan 8(1-cos2 a sin2 B)t 

Jacobi's Imaginary Tranaf'onnation 
17.4.10 

E(iulm) =i[u+dn(ulm,)se(ulmt) -E(ulm,)] 

Co:mples Amplitude 

17.4.11 F(<P+i.J-Im)=F(>.Im) +iF(plm.) 
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where cot1 }. is the positive root of the equation 
z2-[cot2 �+m sinh� csc2�-mdx-m, cot2�=0 
and m tan2 �=tan2� cot2}.-l. 

17.4.12 

E(�+'Wt\a) =E(>. \a) -iE(p.\90°-a) 
+iF(�\90°-a)+ b,+il>2 

b3 
where 

b1 =sin2 a sin }. cos }. sin' �(1-sin2 a sin' >.)1 

b�= (1 '-sin2 a sin2 >.) (1-cos' a sin2 p.)l sin p. cos � 

Am,plitude Near to .,.j2 (see also 17 .5) 

If cos a tan � tan l/t=1 

17.4.13 F(�\a) +F(I/t\a) =F(.,./2\a) =K 

17.4.14 

E(�\a)+E(I/t\a) =E(r/2\a)+sin2a sin� sinl/t 

Values when � is near to .,.f2 and m is near to unity 
can be calculated by these formulae. 

F(q>'\Q) 

2. 

2.2 

2.0 

1.8 

1.6 

1.4 

1.2 

1.0 
tso" 

. 8 

40 

.6 �--------------------------�3�� 
��--------------------------� 

zo" 

.2J:---------------------------. 
1 0

° 

FIGURE 17.3. Incompkte eUiptic integral of the 
first kind. 

F(rp\a), rp constant 

ParBDleter Greater Than Unity 

17.4.15 F(�im)=m-iF(8Im-1), sin 8=m• sin � 

17.4.16 E(ulm)=m1E(umtlm-1)- (m-1)u 

by which a parameter greater than unity can be 
replaced by a parameter less than unity. 

Negative Par8Dleter 
17.4.17 

F(�i-m) = (1 +m)-iK(m(1 +m)-1) 

-(1 +m)-lF (i-� 1 m(1+m)-•) 
17.4.18 

E(u!-m) =(1 +m)l {E(u(1 +m)tlm(m+ 1)-1) 

-m(1 +m)-tsn(u(1 +m)tjm(1 +m)-1) 

cd(u(1 +m)tlm(1 +mr') } 

whereby computations can be made for negative 
parameters, and therefore for pUre Imaginary 
modulus. 

2.4 

2.2 

2 •. 0 

'·' 

. .• 

1.4 

1.0 

.a 

.6 

. 4 

. 2 

FIGURE 17.4. Incomplete elliptic integral of the 
first kind. 

F(.,\a), a constant 
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IP"-9d' !i.<p� K 

FIGURE 17,5. a constant. 
E(<p\Q) 

j,6r------

L O 

. 8 
5o' 

. 6 40 • 

30° 
. 4 

zo• 

.2 10' 

FIGURE 17.6. Incompkte eUipt� integral of the 
secO'fl..d kind. 

17.4.19 

17.4.20 

E(rp\a), rp constant 

Special Caaea 

F(tp\O)=f/J 
F(itp\O)=itp 

INTEGRALS 

E(<p\0) 

1.8 a·o· 

30' 

1.4 
45' 

1.2 60' 

r�· 

1.0 

.a 

.6 

. 4 

.2 

FIGURE 17.7. Incomplete elliptic integral of the 
secO'fl..d kind. 

E(rp\a), « constant 

o• 10' zo• 30' •0' 50' 60' ro• eo• 9o' 

FIGURE 17.8. 90° E( �a)-tp, a constant . 

17.4.21 

F(v:\90°) =ln (sec tp+ta.n .tp) =ln tan (i+�) 

17.4.22 F(itp\90°) =i a.rcto.n (sinh tp) 
17.4.23 

17.4.24 

17.4.25 

17.4.26 

E(tp\0) =tp 
E(itp\0) =itp 

E(tp\90°) =Sin tp 
E(itp\90°)=i sinh tp 
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Jacobi's Zeta Function Heuman's Lambda Function 

17.4.27 Z(rp\a)=E(rp\a)-E(a)F(rp\a)/K(a) 
17.4.28 Z(ujm) =Z(u) =E(u) -uE(m)/K(m) 
17.4.29 Z(-u)=-Z(u) 
17.4.30 Z(u+2K)=Z(u) 
17.4.31 Z(K-u)=-Z(K+u) 
17.4.32 Z(u)=Z(u-K)-msn(u-K)cd(u-K) 

17.4.33 

17.4.34 

17.4.35 

Special V aluea 

Z(ujO)=O 
Z(ujl)=tanh u 

Addition Theoren� 

Z(u+v)=Z(u)+Z(v)-msn 11 sn o sn(u+v) 
Jacobi'a lmqinuy Tranef'ormation 

17.4.36 

iZ(iulm)=Z(ul m1)+2�,-dn(ulm1)sc(ul m1) 

Relation to Jacobi'• Theta Function 

17.4.37 d Z(u)=9'(u)/9(u)= duln 9(u) 

q-Seriea 

2r • 
17.4.38 Z(u)=K ::E q'(1-qb)-1 sin (r81J./K) •-1 

KlalZI'j>\GJ 

FIGURE 17.9. Jacobian utct.junction K(a)Z(rp\a). 
·s.. .,.... a. 

17.4.39 

A0(rp\a) F(rp'i��)a) +;K(a)Z(rp\900-a} 

17.4.40 =�{K(a)E(rp\90°-a) 7r 

-[K (a)-E(a) ]F(rp \000 -a) } 

·' 

. l 

· �· 

..I F--------___£_ I s· 

FIGURE 17.10. Heuman's lambda junction Ao(rp\a). 
Numerical Evaluation of Incomplete Integrala o£ the 

- Ftrat and Second Kinde 

For the numerical evaluation of an elliptic 
integral the quartic (or cubic ') under the radical 
should first be expressed in terms of t', see 
Examples 1 and 2. In the resulting quartic there 
are only six possible sign patterns or combinations 
of the factors namely 

(t'+a2)(t'+62), (a2-t')(t'-62), 
(a2-t') (b�-ez), (t'-a2) (t'-b2), (tz+a2) (tz-b2), 

(t'+a2)(b2-tz). 
The list which follows is then exhaustive for 

integrals which reduce to F(rp\a) or E(rp\a). 
The value of the elliptic integral of the first 

kind is also expressed as an inverse Jacobian 
elliptic function. Here, for example, the notation 
u=sn-1x means that x=sn u. 

The column headed "t substitution" gives the 
Jacobian elliptic function substitution which is 
appropriate to reduce every elliptic integral which 
contains the given quartic. 

• For an alternate treatment of cubics see 17.4.61 and 
17.4.70. 



cos a=b/a a>b 
-m= (a'-b')/a' 

sin a=b/a a>b m=b'/a1 

b cot a=-a m=a1/(a1+b1) 

b 
tan a=-a m=bt/(a1+bl) 

F('l'\a) 

17.4.41 

Sa" dt a o {(P+a')(P+bt))ll2 
17.4.42 f."' dt a ., [(P+a')(P+b2)]112 
17.4.43 

f' dt a b [(a1-P)(f2-b2)]112 
17.4.44 

s· dt a ,. [(ci'-P)(P-bt)]ttt 
17.4.45 

f' dt a o [(a'-t')(bl-t1)]1" 
17.4.46 I.b dt a ,. [(a'-r, (bt-P)]II1 
17.4.47 

f' dt a • [(P-a')(t'-bl)]•tt 
17.4.48 f."' dt a • [(t2-a')(P-b1))1" 
17.4.49 

( •+bl) l''l"' dt a b [(P+a•) (t'-bl)]t/2 
17.4.50 

( '+ bl) l/2 f. CD dt a " [(tl+a•) (tt-bl))l'' 
17.4.51 

( '+b')l''i" dt a o [(t2+a2)(bi-P)JIII 
17.4.52 

( '+bt) ll2f.b dt a .. [(tl+a2) (bl-t2)]112 

Equivalent Inverse 
Jacobian Elliptic 

Function 

CXIa'-bl) sc-• b �  

cs-• - --ela'-bl) a a' 
nd-1 - --CXIa'-1>2) b a' 

CXIa'-bt) dn-1 - --a a1 
sn-• (Ei�) 
cct-·GI�) 
dc-·GI�) 
ns-• Gl�) 

nc-• (�la'�bl) 
ds-1 Ca'+zbl)•'''a'�bl) 

-1 e<a•+ bl)l'l-�) sd ab a'+bt 
-I CXI b' ) en b a1+b' 

"' 

X 
tan "'=b 

tan "'=� X 
. ' - a'(:D'-1>2) sm '1'-:tl(a1-bJ) 
. at-xJ sm' 'P= --a1-bl ., 

X sin "'=l> 
: a'(b'-x') sin' "' bt(a2-x1) 
. x2-a1 sm2 tp=--x1-bl 

a sin "'=x 

b cos "'=i 
. a1+b2 sm1 "'=--a'+x' 
• 2 _z1(a1+b1) am '(J- bl(a' +x') 

z cos I(J=b 

t Substitution 

t=b ac v 
t=a ca v 
t=b nd v 
t=a dn v 
t=b an v 
t=b cd v 
t=a de v 

t=a ns v 
t=b no v 
t= (a'+b1)111dav 
t ab (a'+ bl) 1/1 sd v 
t=b en v 

E('l'\a) 

bJ l"'C'+a') dt 
a o P+ b2 [(t'+a')(t'+bl)Jlll 
f. 

... e+ bl) dt· a .. t2 +a' [ (P +a') (t' + bJ))tlt 
abt -!" 1 dt 

b t' [(a'-tt)(P-bt)]llt 
1 s.· t'dt 
a • [(a'-P)(P-bl)]tls 
1 L• (a2-t')dt 
a o [(a'-P) (bi-P)]tiJ 

ib( 1 ) dt a(a'-b') • a'-f.2 [(a'-tl) (bl-t1)]112 
a'-bl J.''( t' ) dt -a- • (1-1>2 [(t2-a2)(P-b2)]1" 
f."' C'-1>2) dt a ., -t'- [(P-a2)(P-bl)]112 

b' i" t'+a' dt (a2+b1)112 b -�,- [(t'+a•)(tl-b')}1" 
( I+ bJ)112 f."' 

(.1 dt a 
· .. (tt+a') [(t'+a') (P-bl)]111 

'( '+bl) lltf" 1 dt a a 0 (t1+a1) [(P+a2)(b2-tl)]112 
1 J.b (ti+a')dt (at+bJ)I/1 .. [(tl+at) (b'-P))IIt 
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Some Important Special Caaee 

IF(tp\a) cos 9' Cl 

17.4.53 s.· dt :r;l- 1  45° 
• (l+t•)l :r:l+ 1 

17.4.54 

.r dt 1 -:r:' 45° 0 (l+t•)l 1+:r:' 
17.4.55 

1 1" dt 1 45° • 21 1 (t4- l)l -
:r: 

17.4.56 
• 1 f dt 

21 • (1-t•)t z 45° 

Reduction of J dt/-/P where P=P(t) _is a cubic 
polynomial with three real factors P= 
(t-p,) (t-13,) (t-Pa) where p,>P2>P!· Write 

17.4.61 

�=!. (P,-Pa)112, m=sin2 a=l32-fJa, 
2 Pt-Pa 

17.4.62 

>. -i" dl lla ../P 
17.4.63 

A -s.-· dl 
• ..;p 

17.4.64 

A -i" dl , • ...;p 
17.4.65 

A -f" dl 
• ...;p 

17.4.66 

A --f" dl 
-•..J-P 

17.4.67 f.'• dl >. --
" ..J-P 

17.4.68 

>. --f' dl 
lla ..J·-P 

17.4.69 f./11 dl A --
• ..J-P 

•Sec p�gc: II. 

F(tp\a) 

F(tp\a) 

F(tp\a) 

F(tp\a) 

F(tp\ (90°- a0)) 

F(tp\ (90° -cr0)) 

F('P\(90° -a0)) 

F(.,\(90°-a0)) 

m1=cos2 a=-fJ1-P2 
{J,-fj, 

. :r:-/Ja s1n1 tp=--{J,-/Ja 

cos' ., (IJI-{J,) (:r:-/J�) 
(!J,-/Ja) (fll-z) 

. z-{JI sm1 tp=--
:r:-tJ. 

:r:-(1. cos1 tp=-Z-fla 

sin' .,=fl•-fla 
131-:r: 

cos' .,=13•-/Ja 
IJa-z 

si.n1 ., 
(fli-IJa) (z-fla) 
(tl.-/Ji){z-/Ja) 

z-(1, cos' "'=--
fl1- fla 

1 
31/4F(.,\a) cos "' Cl 

17.4.57 
:r:-1-� f" dt 15° • (tl-1)l :r:-1+� 

17.4.58 
�+1-z l" dt 15° 1 (tl-l)l �-l+z 

17.4.59 
�- l+z f dt 75° • (1-t')t  � + 1 -:r: 

17.4.60 
1 - �-z f" dt 75° --(1-tl)l l+-v'3-z 

Reduction of J di/-/P when P=P(t)=t'+a1t2 
+�t+aa is a cubic polynomia.l with only one real 
root t={J. We form the first and second deriva
tives P' (t), P" (t) with respect to t and then write 

17 " 70 '1-[P''") ]''' - . 2 _!__! P"{P) .... " - v-. , m-sm a-2 8 [P'(P)]'tJ 

17.4.72 

r · dl >. J:, ..jp cos tp (:r:-/3) - A' 
(z-.tJ) +A' 

A'- (IJ-:r:) cos tp= >.'+ (13-:r:) 

17.5. Landen's TrBD8formation 

Deecending Landen TI'IUl.lf'ormatlon 1 

Let a,., a-+1 be two modular angles such that 

17.5.1 (l+sin aa+1)(l+cos a,.)=2 

and let tp,., 'Pa+l be two corresponding amplitudes 
such that 

17.5.2 tan (tp,.+J-'Pa)=cos a,. tan 'P• ('Pa+l>'P.) 
• The emphasis here ia on the modular angle since thie 

ia an argument of the Tables. All formulae concerning 
Landen's transformation may alao be expre88ed in terms 
of the modulus k=m.t=sin a and ita complement A:'=m\ 
=cos a. 
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Thus the step from n to n+ 1 decreases the modular 
angle but increases the amplitude. By iterating 
the process we can descend from a given modular 
angle to one whose magnitude is negligible, when 
17.4.19 becomes applicable. 

With ao=a we have 

17.5.3 
F(IJ'\a) =(l+cos a)-1F(�Pt\at) 

=!Cl +sin at)F(�P1\a1) 

n . 
17.5.4 F(�P\a)=2-" n (l+sin a,)F(�P .. \a,.) 

•-1 

... 
17.5.5 F(�P\a)=cf? II (1 +sin a,) 

•-1 

CD 

17.5.7 K=F(P.\a) =!r II (l +sin a,) 
•-1 

17.5.8 F(�P\a) =27r-1Kcf? 

17.5.9 

E(�P\a)=F(�P\a) [t-i sin2 a (t+� sin a1 

+;2 sin a1 sin a.+ . . .) ]+sin a [� (sin a1)112 sin IPt 

+ 1 ( . . ) 1/2 . + J 22 Sill a1 sm a2 sm IP2 • • •  

17.5.10 

E K[ 1 . 2 ( 1 . 1 . . 
= 1-2 Sill a 1+2 Sill a1+22 Sill a1 sm a2 

+ia sin a1 sin a2 sin aa+ . . . ) J 
Ascending Landen Tranefonnation 

Let a,., a,.+! be two modular angles such that 

17.5.ll (1+sin a,.)(1 +cos a,.+1)=2 (a,.+1>a,.) 

and let IJ'.,., IPn+1 be two corresponding amplitudes 
such that 

Thus the step from n to n+ 1 increases the 
modular angle but decreases the amplitude. By 
iterating the process we can ascend from a. given 
modular angle to one whose difference from a right 
angle is so small that 17.4.21 becomes applicable. 

With ao=a we have 

n-1 
17.5.14 F(IJ'\a)=2" II (l+sin a,)-1F(�P,.\a,.) 

••0 

n 
17.5.15 F(IP\a)= ll (l +cos a,)F(�P11\a,.) 

·--1 
"' 

17.5.16 F(IP\a) =[csc a II·sin a,]t In tan (i'll"+tct>) •-1 

17.5.17 

Neighborhood of a Right Angle (see also 17 .4.13) 

When both IP and a are near to a right angle, 
interpolation in the table F(IP\a) is difficult. 
Either Landen's transformation can then be used 
with advantage to increase the modular angle and 
decrease the amplitude or vice-versa. 

17.6. The Process of the·Aritlunetic-Geometric 
Mean 

Starting with a given number triple (ao, b0, c0) 
we proceed to determine number triples 
(ah bt, c11), (�. b2, c,), .. · . . , (aN, bN, eN) according to 
the following scheme ·of arithmetic and geometric 
means 

17.6.1 
ao 

a.=!(ao+ho) 
�=!(a.+bt) 

- bv 
ht=Caoho)i 
h2=Ca.ht)l 

Co 
Ct=Hao-bo) 
c2=! (a,-ht) 

CN=f(aN-1-bN-1). 
We stop at the Nth step when aN=bN, i.e., when 

cN=O to the degree of accuracy to which the num
bers are required. 

To determine the complete elliptic integrals 
K(a), E(a) we start with 

17.6.2 
whence 

17.6.3 

ao=l, ho=COS a, Co=Sin a 

K(a) =_!_ 
2aN 
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17.6.4 K(akcaf(a) � [�+2�+22�+ . . .  +2Nc2N] 

To determine K'(a), E'(a) we start with 

17.6.5 a,;=l, b�=sin a, c�=cos a 
whence 

17.6.6 11' K'(a)=-2 , aN 
17.6.7 

K' (a)-E' (a)=! [c'2+2c'2+22c'2+ +2Nc' '] K' (a) 2 ·o 1 2 • • • N 

To calculate F(tp\a), E(t�J\a) start from 17.5.2 
which corresponds to the descending Landen 
transformation and determine .,. , 1()2, • • • , 'PN 
successively from the relation 

17.6.8 tan (t1J11+t-t1J,.)=(b,/a,.) tan '�?"• tpo=tp 
Then to the prescribed accuracy 

17.6.9 
17.6.10 
Z(tp\a) =E(t�J\a)-(E/K)F(tp\a) 

17.7.4 

.l In l1.(v+P) 2 � I ( _,2 ) I • 2 . ,. t1,(v-P) f=t s- cf 1-!l • - sm sv sm 2sP 

17.7.5 
t1'(p) � 
":(P) =cot P+4 � q2'(1-2q2' cos 2P+q'•) -1 sin 2P 

In the above we can also use Neville's theta 
functions 16.36. 
17.7.6 ll(n\a) =K(a) +o1K(a)Z(e \a) 

Caee (ii) Hyperbolic Caae n>I 

The case n > 1 can be reduced to the case 
O<N<sin2 a by writing 

17.7.7 N=n-1 sin2 a, p1=[(n-1)(1-n-1 sin2 a)]i 
17.7.3·· 

U(n; tp\a)=-ll(N; tp\a)+F(tp\a) 

+2_!_1n [(A(tp)+Pt tan tp) (A(tp)-Pt tan '1') -1] 
P1 

where A(tp) is the delta amplitude, 1�.2.4. 
• =c1 sin 'Pl+t: sin .p.2+ . . .  +eN sin lPN 17.7.9 

17.7. Elliptic Integrals of the Third Kind 

n(n\a) =K(a) -ll(N\a) 
Cue (iii) Circular Cue sin1 a<n< I 

17.7.1 . 
ll(n; tp\a)= i., (I-n sin2 e)-1(1-sin2 a sint e)-idiJ 

17.7.2 ll(n;!7r\a)=ll(n\a) 
Cue (i) Hyperbolic Caae O<n< si.n1 a 

17.7.3 

e=a.rcsin (n/sin2 a)t, 

fJ=Jw-F(e\a)/K(a) 

q=q(a) 

v=!7rF(tp\a)/K(a), 

ol=[n(l-n)-1(sin1 a-n) -1Jl 

ll(n;tp\a)=o1 [-! In [t14(v+P)/t1.(v-fj)) 

•see page u. 

e=arcsin [(1-n)/cos2 a]l 

P=!rF(e\90°-a)/K{a) 
q=q(a) 

17.7.10 
v=irF(tp\a)/K(a), o2=[n(l-n)-1(n-sin2 a)-1]1 

17.7.11 
17.7.12 
X=a.rctan (tanh P tan v) 

+2 "£ (-I)•-1s-1tf'(l- q2') -1 sin 2sv sinh 2sfj 
•-1 

17.7.13 

�=[± sq'2 sinh 2sP] [1 +2 "£ cf2 cosh 2sfj]-1 
•-1 •-1 

17.7.14 ll(n\a) =K(a)+!rc5z[l-A0(e\a)] 
where .A0 is Heuman's Lambda function, 17.4.39. 
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D(n;.p\0) 

3.5 

3.0 

Z.5 

z.o 

1.5 

1.0 

.5 
.z 

o· 15" �o· 

,.. . .,. . 

FIGURE 17 .11.  EUiptic integral of the third kind 
ll(n; tp\a). 

Caae (iv) Circular Caae n<O 

The case n<O can be reduced to. the case 
sin' a<N<1 by writing 
17.7.15 

17.7.16 

N=(sin2 a-n)(1-n)-1 
P2=[-n{l-n)-1(sin2 a-n)]t 

[(1-n) (l-n-1 sin2 a)]lll(n; tp\a) 
= [(1-N)(l-N-1 sin' a)]tii(N; tp\a) 
+p;1 sin2aF(tp\a)+arctan [!p2 sin 2tp/�{tp)] 

17.7.17 
ll(n \a)= ( -n cos' a) (l-n)-1(sin2 a-n)-1 ll(N\a) 

+sin2 a(sin2 a-n)-1K{a) 

Speeial Cues 

17.7.18 n=O 
ll(O; tp\a) =F(tp\a) 

17.7.19 n�=O, a=O 
ll(O; tp\O)=tp 

17.7.20 a=O 
II(n; tp\0)=(1-n)-1 arctan [(1-n)l tan tp], * 

n<I 
= (n-1)-l arctanh [(n-1)1 tan tp)1 
=tan tp n=l 

17.7.21 a=7r/2 
II(n; tp\.,/2)= (1-n)-10n (tan tp+sec tp) 

-i nl In (1 +nt sin tp) (1-nl sin tp) -1] 
17.7.22 n=±sin a 
(1 =Fsin a){2II(±sin a; tp\a)-F(tp\a) } 

=arctan [(l=Fsin a) tan tpf�(tp)] 
17.7.23 n=l ±cos a 
2 cos aii(l ±cos a; tp\a) = ±i In [(1 +tan tp 

· �(tp)}(1-tan tp· �(tp))-1]+! In [(�(tp) 
+cos a· tan tp){�(tp) -cos a tan tp)-1] 

=F (1 =Fcos a)F(tp\a) 
17.7.24 n=sin' a 
II{ sin' a; tp\a)=sec2 aE(tp\a)-(ta.n2 a sin 2fP)/(2�(fP)) 
17.7.25 n=1 
11(1;  tp\a)=F(tp\a)-sec2aE(tp\a)+sec2atan tp�(fP) 

Numerical Methods 

17.8. Use and Extell!lion of the Tables 

Example 1. Reduce to canonical form J y-1dx, 
where 

y2= -3z4+34z3-119z2+ 172z-90 
By inspection or by solving an equation of the 
fourth degree we find that 
Y2=Q1Q2where Qt=3z2-10z+9, Q2=-z2+8x-10 

Firat Method 

Q1->.Q2=(3+X)z2- (I0+8X)z+9+ lOX is a per
fect squa.re if the discriminant 

• See pap u. 

(I0+8>.)2-4(3+>.)(9+10X)=O;i.e.1 if X=-i or 4 
and then 

Q1+� Q,=� (z-1)1, Q1-� Q2=� (z-2)2 

Solving for Q1 and Q2 we get 
Q1=(z-1)2+2(z-2)2, Q2=2(z-1)2-3(z-2)2 
The substitution t=(z-1)/(z-2) then gives 
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ll the quartic y2=0 has four real roots in x 
(or in the case of a cubic all three roots are real),, 
we must so combine the factors that no root of 
Q1 =0 lies between the roots of Q2=0 and no root 
of (b=O lies between the roots of Qt =0. Provided 
this condition is observed the method just de
scribed will always lead to real values of X. These 
values may, however, be irrational. 

Write 

Second Method 

Ql 3r-10z+9 t2 Q2 -z2+8z-10 

and let the discriminant of {bt2-Q1 be 

4T2= (8t2+ 10)2-4(t2+3) (10t2+9) 

=4(3fl+2) (2t2-1) 
Then 

f y-1dx=± f r-ldt=± Jrcat1-tJ2){2t2-1)J-•dt 
This method will succeed if, as here, T1 as a 

function of t2 has real factors. If the coefficients 
of the given quartic are rational numbers, the 
factors of T2 will likewise be rational. 

Third Method 

Write 
Qt 3r-10z+9 w Q2 -z2+8z-10 

and let the discriminant of Q,w-Q1 be 

4W=4(3w+2) (2w-1)=4(Aw+Bw+O) 

Then if 

z2= W/w and Z2=(B-z2)'-4AO=(z2-1)2+48 

f y-ldz= ± f z-ldz 
However, in this case the factors of Z are complex 
and the method fails. � 

Of the second and third methods one will always 
succeed where the other fails, and if the coefficients 
of the given quartic are rational numbers, the 
factors of T2 or Z2, as the case may be, will be 
rational. 

Example 2. Reduce to canonical form J Jr1dx 
where y2=z(z-1)(:z:-2). 

We use the third method of Example 1 taking 
Qt=(z- 1), Qa=z(:z:-2) and writing 

Qt z-1 w=Q2
=r-2z 

The discriminant of Qaw-Q1=z2w- (2w+ l):z:+1 

is 
4 W = (2w+ 1)2-4w=4w2+ 1 

so that 
1 W=Aw+Bw+ O where· A=1, B=O, 0=4 

and if we write z2= W/w and 

Z2=(B-z2)2-4AO= (2')2-1 =(z2-1) (z2+ 1), 

J y-tdx= ± J [(z2- 1) (z2+ 1)]-t/2 dz 
The first method of Example 1 fails with the 

above values of Q1 and Q2 since the root of Q1 =0 
lies between the roots of Q2=0, and we get 
imaginary values of >.. The method succeeds, 
however, if we take Q1=z, Q2=(z-1)(z-2), for 
then the roots of Q1 =0 do not lie between those 
of Qa=O. 

Example 3. Find K(80/81). 

Flnt Method 

Use 17.3.29 with m=80/81, m1=1/81, m,l13= 1/9. 
Since [(1 - m�12) (1 + mV')-1)2 = .64, K(80 /81) = 
1.8 K(.64) =3.59154 500 to 8D, taking K(.64) from 
Tab1�. 17.1. 

Second Method 
Table 17.4 giving L(m) is useful for computing 

K(m) when m is near unity or K'(m) when m is 
near zero. 

K(80/81)=! K'(80/81) In (16X81) -L(80/81). 1r 
By interpolation in Tables U.1 and 17.4, since 

80/81=.98765 43210, 

K' (80/81) = 1.57567 8423 
£(80/81)=.00311 16543 
K(80/81) =r-1(1.57567 8423) (7.16703 7877) 

-.00311 16543 
=3.59154 5000 to 9D. 

Third Method 

The po1ynomia.l approximation 17.3.34 gives to 
8D 

K(80/81) =3.59154 501 

Fotarth Method, Arithinetic·Geometric Mean 

Here sin2 a=S0/81 and we start with 

ao=l, b0=�, c0=�80/81=.99380 79900 

glvmg 
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E=arcsin [(1-n)/cos2 a]1=45° 
,S=!rF(45°\60°)/K(30°)=.79317 74 
v=l11'F(45°\30°)/K(30°)=.74951 51 
�=(40/9)l 
q=.01797 24 

and so from 17.7.11 
n (i; 45°\30°)= (40/9)112(>.-4¢') 

=2.10818 51 { .55248 32-4(.03854 26) 
(.74951 51) } =.921129. 

Table 17.9 gives .92113 with 4 point Lagrangian 
interpolation. 

Example 18. Evaluate the complete elliptic 
integral 

n Ci\30°) to 5D. 
From 17.7.14 we have 

where E=arcsin [(1-n)/cos2a)112=45°. Thus using 
Table 17.8 

n Ci\30°)=2.80099. --
Table 17.9 gives 2.80126 by 6 point Lagrangian 

interpolation. The discrepancy results from in
terpolation with respect to n for �=90° in Table 
173. -

Example 19. Evaluate 

n <-t-; 45°\ 30°) 
f .. " 

= J 0 (1--t-sin2 8) -1(1-t sin2 8) -1/2 de 
to5D. 

Heren=�, �=45°, a=30° and since the character
istic is greater than unity we use 17.7.7 

N=n-t sin2 a=.2, p1=(1/5)l 
n C-t-; 45°\ 30°) =-n ( 2; 45°\ 30°) + F ( 45°\ 30°) 

+<!�Y 1n (7/8)•+(1/s)t 
(7 /8)l-(1/5)1 

='-.83612 + .80437 

+l� ln .../35+..;8 
.fi5-.,f8 

=1.13214. 

Numerical quadrature gives the same result. 
Example 20. Evaluate 

n C -t; 45°\30°) 
= i .. ,, (1 +t sin2 8) -1(1-t sin2 8) -td8 

to 5D. 

Here the characteristic is negative an·d we there
fore use 17.7.15 with n=-!., sin2 a=� 4 . 4 

N=(1-n)-1(sirt2 a-n)=.4, p,=� 
and therefore 
(5/2)• n ( --t; 45°\30°) =(9/40)tn (f; 45°\30°) 

+�(5/2)1F(45°\30°)+arctan (35)-t 

Using Tables 4.14, 17.5, and 17.9 we get 
n C-t; 45°\30°)=.76987 
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18. Weierstrass Elliptic and Related Functions 

Mathematical Properties 

18.1. Definitions, Symbolism, Restrictions and 
Conventions 

· 

An elliptic function is a. single-valued doubly 
periodic function of a single complex variable 
which is analytic except a.t poles and whose only 
singularities in the finite plane are poles. If w and 
w' are a pair of (primitive) half-periods of such a. 
function j(z), then j(z+2Mw+2Nw') j(z), M 
and N being integers. Thus the study of any 
such function can be reduced to consideration of 
its behavior in a fundamental period parallelo
gram (FPP). An elliptic function has a. finite 
number of poles (and the same number of zeros) 
in a FPP; the number of such poles (zeros) (an 
irreducible set) � the order of the function (poles 
and zeros are counted according to their multi
plicity). All other poles (zeros) a.fe called con
gruent to the irreducible set. The simplest (non
trivial) elliptic functions are of order two. One 
may choose as the standard function of order two 
either a function with two simple poles (Jacobi's 
choice) or one double pole (Weierstrass' choice) 
in a FPP. 

Weierstrass' [/J-Function. Let w, w' denote a. 
pair of complex numbers with .f(w'/w)>O. Then 
[jJ (z) = {/> (zjw, w') is an elliptic function of order 
two with periods 2w, 2w' and having a double pole 
at z=O, whose principal part is z-2; [/J (z)-z-2 is 
analytic in a neighborhood of the origin: and van
ishes at z=O. 

Weierstrass' t-Function t(z) = t(zl"', w') satisfies 
the condition f'(z)=-[p(z); further, f(z) has a. 
simple pole at z=O whose principal part is z-1; 
r(z)-z-1 vanishes a.t z=O and is analytic in a 
neighborhood of the origin. f(z) is NOT an 
elliptic function, since it is not periodic. However, 
it is quasi-periodic (see "period" relations), so 
reduction to FPP is possible. 

Weierstrass' u-Funetion O'(Z) = cr(zlw, w') satisfies 
the condition 0'1(z)/u(z)=t(z); further, cr(z) is an 
entire function which vanishes at the origin. 
Like r, it is NOT an elliptic function, since it is 
not periodic. However, it is quasi-periodic (see 
"period" relations), so reduction to FPP is pos
sible. 

Invariants U2 and Ua 

Let W=2Mw+2Nw', M and N being integers. 
Then 

18.1.1 U2=60l:'W-• and g3=1402':'W-a 

are the INV ARrANTS, summation being over all 
pairs M, N except M=N=O. 

Altenlate Symboliam E�nphasizing Invariants 

18.1.2 [p(z)={P(z; U21 Ua) 
18.1.3 [p'(z)=[/J'(z; U2, Ua) 
18.1.4 t(z)=t(z; U2, Ua) 
18.1.5 u(z)=cr(z; U21 Ua) 
FundaiDental Djjferential Equation, DiecriiDinant and 

Related Quantities 

18.1.6 [p '2(z)=4 [/J8(z)-g2 {/J (z) -ua 
18.1.7 

18.1.8 
A= !It-27 u== 16(e2-ea)2(ea-et)2(et-�)' 

18.1.9 
U2= -4(ete2+etea+e2ea)=2(�+�+e:) 

18.1.10 Ua=4ete�a=t(�+e:+e:) 
18.1.II 
18.1.12 
18.1.13 

e,+e2+ea=O 
et+4+e:=�/8 

4e�-g�1-g3=0(i=l, 2, 3) 

ApeeiDent about Values of Invariants (and DiacriiD
iDant)· 

W � shall consider, in this chapter, only real U2 
and g3 (this seems to cover most applications)
hence A is real. We shall dichotomize most of 
what follows (either A>O or A<O). Homoge
neity relations 18.2.1-18.2.15 enable a. ful'ther 
restriction to non-negative g3 (excep� for one case 
when.A=O). 

Note on Sytnboli.eiD for Roots of Complex Nun:tbers and 
for Conjugate Co�nplex Nwnbers 

In this chapter, z11" (n a positive integer) is used 
to denote the principal nth root of z, as in chapter 
3;  z is used to denote the complex conjugate of z. 
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FPP'e, Symbolll for Periods, ete. 

y 6>0 y 6 < 0  

w• 2w1 2 w� Wt + T 

2w1 2w2 f.J L 
Rz Ra w' .::&.. t 

w• � wt 0 2w2 
R -. - R4 

.LFPP 
4 

0 
r r w 2w 

REcrANGLE 

w REAL 

w' PURE !MAG. 

lw'l $;w, since g, e;o 

- X 

FIGURE 18.1 
w.1=w 
w,=w+w' 
W!a=w' 

FundB!Dental Rectangles 

2W 
RHOMBUS 

�=w'-w 

<a�:� REAL 

� PURE IMAG. 

lw�l $:;<a�:�, since g, e;o 

X 

Study of all four functions ({}>,{/>'-, r, u) can be reduced to consideration of their values in a Funda
mental Rectangle including the origin (see 18.2 on homogeneity relations, reduction formulas and 
processes). 

, 
Fundamental Rectangle is � FPP, which has ver

tices 0, w, w, and w' 
Fundamental Rectangle has vertices 0, w2, w2+ �2, 

y 

w1 t---------.. w2 
FUNDAMENTAL 

RECTANGLE 
( : j_  FPP) 4 

-0�------------��._x 

, 
"''· 
2 

y 

1 w� 
� l-----:�----tw2 • -2-

z 

FIGURE 18.2 
There is a point on the right boundary of Fundamental Rectangle where [/> =0. Denote it by Zil· 
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18.2. Homogeneity Relations, Reduction 
Formulas and Processes 

Homogeneity Relationa (Suppose t¢0) 
Note that Period Ratio is preserved. 

18.2.1 fP' (tz!t<.,, �.<.>') =t-3 fP '(zlw, w') 

18.2.2 fP (tz!tw, tw') =t-2 fP (z!w, w') 
18.2.3 t(tz!t<.>, tw') =t-1t(z!w, w') 
18.2.4 O'(tz!tw, tw')=tO"(z!w, w') 

18.2.5 g2(tw, i-<.>1) =t-•g2(w, w1) 

18.2.6 
18.2.7 e,(u.,, t<.>') =t-1e1(w, w'), i=l, 2, 3 
18.2.8 .6.(1.<.>, tw1) =t-11.6.(w, w1) 

18.2.10 q(t<.>, i-<.>1) =q(w, w') • (See 18.10) 
18.2.11 m(t.<.>, U.,1) =m(w, w1) (See 18.9) 
18.2.12 fP'(tz; t-4g2, t-6ga)=t-8fP1(z; g2, ga) 

18.2.13 fP (tz; t-4g2, t-6g8) =t-2 fP (z.; g2, ga) 

18.2.14 t(tz; t-•g2, t-5ga) =t-1t(z; g2, ga) 
18.2.15 O'(tz; t-4g2, t-8ga)=tO"(z; g2, Ua) 

The Case Ba<O 

Put t=i and obtain, e.g., 

18.2.16 fP(z; g2, ga)= - fP (iz; g2, -gs) 

Thus the case g3<0 can be reduced to one where 
ga>O. 

"Period" Relationa and Reduction to the FPP (M,N 
integen) 

18.2.17 fP1(z+2Mw+2Nw')= fP'(z) 

18.2.18 

18.2.19 

fP (z+2Mw+2Nw1) = fP (z) 

t(z+2Mw+2Nw') = t(z) +2M,.,+2N111 

O'(z+2Mw+2Nw') 

=(-l)M+NHiNO'(Z) exp [(z+Mw+Nw1) (2M11 
+2N,')] 

18.2.21 where f1=t(w), f11=s(w') 

"Conjugate" Valu.es 

f(i) ](z), where j is any one of the functions 
fP' f.P1, t, 0'. 

Redu.ction to 1,4 FPP (See Figure 18.1) 

(i denotes conjugate of s) 
Point •• in R4 

18.2.22 
18.2.23 
18.2.24 

{j)1(zJ=-[j)1(2w-zJ 

f.P (z4) = f.P (2w-z4) 

t(z,) =-t(2w-zJ + 2., 

18.2.26 [j) 1 (z8) = -f.P 1 (2�-Za) 
18.2.27 {j) (za) = f.P (2�-Za) 
18.2.28 r'Za) =- rc2�- Za) +2<77+77') 

18.2.30 
18.2.ZH 
18.2.32 

f.P1(Zs) f.P'(z,-2w1) 

f.P (z,)= {j> (z,-2w') 

t(z,) }(z,-2w') +277' 

f.P I (';J =-?PI (2w,-z.) 

{j) (z,) = f.P (2w,-zJ 

t(z,) = -f(2-;;;;=z.) +2('7+11') 

u(zJ ;(2w,-z4) exp [2('7+77') (z,-w,)] 
Point_ •• in Ra 

f.P'(Za)=-f.P1(2�-Za) 

f.P (za) = {j) (2w,-za) 

t(za) = -t(2w,-za) +2('7+771) 

O'(Z3) = u(2w,-28) exp [2(77+'1') (za-w2)] 
Point •a in R2 

f.P I ( Z,) = {j) • {z,) 
f.P ( z,) = ?P (�) 
t(z,) = f(:i;) 
u(z,) ;(z;) 
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y 

18.2.38 

18.2.39 

18.2.40 

18.2.41 

18.2.42 

18.2.43 

18.2.44 

18.2.45 

WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS 

FIGURE 18.3 

Reduction from 1.4 FPP to Fundamental Rec�ngle in 
Cue A<O 

We need only be concerned with the case when 
z is in triangle A2 (therefore 2w' -z is in triangle 
A.) . .  

18.2.34 
18,2.35 
18.2.36 

{jJ (z)={/J (2w' -z) 

{jJ '(z) = -{jJ 1 (2w' -z) 

r(z) =217'-t(2w'-z) 

18.2.37 cr(z) =cr(2w'-z) exp [217'(z-w')] 

Reduction to Ca.ee where Real Half-Pe.riod is Unity 
(preserving period ratio) 

{jJ'(zlw, w')=w-a {]J' (zw-111, ::) 
fP(zlw, w')=w-2 fP (zw-111, :') 

r<zlw, "'')=w-•r ( zw-111, :') 
cr(ziw, w')=wcr ( zw-111, ::) 

g2(w, w')=w-•g, (1,  :') 
.ga(w, w') =w-8ga ( 1 ,  :') 

(i=1, 2, 3) 

(w2=w+w') 

{/J 1 (zl w, w') =w;8{/J '(zw����� w
') 

Wt W2 

fj) (ziw, w1) =w;2fj) ( zw;• l:' :) 
r<zlw,w')=w21! (zw2• 1:· :) 

(i=1, 2, 3) 

NOTE: New real half-period is 
w w' w+w' -+-=--=1 
W:J W:J W:J 
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18.3. Special Values and Relations 
Values at Periods 

[JJ , {/J 1,  and r are infinite, u is zero at z=2wt, i=1,2,3 and at 2w�(d<O) . 

18.3.1 

18.3.2 

18.3.3 

18.3.4 

18.3.5 

18.3.6 

18.3.7 

18.3.8 

18.3.9 

18.3.10 

18.3.11 

18.3.12 

18.3.13 

18.3.14 

18.3.15 

18.3.16 

18.3.17 

e1 real 

(equality when Ua=O) 

,>o 

II'� "f " "'> 1 

lw11/�1.91014 050 (approx.) 

Ht>O, Ha>O 

H,=i..J m 

u(w)=e•"'12/Ht'2 

u(w')=ie•1"111flP,.'2 

u2(w2) =e"t"'t/( -H2) 

,, w 1r arg [u(w2)J=T+2 

18.3.18 flJ (w/2)= e1+H1>et 

18.3.19 flJ 1 (w/2) = -2H,..j2Ht +3et 

18.3.20 t(w/2)=i[,+../2H,+3eJ 

Half-Periods 
flJ (w1)=e1(i=1, 2, 3) 

{/J1  (w1)=0(i=1, 2, 3) 

,,= r(w,) (i=1, 2, 3) 

e2 real and non-negative 

where a�O,P>O 

(equality when ua=O) 

"�= r<�>="' _, 

,�i� if lw�l/w2�3.81915 447 (approx.) 

H2>o 

T/4<a.rg(H1) �1f"/2 (equality if ua=O) ; Ht=1Ia 

.. .,,,, u(w;)=ie , 2 fJP,12 

u'(w1)=e•'"' /(-Ha) 

a.rg[u(w')]= "i7'+�-� arg(e2+H,-e1) 

Quarter Periods 

flJ (wtf2)=es+H,>e, 

flJ 1 (Wt/2) =-2H2..j2H1+3e, 

t(CAJt/2) =![ ,,+../2H,+3e,] 

633 
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18.3.21 

18.3.22 

18.3.23 

18.3.24 

18.3.25 

18.3.26 

18.3.27 

18.3.28 

18.3.29 

WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS 

e�"''s 
u{w/2) 2l''ffl'•(2Ht+3el)l/8 
[/> (w1 /2) =ea-Ha<ea<O 

[/> 1 (w1 /2) = -2H3i../2Ha-3ea 

s(w1 j2)=!['71-i../2H3-3ea] 
• 'l'•l/8 

u( w1 /2)=211'1Pa1''
1.t2Ha-3ea)118 

[/> (w2/2)=e,-H2 
[/> 1 (w,/2) = -2H2i(2H,-3e2); 
r(w,/2) =!['72-i(2H2-3e,)•J 

e'�2"'2/8efr/4 
u(w2/2) [4ffl(2H2-3e2)]1/8 

e'l2"'2's 
u(w2/2) 2I''ffl'•(2H2+3e2)118 
[/> (�/2) =e,-H2= [/> (w2+�/2) <e2<0 
[/> 1 (�/2) = -2H2i../2H2-3e,= {jJ 1 (w,+w�/2) 

rC�/2) =!l'7�-i../2H2-3�1 =-t(w,+ �/2) +2'71 

ie"2'"'z'/8 
u( �/2) 211'ffl1'(2H2-3e2)118 

=u(w2+�/2) exp r -'7' w2] 
[/> (w' /2)= e3-Hs 
[J>'(w1 /2) = -2iH3(2H3-3e3)l 
!'(w' /2) =t['7' -i(2Ha-3ea)*] 

One-Third Period Relatione 

equivalently: 

18.3.30 

18.3.31 

18.3.32 

18.3.33 

18.3.34 

18.3.35 

18.3.36 

18.3.37 

18.3.38 

18.3.39 

A>O 
48[/>'-24g2[/>"-48ga[/> -�=0 

A<O 

s(2w/3) = 23
'7 +[ {/J (�w/3)J 

s(2wl/3)= 2�1 -[ [/>(2;1 /3)J 
!'(2w2/3) = 2;2 +[ [/> (�w2/3) J 
u(2w/3) -exp [2'7w/9] 

!J [/> 1 (2w/3) 
-exp [2'71 w1 /9] u(2wl /3) [ [/> I (2wl /3) ]Itaez..m 

-exp [2'72W2/9] u(2w2/3) [ [/> I (2wJ3) ]113e2ri/3 

(also valid for A<O) 

f(2�2/3) = 2;2 +[ [/> (;w2/3) J 
s(2w�3)=2;�-[ [/>(�w�/3)1 
s(2wl /3) = 2;' +[ [/> (2

3
w'/3)T 

u(2w,/3) -exp [2'72w2/9] 
� [/> 1 (2w2/3) 

-exp [2'7�w�/9] u(2w�/3) [[/> I (2w�/3) Jll3e2rt/3 

, _ -exp [2'7' w' /9] u(2w /3) -[[/> I (2wl /3) Jl13esr«ta 
Legendre's Relation 

Relatlon.e A1:11ong the H; 

m+m+IPa=3uJ4 
Htm+IPJP.+HfHt=O 



18.3.� 

18.3.41 

18.4.1 

18.4.2 

18.4.3 

18.4.4 

18.4.5 

18.4.6 

18.4.7 

18.4.8 

18.4.9 

18.4.10 

18.5.1 

18.5.2 

and 

18.5.3 

18.5.4 

18.5.5 

18.5.6 

where 

WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS 

mmm=-t:./16 
16H�-12g2H1+t:.=O(i=1, 2, 3) 

18.4. Addition and Multiplication Formulas 

1 [{/J 1 (zt) - {/J 1 Cz2)J rr. rr. ) {/J (zt+z2)=4 {/J (z1) - {/J (z2) - U" (zt) - U" (z2 

{/J 1 (z1 +zz) {/J (zt + z2)[ {/J 1 (zt)- {/J 1 (z2) l+ {/J Cz1) {/J 1 (z2)- {/J ' (zt) {/J (z2) 
{/J (z,)-{/J (zt) 

( ) ( )  ( )  1 {/J 1 (Zt) - {/J 1(z2) t Zt+Z2 =t Zt +r Z2 +2 {/J (zJ- {/J (z2) 
cr(Zt + z2)cr(z1-z2)= -u2(zt)a-2(z2)[ {/J (z1)- {/J (z2)] 

Duplication and Triplication Fonoulaa 

-4 {/J "(z)+ 12 {/J (z) {/J 12(z) {/J "(z)- {/J "3(z) {/J'(2z) 4{/J 'a(z) 
r(2z) =2r(z) + {jJ II (z) /2 {/J I (z) .. 

cr(2z) = - {/J 1 (z)u4(z) 
4 {/J 18(z) t(3z)=3t(z)+ {/JI(z)_{/J"I(z)- [/J"2(z) 

cr(3z) = - {jJ 12(z)cr9(z) [{/J (2z)- [jJ (z)] 

18.5. Series Expansions 

Laurent Seriee 

J Formulae for r and IT are not true algebraic addition formulae. 

635 
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18.5.7 where a0, 0 = 1 and 

18.5.8 

it being understood that am,,.=O if either subscript is negative. 
(The radius of convergence of the above series for {/J - z-2, {JJ '+2z-a and r-z-1 is equal to the 

smallest of l2wl, l2w'l and l2w±2w'l ;  series for q converges for all z:) 

18.5.9 

18.5.10 

18.5.11 

18.5.12 

18.5.13 

18.5.14 

18.5.15 

18.5.16 

18.5.17 

18.5.18 

18.5.19 

18.5.20 

18.5.21 

18.5.22 

Values of Coefficienta3 c• in Tet·me of c2 and ca 

c.=�/3 

c6=3�ca/11 
ca= [2c:+3C:]/39 

c7=2�cs/33 

Ca=5c2(110:+36ci)f7293 

Cg=C3(29c�+ 11ci)/Zl17 

Cto= (242c;+ 1455cM) /240669 

Cu=14c�(389�+369c=)/3187041 

c12= (1 14950c;+ 1080000cM+ 166617c�)/891678645 

Cta=10c�a(297cf+530c�)/11685817 

- · 2c2(52877oc;+ 716467 5c;c�+ 2989602c�) 
Ca= 

(306735) (215441) 

4ca(62921815c;+ 17'9865450c�+ 14051367c:) 
c16 (179685) (38920531) 

�(58957855c�+108·6511320cM+875341836c:) 
Cta (5909761)(5132565) 

c�3(30171955c�+ 126138075c�c:+28151739c:) 
en= (920205)(6678671 )  

18•5•23 c18 
1541470 · 949003c�+30458088737 · 1 155cM+ 122378650673. 378cM + 2348703 · 887777 cg 

(1342211013)(4695105713) 

18.5.24 ��3(3365544215c�+429852433 · 45cM+8527743477c:) 
c19 (91100295)(113537407) 

I NOTES: 
1 .  c.-c11 were computed and checked independently 

by D. H. Lehmer; these were double-checked by 
substituting g2=20 c,. g3=28 c5 in values given in 
[18.10]. 

2. c11-c1s were derived from values in [18.10] by 
the same substitution. These were checked (numer
ically) for particular values of U2, g;. 

3. c., is giv:en incorrectly in {18.12] (factor 13 is 
missing in denominator of third term of bracket) ; 
this value was computed independently. 

4. No factors of any of the above integers with more 
than ten digits are known to the author. This is not 
necessarily true of smaller integers, which have, in 
many instances, been arranged for convenient u.se 
with a desk calculator. 



f II -2·3· 6·69 
8 

·107896773 
7 10 

-2·3· 6·23 7 11 -2·8· 6·59 
7 

·267-18049 .)1)7896773 
I I 7 • I ll 1 10 -2·3·6 -2-3·6·23 -2·3· 6·7 -2·3· 6·7 

6 
·229·2683 ·267 ·181-1699 ·4Hl047 

·18049 ·2803 ·4922497 
I I  I I ' ,. I I • 10 2·3·6 -2·3·6·229 -2·8· 6 -2·3· 6-7 -2·3·/H 

6 
·9103 ·2683 ·40570423 ·69-J?Il ·1821 

t ·1422JI1 ·14L5636763 
II 

I I I 
2·3·6 

I T 
2-3·6·9103 

I I -2·3·6·7 I l -2·3·6·691 
• • -2·3·6·11·31 

4 
·31 ·18·37·41 ·83609 ·313-100387 

I 4 
2·3·23 I <  I 

2-3·6·31 l I 
2-3·5·17 

I I 
-2·3·6·83 • •  -2·3-6·603 

3 
·109 ·3911 -1116217 

I l l I I  I <  • -2·3 2-3-23 2·3·6·63 2·3-6·37 -2·3·6-17 
2 

·167 ·3037 

• ' • •  I -3 -2·3 8·19 2·3-311 3·6·20807 
l 

1 -1 
0 

I -.3 3·23 3·107 

0 1 2 3 4 

Value 4 of Coefficients a,..,. 

I 

' 

I II t -2·3· 6·7·23 I I -2·3·6-7·19 
·263·4848963 ·1762686144977 

I I I f  . ' -2·3-31 -2·3·5·7·ll·29 -2·3·11· 7·613 
-316989669 ·83·1129·9651 ·17606226081 

' 1  I f  I .T • l 
-2-3·61-161 -2·3 -2·3·5·17-63 -2·3-3·7·17 

·M3 ·2387260103 ·2967-41189 ·67·195661059 

• I I I T -2·3·11 -3·17 -2·3·7·13 -3 

·2609 ·167&2117 ·2742587 ·248882936409 

I I • I 3·7·23·37 3-313·603 -3·7 3-11·37 
·li8.'i973 ·267981 

5 6 7 8 

I f • 
2·3-6·7 
-�7631901 

I J -2·3·6·7·198 
·13679·274973 

• -3·7·23·14387 
·40768 

9 

I 
3·7 
·89656608641079 

• -3-71 

·1768oll7006311 
10 

I J -3·7·11·23 
·383·7311·1.8639 

11 

I I 
8·7·24733 
·10892278Mil 

12 

1 Values or ••· . In unloctored form lor 4m+6n+l <35 are gl.ven ln [18.26], p. 7; oC (a ...• )s-• In roctored form In [18.16), VoL 4, p. 89 for tm+6n+l;S26. AddiUonal values were eompnted and oheeked on desk 61lloulators; prlmallty of large IIIOto.rs wss established with the a.ld of SW AO (National Bureau of Standards Western Automatic Computer). 
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Reversed Serie118 for Large I {j) I 

18.5.25 

+{3 (3ai+5aDuP+$au16+ �� (1�+7c4)U17 

+��a (ai+7�)ul�+ 7 (00{+10ai)u21 

+35a:zaa (9 •+4£d)u'JJ!. 
92 a2 a 

+�0 (33ai+180aW+lO�)u26 

+7��3 (ll�+lOaD u27 

+2�·�7 (1105a�+16380$1+10920a:a� 

+168al)u37+ 3�3 (8�+280�+56a�)u3� 

18.5.27 

18.5.28 

aa=u·.'� 
u.=( [j) -1 )i 

5 In this and other series a choice of the value of the 
root ha.s been made so that z will be in the Fundamental 
Rectangle (Figure 18;2), whenever the value of the given 
function is appropriate. 

18.5.29 

18.5.30 

18.5.31 

18.5.32 

18.5.33 

18.5.34 

18.5.35 

18.5.36 

18.5.37 

18.5.38 

18.5.39 

18.5.40 

18.5.41 

18.5.42 

18.5.43 

18.5.44 

18.5.45 

18.5.46 

18.5.47 

18.5.48 

18.5.49 

18.5.50 

18.5.51 

Revened Series for �ge I flJ 'I 

z=Atu+A6u6+A?u7+A�u9+ . . .  

where u=({/J'113)-1e•rf3 

At=2tta 

A6=-� A� 

A1 -4aaAt 
7 

A�=O 

Au =�aaA�/11 

Ata= 10A1 (�+�) 39 

A16=-9�a3/175 

A11= 14�A� ( 3+ 12a2) 51 IZi a 

where lL-J=g2j6, aa=ua/6 
Revened Seriell for Large I r I 

z=u+Aau6-fA7u7+Aou9+ . . .  
where u=r-1 

A.=-o2/5 

A1=-!Ja/7 
Ao=o�/7 

Au =3o2oa/ll 

Au=1��1 ( -stJ:+7oD 

A16= -41o:!Ja/91 

A,r=9:�3 (1349o�-4116o:) 

A1�=32;�23 
(115431�-225686�) 

where o2=gi/12 

oa=ga/20 
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Other Series lnvolvin8 {JJ 
Series near z0 (.(}>(zo)=O] 

18.5.52 

[ 10c2 114c�a 
{JJ = {/J�u 1-3c,u'-4catt.e+Tus+-l-l-ulo 

+ 7(t2c:-5cn uu-488c�a ua]+u' [-5c2-14c3u1 13 33 
8 84c�-10c: 8 1363c2�att.10 

+5c}u4+33c�au + 3 u - 33 

18.5.53 

+5c2(55c=-231&nu1�+ 143 -
J 

. . .  

where tt.=(z-z0), {/J� = {/>'(zo)=i.fia 
18.5.54. 

u= {/>�[v+av2+2aY+(9'��� +5a3) tl'+i (3{/J�' 

+ 15g3{/>�1+70cf)VS+2a'(2 {/>�'+1 Ua!J'�'+21a8)v0 
-
+( uar�e + { ui+20a3} {JJ�·+ 15a11ga {JJ�1+ 132a8) tl 

+15a (u·q>�e+ {3fa+61JS} [J>�·+3a;u· [!>�' 

+ 143a� v&+ 5a1 c� {/>�'+ 15ga{/J�e 5 ') 2 3 

+ ( 154aa+33yl} {/>�'+ 2002ala {/>�' +572ae) 'De 

+� (3{28a3+ul} [/>�8+11ua {98W+ull {/>�8 

+2002a! { 15
6 a•+t.} {/>�4 

+ 16016 a8ga{/J ��+ 19448 a') v'O)+ . . . 
18.5.55 where v= {/> /({/> �)� and a=gs/4 

Series near w, 
18.5.56 

({/J -e1) = (3e�-5cs)u+ (10c,e,+2lc8)u'+ (7c,e� 
+21Catc+5�)u8+ (18c�+30cl,e, 

+33�)u'+( 22c2,4+92c,c,e,+ 105C: 

_10cf) ua+(728 �cae�+ 
220 C:ec+84C:e, 3 1 1  3 

1214 ...a ) 8 (635 ...a 2+855 C: 1 +ll 1.11Ca 'U + }31.11t1 13 atc 

3405 457 50 25 ) 7 +u�e,+ 143 C,C:+134 "" + · · . , 

18.5.57 where u= (z-wc)2 

Other Series Involving {JJ ' 
Series near Zo 

18.5.58 

({/> '- {/J �) =[ -10c2u-56c3u3+30�u6+ 264c�au7 

+(840�-IOOC:) ,_545�Cauu 
3 'U 1 1  

+ 70�(55C:-231�) uta] 
143 

+ {/J { -15c2u4-28c8u8+30c�u8+ 1 14c�8u10 

+7(12C:-5C:)ul2 24i�Caua]+ . . . 

18.5.59 where u=(z-Zo) 

18.5.60 

(z-z0)=A-bA3-3f � A'+3(es+b')A6 

+lOb{/> �0-3[36c3-3{/J �+4b8]A7 

-3{/J �c� c,+21b·)A·+1; c 285b'c, 

+100�-279{/J �2b+132b'}i'+ . . .  
18.5.61 · where A= ({/J '-fJJ �)/( - lOc,) 

18.5.62 

18.5.63 

{/J '=2(34- 5c2)a+4(10c,e"+21ca)a3+6(7c,e� 
+21cat1+5�)a6+24(6cae'+ lO�e, 

+ 11�1)a7 + 10 ( 2�e�+92escaec+ 105C: 

_1�cf) � +24 c;;4 escae�+ 1!0 C:e, 

+4�e"+ 6;>: c:ea) al1+70 c1� C:e� 

171 ll 681 ...I 9150 �+ 5 ·) at• + 13 C:e"+u "l!Catc+ 143 Cs a 13 C2 

18.5.64 where a=(z-w,). 
+ . . . , 
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Other Series Involving !' 

Series near Zo [[P (Zo) =O] 

18.5.65 [ n•2 C n16 C M8 -22u,10 19C-�"an•12 
r- !o= [j)� -�2 +_!_2"' +_!_2

w c;;; ,..., w 3 22 

18.5.66 

18.5.67 

18.5.68 

+(5ci-12c�) 14+61c�c3U16]+[5c2u8 
26 u 66 3 

+7c3u6 5c�u7 ll�cau9+ (10c�-84cn 11 
2 7 3 33 u 

+1363c�a 13+Cz(2316ci-55c�) 16]+ 429 U 429 U • • • I 

where u= (z-Zo), 

-

(!-71,)=-e,a (3e�;5cz) aS- (10c2e,i�1c3)a,5 

18.5.69 

18.5.70 

18.5.71 

18.5.72 

(7 Cze�+21c8e,+5c�)a7 
7 

( 6cae�+ 1 Ocie1+ 11c�a)a9 
3 

( 2ZqM+92caeae,+105c;-.!J c�) a11 

11 
2 (364 -2+110 3 +42 2 

-
-13 ll c�a�i 3 Cze, Cae, 

+607 cl ) 13 1 (127 3 2+171 cl 2 11 2Cs a -3 13 Cze, 13 ae, 
+681 ..2 +9150 cl+ 5 ') 16 ll l.i2Cae, 143 C2 a 13 Ci a - . . . , 

Reversed Series for Small ltrl 

+19-r2'Y3 _!l+3842-y�+861"1a 13+ 55 u- 6006 (f . . . 1 

'Ya=gs/120 

For reversion of Maclaurin series, see 3.6.25 and 
[18.18]. 

18.6. Derivatives and Differential Equations 

Ordinary (cz=uz/20, ea=ua/28) 
18.6.1 !'(z) = - [P (z) 
18.6.2 

18.6.3 

(11 (z)/(f(z) = !(z) 

[P '2(z)=4 [j)3(z)-g2[j)(z)-ga=4([j)8-5c2 [j) -7 Ca) 
18.6.4 [P "(z)=6[j)2(z) - lga=6 g:>2- 10c, 
18.6.5 g:>"'(z)=12[j)[j)' 
18.6.6 

[j) W(z)=12( [j)g:> I I+ [j) I [j) ') 

18.6.7 

[j)<6>(z) =l2([j)[j) "'+2[j)' [})"+ [})11 @ ') 

18.6.8 
=3·5! [j) '[[j)2-c2] 

[j) (6) (z)= 12([j)[j) (() +3 [j) I [j) I l l  +3 [j) II [j) II 

+ g:>'" [P ') 

18.6.9 =7![ [j)'-4c2 [j)2-4c3[j) +5c�/7] 
18.6.10 [j) m (z) =4·7! [P '[[j)3-2c2[j) -cal 

- 18.6.ll 

[j) <s>(z)=91[ [j) 6-5cdP 8-5ca[ P 2 
+(10c�[j) + llczc3)/3] 

18.6.12 

[j) <G>(z)=5·91g:>'[[j) '-3c2fJJ2-2ca[jJ +2�/3] 
18.6.13 

[j) 00' (z)= lll[[j) 6-6c2 [j) '-6ca [J) 8+7� g:> 2 

18.6.14 
+ (342ezc3[j) +84�- lOc�)/33] 

g:> em (z) =6·111 fJJ '[{]J 6-4Cz fJJ 8-3c3[j) 2 
+(77�[}) +57�a)/33] 

18.6.15 

[P CIZ> (z)= 13![ [jJ 7 -7ez [j) 6-7ca[j) '+35� [j) 8/3 
+210c�3g:> 2/11+(84C:-35c�) [j) /13-1363c2�a/429] 
18.6.16 

fJJ Cia> (z) =7 · 131 [jJ '[[j) 6-5c2 [jJ '-4ca[j) 3 

18.6.17 
+5�[}) 2+60ezea[J) /11 + (I2C:-5�)/13] 

[jJ <W (z) = 151 ([/J 8-8c2 [j) 6-8ca[j) 6+52�[/J '/3 
+ 328ezc8 [/J 3/11 + ( 444c�-328�) {JJ 2/39 

-488�ca{P /33+c2(55�-2316�)/429] 
18.6.18 

[jJ Cl6> (z)=8·15![/J'[ [/J7-6c2[JJ6-5ca[J)•+26�[/J */3 
+ 123c,ea [/J 2/11 + (1 11�-82C:) [/J /39-61�ca/33] 
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Partial Derivatives With Respect to Invariants 

18.6.19 

d �fa= lP 1 ( 392f-�9az )+69:d1>'-9ga[J> -(ij 
18.6.20 

d �� = lP 1( -� 9as+�t)-9ualP2+� o> +� 929a 

18.6.21 

A ::a =-3r(u2fP +�9a) 

+� z (99alP +�u�)-� U2lP1 
18.6.22 

A ::2=� r (9ualP +� u�) 

1 
(

1 3 '
) 

9 1 -2 92Z 2 U2 {jJ � g,- +4 Ua {P 

(}(7' 3 9 +1 ,.2 2 9 1 18.6.23 A bga =2 U21T11 +2 UaiT 8 y2Z 0"-2 g,ZIT 
18.6.24 

(}(7' 9 11 1 2 3 z2 +l 2 I A bg2 =-4 UaO" -4 U21T-16 929a IT 4 9tZIT 

(here 1 denotes :z) 
Differential Equatio:oa 

18.6.25 

Eq:uation 
yl3=?f(y-a)2 
18.6.26 

yl3 = (yl -3a'!/+3y)2 

18.6.27 

y'•= !28 (y+a)'(y+b )8 
3 

2 
Y a-3 {jJ 1 (z; 0, Ua)' 

y=69>2(z; 92, 0)-b, 
2 92=-- (a-b) 3 

y"=[afP (z)+b]y (Lame's equation)-see [18.8], 
2.26 

For other (more specialized) equations (of 
orders 1-3) involving [P (z), see [18.8], nos. 
1 .49, 2.28, 2.72,....3, 2.439-440, 3.9-12. 

For the use of g> (z) in solving differential equa
tions of the form y1•+A(z,y)=O, where A(z,y) is 
a. polynomial in y of degree 2m, with coefficients 
which are analytic functions of z, see [18. 7], 
p. 312ff. 

18.7. Integrals 
I ndefinit.e 

18.7.1 J {JJ2(z)dz=� lP 1 (z)+ :2 U2Z 

18.7.2 J [P3(z)dz=1�0 {JJ 1"(z)-:0u2r(z) +1
1
0 9aZ 

(formulas for higher powers may be derived by 
integra�ion of formulas for g> <2.t> (z)) 

For f (JJ"(z)dz, n any positive integer, see 
[18.15] vol. 4, pp. 108-9. 

If {jJ 1 (a) ¢0 

18.7.3 

g> '(a) J {JJ (z)�
z
g> (a) 
=2zt(a)+ln o{z-a)-ln IT(z+a) 

For fdzf[ {jJ (z)- {jJ (a)]", ( {JJ 1(a)�O) nany posi
tive integer, see [18.15], vol. 4, pp. 109-110. 

Definite 

18.7.4 

18.7.5 

18.7.6 

18.7.7 

r · dt 
w= J ,l ../s(t) 

·
J

'3 dt w1=� 
-· .Jis(t)l 

where t is real and 
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18.8 Conformal Mapping 
w=u+iv 

w= [J> (z) maps the Fundamental Rectangle 
onto the half-plane v�O; if lw'l=w(ga=O), the 
isosceles triangle Oww, is mapped onto u�O, v�O. 

w={/J'(z) maps the Fundamental Rectangle 
onto the w-plane less quadrant III; if !w'l=w, the 
triangle OwW:�. is mapped onto v�O, v�u. 

�<O 
w= {/J (z) maps the Fundamental Rectangle 

onto the half-plane v�O; if lw�l=w,(ga=O), the 
isosceles triangle Ow,w' is mapped onto u �O, 
v�O. 

w= [/> '(z) maps the Fundamental Rectangle 
onto most of the w-plane less quadrant Til; if 
lw;l=w,, the triangle Ow,w' is mapped onto v�O, 
V�'IL. 

(a=period ratio) 
W= s(z) maps the Fundamental Rectangle onto 

the half-plane u�O. If a �1 .9 (approx.), v�O; 
otherwise the image extends into quadrant I. 
For very large a, the image has a large area in 
quadrant I. 

w= cr(z) maps the Fundamental Rectangle onto 
quadrant I if a < 1.9 (approx.), onto quadrants 
I and II if 1.9 �a<3.8 (approx.). For large 

a, arg[cr(w,)] � �;; consequently the image winds 

around the origin for large a. 

Other maps are described in [18.23] arts. 13.7 
(square on circle), 13.11 (ring on plane with 2 
slits in line) and in [18.24], p. 35 (double half 
equilateral triangle on half-plane). 

w=s(z) maps the Fundamental Rectangle onto 
the half-plane u� 0. The image is mostly in 
quadrant IV for small a, entirely so for (approx.) 
1.3 �a �3.8. For very large a, the image has a 
large area in quadrant I. 

w=cr(z) maps the Fundamental Rectangle onto 
quadrant I if a<3.8 (approx.) ,  onto quadrants I 
and II if 3.8 �a<7.6 (approx.). For large 

a, arg [ cr ( w2+ ��) J <:::: ;:i consequently the image 

winds around the origin for large a. 

Other maps are described in [18.23] arts. 13.8 
(equilateral triangle on half-plane) and 13.9 
(isosceles triangle on half-plane). 

Obtaining {/>' from [/> 'I 

FundaJnental Rectangle 

6 :> 0 
FUNDAME NTAL RECTANGLE 

y 
w• = 

io A 

(.4, .4) . 4 ..._-.... B 

--0�--_..4�--�W�=�I�•X 

Fundantental Rectangle 

6 < 0 
FUNDAMENTAL RECTANGLE 

W�/2 :  
i0/2 

FIGURE 18.4 

y 

A 

.4t---, (.4, .4) 
B 

In region A In region A 

8l({/J') �Oify�.4 and z �.5; .f({/J') �O elsewhere (1) If a� l.05, use criterion for region A for 
A>O. 

(2) If l �a< I .05: :Jt([/>') �0 if y�.4 and 
z�.4, - r/4< arg ({/J')<3r/4 if A<y�.5 and 
.4< z � .5. J({/J ') � 0 elsewhere 
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In region B In region B 

The sign (indeed, perhaps one or more significant 
digits) of [JJ ' is obtainable from the first term, 
-2/i', of the Laurent series for [JJ '. 

Use the criterion for region B for d>O. 

(Precisely similar criteria apply when the real half-period-¢ 1) 

d>O 

Map : [JJ (z) =u+iv 

1 
Near zero : [JJ (z) =-+Et 

z2 

w=1 

w' =i . 

w'=l .4i 

w'=2.0i 

-2 

-3 

-5 

-6 

0 -4 
' ' ' ' -I I \ 

-2 

-3 

-4 

-5 

-6 

-6 

-3 -2 -I 

0 

lv 

FIGURE 18.5 

IE, I � .  2 
IE21 :5 .003 

IE1 IS.2 
IE21S.02 

IE 1 1L2 
IE21L02 

': - -f 
0 

4 

y 
1.4 

- 1.0 

.5 

0 

u 

.5 

.5 

1.0 • 

1.0 • 

H H 
0':-____ ..,.5 ......... _ ....... _,]--. 
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, . 
c.IJ=� 

w�=1.5i 

w;=2.0i 
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·4 0 

- I 

-2 

·3 

-4 

-& 

... 

-3 

-4 

-� 

-6 

0 

- I 

-2 

-3 

-4 

-5 

-6 

i 
I 
I \ \ \ 

�<o 

Map: g> (z)=u+iv 

1 
Near zero: [i>(z)= za+er 

' 

'· 
- I 

L 

FIGURE 18.6 

wt=l 

- � 
0 .IS 

Jt:11 S.2 

lt:2l s.o6 

y 

.5 � 
.4 

0 .5 
lt:,l s .01 
l€zl s .  03 

1.0 

1.0 • 



w'=i 

w'=1 .4i 

w'=2.0i 
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______ ...... 

,/ 
----·-

- --
-_ ........ 

w=l 

Map: t(z)=u+iv 

1 Near zero: t(z)=-+Et z 

FIGURE 18.7 

1.0.- _  -

. 

- . 
- - - -

. 5 - - - -

0 -� -, .o-'i 
J(,I.S .01 
1<21 ' 2XIO"S 

1.0 

0 
IE1ls .007 
, .. , .. 00.02 

y z.o -

lO 

. 5 

I<, I S  .007 
(lzJ t .0002 

lO I 
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w�=2.0i 

WEIERSTRASS ELLIPTIC FUNCTIONS AND RELATED 

0 

0 

-3.0 

-3.e 

�<O w,.=l 

Map: t(z)=u+iv 

1 
"( )--+EJ Near zero: � z -z 

, , , 

. 2 

\ I I 

1 cdl+E2 t(z)=z- 3 

u 

\ I 
I 

FIGURE 18.8 

••• 0 • 

k,ls.o• 
l(zls .0002 

1(,1 !.007 
l(zi!.0009 

I(, I s.004 

l(z1Looo4 

y 



w'=i 

w'=1.4i 

w'=2.0i 
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1/ 
\.5 

0 

1 .0 

· o - .5 

t v 
2.0i 1.81 

0 

.5 

�>o w=l 

Map: a(zJ =u+iv 

1.0 

.1.0 u 

I.Oi 

1.0 u 

FIGURE 18.9 

y 

0 

y 

y 

2.0 - -

.5 
-X 1.0 
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w�=1.5i 

w�=2.0i 
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A<O �=1 
Ma.p: <T(z)=u+iv 

I 
V I 

.9 I 

.5i 

.6 .8 / 

.4 

.2 

__ _!I _ _:2 _.,:.3_ .4 . 5  .6 .? ;' - - -

0 . 2  .4 _L 
.8 1.0 

v 

.8 .I . 2  .3 
- - - -

.6 - -

.4 - -

0 .2 

0 .2 

4 .5 .6 .7_ 
.6i 

_ ... .5i  
- - .4i 

-- .3i 
.2i 

- . l i  

.4 .6 .8 1.0 

.4 .6 .8 1.0 

FIGURE 18.10 

y 
.s ffiU�JJIL 

0 .5 1.0 X 

u 
1 .2 

y 
.75 

.5 

0 .5 1.0 

u -

0 .5 1.0 X 

X 
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18.9. Relations with Complete Elliptic Integrals K and K' and Their Parameter m 

and with Jacobi's Elliptic Functions (see chapter 16) 

649 

(Here K(m) and K'(m)=K(l -m) are complete elliptic integrals of the 1st kind; see chapter 17.) 

18.9.1 

18.9.2 

18.9.3 

18.9.4 

18.9.5 

18.9.6 

18.9.7 

18.9.8 

18.9.9 

18.9.10 

18.9.11 

18.9.12 

A>O 

(2-m)K.'(m) el 3w2 

-(m+l ).K'(m) ea 3w2 

4(m-2)(2m-l)(m+l)J(8(m) 
Ua= G Z7w 

A 16m2(m-1)21{12.(m) 
wu· 

iK'(m)w w' K(m) 
w=K(m)/(th -ea)112 

A<O 

(2m-1)+6i.Jm=1ni T?!( ) ex. 3wl 
·.n.- m 

2(1-2m)K.'(m) e2 3wl 

(2m-1)-6i.Jm-m2 ea 3� · K'(m) 

4(16m1-16m-tl)K"(m) g2 3W: 

8(2m-l )(32m 2-32m -1 )K!( m) ga= 27� 

A -256(m-m2)1{12(m) 
w�2 

, iK'(m)w2 w,= K(m) 
w,=K(m) /Il'/2 

1 3e2 m=---2 m, 
[O<m�j, since Ua �O] 

9>(z)=ea+(et- ea)/sn2(z*!m) B>(z)=e +H l +cn(z'!m) 
2 2 1 -cn(z'!m) 

B> '(z)= -2( e1-ea)812• cn(z*lm )dn(z*lm )/sn8(z*lm) 
B>'(z) -4[P,t"sn(z'jm)dn(z'lm) 

[1-cn(z'lmW where 

18.9.13 11=t(w)=K�=) [3E(m)+(m -2)K(m)] 

18.9.14 11'=t(w') '!w'-f,ri 
w 

where 
z'=2zll!1:J 

x · ) 7Jz=t(w2)= 3
(m [6E(m)+(4m-5)K(m)] w2 

[E(m) is a complete elliptic integral of the 2d kind (see chapter 17).] 
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18.10. Relations with Theta Functions {chapter 16) 

The fonnal definitions of the four tJ functions are given by the series 16.27.1-16.27.4 which converge 
for all complex 2 and all q defined below. (Some authors use 1r2, instead of 2, as the independent variable.) 

These functions depend on z and on a. parameter q, which is usua.lly suppressed. Note that 

tJ�(O) =tJ2(0)tJa(O)tJ,(O), where t?1(0) =t71(0, q). 

18.10.1 

18.10.2 

18.10.3 

18.10.4 

18.10.5 

18.10.7 

q=e}'��"="--'IIK'JK 

(V=1f'Z/2w) 
[j) (z)=et+ �� ["�(O)t?Hl(v)J 

4w tJHt(O)tJt(11� 
j=l, 2, 3 

2w (17� t?t{v) 18.10.8 u(z)=-,; exp 2;) t?�(O) 
18.10.9 12w2e1=r[t7:(o)+t?!(0)1 
18.10.10 12w1e2=r[ t?:(o) -tJ:CO)] 
18.10.11 12w1ea= -r[ tJ:(o) +tJ:(o) 1 
18.10.12 (e2-ea)•= -i(ea-e2)l=..!..tJ�(O) 2w 

18.10.15 g2=� (2:) 'r ";(o) +":(o) +":co) 1 
18.10.16 ga=4ete2e3 

18.10.17 at= 4�3t??(O) 

18.10.18 '7=r{w)= rtJ�"(o) 
12wt7�(0) 

18.10.19 1713f(w') 17W'-tri 
"' 

q is pure imaginary and since ga�O<I�I��), 
O<lql �e-'��12 

(V=1f'Z/2�) 

r71 � ["�(O)t72(v)J .:r(z)=e2+ 4w� t72(0)t?.(v) 

[j) '(z)=-!t_ t72(v)tJa(v)tJ,(v)tJ;'(O) 
4w� t?t(O)tJ3(0)tJ4(0)tJ13(v) 

--f(z)= 'ltZ + ?rtJi(v) w2 2w2tJ1(v) 
-' )= 2w2 ('122'\ t?t(V) "\z 11' exp 2;;;, } tJi(O) 
12w�e. =r[ tJ;(O) -tJ!(O) 1 
l2w�e2=r[ tJl(O) +t?:(o) 1 
12w�e3=�[tJ�(O) +tJ:(o)] 

(e2-ea)•=i(ea-e2)�= �i(O) 2w2 

ga=4e.ttea 

( -a)t= :w�tJ?(O)e-1'��14 

rtJ�"(O) 
12�tJ�(O) 



18.10.20 

18.10.21 

18.10.22 

18.10.23 

.:1>0 

WEIERSTRASS ELLIPTIC AND RELATED FUNCTION.S 

Seriee 

11-t(O)=O 
t1:z(O) =2ql[l +�zl·'+qt·a+t·'+ . . . +q"<"+u + . . .  ] 

t7a(0)=1+2[q+q'+!f+ . . . +qns+ . . .  ] 
t7,(0)=1+2[-q+q'-!f+ . . . +(-l)"q•2+ . . .  ] 

Attainable Accuracy 

Note: t71(0) >o, j=2, 3, 4  Note: t72(0)=Aetw·ts, A>O; 
9lt7a(O) >O; !7,(0) =t7a(O) 

tJiO) : 2 terms give at lea.st 58 

j=2, 3, 4 3 terms give at lea.st 1 18 

4 terms give at lea.st 218 

2 terms give at least 38 

3 terms give at least 58 

4 terms give at least lOS 

18.11 Expressing any Elliptic Function in Terms of [/J and [/J ' 
. 

If j(z) is any elliptic function and [/J (z) ha.s same periods, write 

18.ll.1 f(z) =!rf(z) +J(-z) l+l[{f(z) -j(-z) } { [/J '(z) } -1]{/J '(z). 

651 

Since both brackets represent even elliptic functions, we ask how to express an even elliptic func
tion g(z) (of order 2k) in terms of [/J (z). Because of the evenness, an irreducible set of zeros can be 
denoted by a, (i=l, 2, --;- . .  , k) and the set of points congruent to -a, (i=l, 2, . . .  , k); correspond
ingly in connection with the poles we consider the points ±b,, i=l, 2, . . . , k. Then 

18.11.2 
1 { {/J(z)-[j)(a1)} • g(z)=A 1�1 [/J(z)-[j)(b,) , where A IS 

a constant. If any a, or b, is congruent to the origin, the corresponding factor is omitted from the 
product. Factors corresponding to multiple poles (zeros) are repeated according to the multiplicity. 

18.12. Case A=O(c>O) 18.12.9 q=l, m=l 
Subcase I 18.12.10 cr{w)=O 

18.12.1 U2>0, Ua<O: (e1=e2=c, ta=-2c) 2w' ew'12' 18.12.11 cr(w')= 
18.12.2 H1 =H2=0, Ha=3c � 

18.12.3 18.12.12 u(w,)=O 
[j) (z; 12c2, -8c3) =c+3c {sinh [(3c)tz] } -:' 18.12.13 [j) (w/2)=c 

18.12.4 18.12.14 [j)'(w/2)=0 
t(z; 12c2, -Sd') = -cz+ (3c)t coth [(3c)lz] 18.12.15 t(w/2)=- rs> 

18.12.5 18.12.16 u(w/2)=0 
u(z; 12c2,-8c3)=(3c)-t sinh [(3c)lz]e-"212 

18.12.17 [jJ (w'/2)= -5c 
18.12.6 w= rs> ,  w' = (12c) -t?ri 

-r 
18.12.7 1f=t(w)=-oo 18.12.18 {/J'(w'/2)=2w'a 
18.12.8 111 = t(w') = -cw' 18.12.19 f(w'/2)=!( -cw' +1r/w') 
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18.12.20 

18.12.21 

18.12.22 

18.12.23 

18.12.24 

Subca.se II 

18.12.25 

18.12.26 

a(w1 /2) 

[]> (W<J/2)=c 

[]> 1 (w2/2)=0 

cw1 
t(�/2)=- q:J --2 

18.12.27 [j>(z; 12c2, 8d')=-c+3c{sin [(3c)lz]} -� 

18.12.28 

t(z; 12cl, 8c3)=cz+ (3c)l cot [(3c)tz] 

18.12.29 
a(z; 12cl, 8c3) = (3c)-l sin [(3c) lz]et�ts 

18.12.30 

18.12.31 

18.12.32 

18.12.33 

18.12.34 

18.12.35 

18.12.36 

18.12.37 

18.12.38 

18.12.39 

18.12.40 

18.12.41 

18.12.42 

18.12.43 

18.12.44 

18.12.45 

w=(12c)-t7r, w'=iq:J 

77=t(w)=cw 

'f/1 = f(w') =im 

q=O, - m=O 

a(w) 2we�2ts• 
11" 

a(w') =O 

a(W2) =0 

{j>(w/2) =5c 

-r {]> l(w/2)= 2wa 

t(w/2)=!(cw+11"/w) 

a(w/2) e"21'i(,w,f2 
11" 

[]> (w' /2) = -c 

[jJ '(w' /2)=0 

t(w' /2) = +iq:J 

a(w' /2)=0 

[jJ (W2/2) = -c 

18.12.46 

18.12.47 

18.12.48 

Subca.se III 

18.12.50 

18.12.51 

18.12.52 

18.12.53 

[]>I (�/2) =0 

[j>(z; 0, O)=z-2 

t(z; O, O)=z-1 

a(z; 0, O)=z 

w=-iw'=�» 

18.13. Equianharmonic Case (g2=0, sa=1) 

If g2=0 and ua>O, homogeneity relations allow 
us to reduce our considerations of [jJ to [jJ (z; 0, 1) 
({]J', t and a are handled similarly) . Thus 
.()> (z; 0, g3) =gA'8 []> (zg�10; 0, 1). The case g2=0, 
g3= 1  is ca.lled the EQUIANHARMONIC case. 

i FPP; Reduction to Fu:ndarnental Triangle 
A1=AOw2Zo is the Fundamental Triangle-

Let e denote fr/3 throughout 18.13. 

(1)2 �'::1 .5299 54037 05719 28749 13194 17231° 

y 

FIGURE 18.11 

e This value was computed and checked by multiple 
precision on a desk calculator and is believed correct to 
308. 



18.13.1 

18.13.2 

18.13.3 

18.13.4 

18.13.5 

18.13.6 

WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS 

{JJ (�) = E-S {JJ (Zt) 

[JJ 1 (z2) = -[JJ 1 (z;) 

t(�) = E-1f(zt) 

u(�)=�(zt) 

[JJ (za)=E-2 [JJ (zt) 
{JJ 1(Za)= {JJ 1(Zt) 

18.13.9 

6.=-27, 

18.13.10 

18.13.11 

18.13.12 

18.13.13 

18.13.14 

Special Values and Formulae 

Ht=..f3( 4 -tla)E', 

H2=..f3(4-t'a), 

• 2 so 2-..f3 m=sm 1 =--, 4 
!12(0) =Aeh·/8 

t1a(O) =Aeh!S' 
t1,(0) =Ae-tr/24 

18.13.7 t(za) =-E-1r(zJ+2'71, '11=r(w1) 
where A= (w2/11·)1'2z1i'331'8:::::: 1.0086 67 

K(m)2118 r3(1/3) 
18.13.8 u(Zs)= Eu(Zt) exp [(Zs-w') (2'1')] 18.13.15 W2 31/4 4?r 

18.13.16 

waw1 
18.13.17 

WI 
18.13.18 

w' • wa 
18.13.19 

Wi , 

18.13.20· 

2wt/9 
18.13.21 

WJ/3 

18.13.22 

4wz/9 

18.13.23 

w,/2 

18.13.24 

2wz/3 

18.13.25 

8w2/9 

[jJ 

el=4-ll•e• 

�=4-1/J 

ea = 4-lla,-2 

e,=4-113 

[JJ 

.:; cos 80° 
.:; cos 20°- .:; cos 40° 

1/(2111-1) 

V'cos 40° 
�cos 20° - .:; cos 80° 

ez+H, 

1 

�cos 20° 
.:; cos 40° + .:; cos 80° 

Values at Half-periods 

.flJ' f 

0 f1=tr/2wt..f3 

0 flt=fl+fl' = r/2w,..f3 --

0 .,'�e-1r/2W3,/3 

0 1)31 = -fri/21JJ2=f1'-., 

Values 7 along (0, w,) 

//>' r 

- .J�( �cos zoo+ V' cos 40°] 
�cos 20°- .:; cos 40° 

- �(21/3+ 1)/(2111- 1) .,, "� (2'13 + 2 + 2'") 
-a+ 

6 

- .J�(V' cos zoo+ .:; cos 80°) 
�cos 20°- .:; cos 80° 

tT 

f-1cr(ws) 

e•'' Vi'(au1) 
at 

ecr(w,) 

iebln'i(zll•) 
31 

cr 

e•/!eVi' �2111-1 
3118 2'11+ 1 

-3�/t,/2+ "� (r/4w2.,f3) + (3ll•-v'z+ .J�/2'13) 
e•/Je "�(2' /It) 
3''' �./2 + {3 

- .J'J t(.,,)+3-l/l e•/9 ..tr/31/6 

- .J�(.:; cos 40° - .:1 cos soo 1 
� 40° + .:; cos 80° 

7 Value!! at Zw2/9, 4w1/9 and 8t.J2/9 from (18.14]. 

653 
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18.13.26 
�/2 

18.13.27 
3�/4 

18.13.28 
zo 

18.13.29 

18.13.30 

18.13.31 

18.13.32 

18.13.33 

18.13.34 

{jJ fJJ' 

-21flel 3i 

el(et-Ha) i(3114) ,/2-..;a 

0 i 

Duplication Formula11 

n'I ( Z ) [jJ(z)[[jJ3(z)+2] if z 4{]Ja(z)-1 

r1'1.1(2 ) 2[jJ8(z)-IO[jJ3(z)-1 
if Z [ {jJ I ( Z) )3 

3 [jJ2(z) s(2z)=2s(z)+ {]J'(z) 
a(2z)=-{]J'(z)�(z) 

Trisection Formulaa (s real) 

� 4>-?r 
cos --

[jJ (=)- 3 
3 -�cos �-�cos � 

Values along (0, •o) 

r ,. 

[ Ja+ 2-111 J rlr/0 
er/11 Vae'r/e 

3114 [ 1r 311t.J2-..f3] 
-+ r'"" 
4w, 2411 

e'r/10 Ya(21/U)e'r/l 

31/t�h-� 

2!,, rir/1 
� 

er/IVi,e'r/e 
' 

where tan 4>=fJJ '(z), O<z<2w2 and we must 
choose 4> in intervals 

( 11" 11") (11" 311") (311" 511") 
-2' 2 ' 2' 2 ' 2' 2 to get 

{jJ (�} {jJ (�+ 2;2} {jJ (�+ 4;2} respectively. 

18.13.35 

18.13.36 

18.13.37 

18.13.38 

Co.mplell: Multiplication 

{/J(tz)=t-2 {]J(z) 
{jJ '(tz) =-{jJ '(z) 
s(tz) = C1f(z) 
a(EZ) = Ea(z) 

In the above, E denotes (as it does throughout 
section 18.13), e1r/3. The above equations are useful 
as follows, e.g. : 

If z is real, EZ is on Ow' (Figure 18.11); if tz 
were purely imaginary, z would be on 0Zo (Figure 
18.11). 

Conformal Maps 

Equianharmonic Case 

Map: j(z)=u+iv · 

{jJ (z) -.4 

-. 6 

-. 8 

-1.0 

-1.2 

.4 

.9 

JE.I : L04 

1£21 s .0001 

Zo 

ll 
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{j) '(z) 

-2 
Near zero: {j) '(z)=-zs+El 

1 
Near zero: r(z)=-+EI z 

r(z) 

1 z6 t(z)=---+E2 z 140 

u(z) 

l e , l:s .2 
le2 l ::  .001 

-.8 
v 

v 
1.0 

.6 

.6 

.8 

IE, I :s .007 
IE21 :s I XI0-5 

1.4 ---

--- -- --

o .2-----�4 -- -�s- - - :- ;-i.o- - - - ,.2- --,.4-
Y - o 

1.6 X 

FIGURE 18.12 
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Coefficients for Laurent Series for [/J, [JJ ' and r 

(c..=O for m#3k) 

k EXACT cu. APPROXIMATE c84 

1 1/28 3. 5714 28571 42857 . . .  Xl0-2 
2 1/(13·281) = 1/10192 9. 8116 16954 47409 73312 40188X10-• 
a 1/(13·19·281) = 1/5422144 1. 8442 88901 21693 55885 78983X lO-T 
4 3/(5·131·19·28') =234376/(770961 1 X 108) 3. 0400 36650 35758 61350 20301 X 1Q-to 
5 4/(5·13'·19·31·281) =78126/(16729 86687X 108) 4. 6697 95161 83961 00384 33643 X 10-11 
6 (7 ·43)/{13'·19'·31·37·281) 6. 8662 18676 79393 36788 98X l0-a 
7 (6·431)/(5·13'·191·31·37·43·281) 9. 7990 31742 57961 41839 66X 10-u 
8 (3· 7 ·313)�{5'·13'·19'·31·37 .43.288) 1. 3685 06674 79360 13026 87X 10-n 
9 (4·1201) (5'·13'·19'·31·37·43·289) 1. 8800 72610 01329 79236 40X to-•• 

10 (21-3-41·1823) /(5·13'·19'·31 '·37·43·61·2810) 2. 5497 66946 68202 63683 x 1 o-tT 
1 1  (3· 79· 733) 1 (5·13'·19'·31 1·37 ·43·61· 67 ·2811) 3. 4222 48599 51463 05316X 10-so 
12 3·1153·13963·29059 4. 5541 38864 99184 30391X 1Q-U 51-131·19'·31 '·371·43·61·67. 73·2811 

13 
2'·3'·7·11 ·2647111 

6. 0171 15776 98241 99591 X I0-11 
5'·138·19'·31 '·371·61·67. 73· 79·2811 

First 5 approximate values determined from exact values of Caki subsequent values determined by using exact ratios 
ea11/cu-a. using at least double precision arithmetic with a desk calculator. All approximate c's were checked with the 
use of the recursion relation; ca - Ca7 are believed correct to at least 21S; eao- cu are believed correct to 208. 

ca 
Cak� 13�1 . 2&-t' k=2, 3, 4, . . .  

Other Series Involving [/J 
Revened Series for Large I {/J I 

10.13.40 where u= {j) -s;s and z is in the Funda
mental Triangle (Figure 18.11) if {/>  has an appro
priate value. 

Series near •o 

18.13.41 

18.13.42 

u=-i[/J[l+{j)a + 6{/Je +2 [pe+ 70[/J12 +0({/Ju)J, 2 7 13 

18.13.43 where u=(z-z0) 
Series near ws 

18.13.44 

({j) -e2)=3e�u [ 1 +x+z2+� r' 

+5 '+4 6+285 e+O( 7)] 7 X 7 X 637 X X 1 

18.13.46 

'U=ei1 [w-w+w-� w'+� W6 7 7 

+3 8 1143 7+0( s)] 7 w - 637 w w ' 

18.13.47 where w = ( {j) -�)/3� 

18.13.48 

- Other Series lnvolvin.g {/J' 

Revened Series for Large I {j) ' I 

z=21!8({j)''!8)-le'r/B [1-:1 ( {/J')-2 

+� ([/J')-•+'O([JJ '-e)J, 117 

z being in the Fundamental Triangle (Figure 18.11) 
if {j) ' has an appropriate value. 

Series near •o 

18.13.49 

({/J' -i)=x [ -2-ix+1� z2+;; x3+0(z')] 
18.13.50 where x= (z-z0)a 

18.13.51 z=2a [1-ia-� �+ 13;a3 +O{a4)} 

18.13.52 where a= ( {j) '-i)/( -4) 
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Series near w2 
18.13.53 

[P '=6eHe-w2) [1 +2v+3v2+ � vB 

+ �5 v4+�4 v5+2
9�5 

v8+0(v1)} 

18.13.54 where v=ez(z-W:�)2 
18.13.55 

[ 360 (z-wa)= ( {/J 'f6eD l-2w+9W-T 'lli 

+33Qw4-2268w5+212058 w8+0(w1)J, 13 
18.13.56 where w= flJ '2/9 

18.13.57 

Other Series Involving r 

Reversed Series for Large ll'l 

z= r-1 [ 1-�+ ���2-��� +Oh')} 
18.13.58 -y= r-8/20 

Series near •o 
18.13.59 

(t-so)=i [-�2+;;-:;��]+[�6-:��]+0(u17), 

18.13.60 where u= (z-Zo) 
Series near w2 

18.13.62 

18.13.63 (z-wa) (t-'la) [l-w+ 
12W _ 267'lif + 139w' 

-ea 5 35 5 

18.13.64 

18.13.65 

30192'Uf+1634208 .. .11+0( 7)] Z75 3575 'W- w , 

w= (t-'1a)2/e2 
Series Involving u 

_ 2·3 7 23·33 13+26·3'·23 lV O'-Z-7f z - 131 z 191 Z 

27 ·35-52·31 28-38·5·9103 
+ 251 z26+ 311  z31 

212·38·5·229-2683 
371 z3? 

2"·310·5·23·257·18049 . - 431 . z43 

215·312·5·5:��07895773 z'V+O(z56) 

18.13.66 

ri 410'18 13·337 ul8 z=c;+ 23·3·5·7+.27-32·52·11·13 + 210·3'·53·11·17 ·19 
31·101� 1 +215·36·5·112·17·23+0(a-' ) 

Economized Polynolllials (O �s�l.53) 

6 
18.13.67 x2 fJJ (x)= � a,.:t"+E(x) 

0 
!E(x)I<2X10-7 

ao= (-1)9.99999 96 
a1= (-2)3.57143 20 
aa= ( -5)9.80689 93 
as=(-7)2.00835 02 

6 

a,= - ( -9)2.20892 47 
a5=(- 10)1.74915 35 
a8= - ( - 12)4.46863 93 

18.13.68 z3 {/J'(z)=� a,.z&"+E(X) 0 
IE(x)I<4X10-7 

ao= -2.ooooo oo 
a1= (-1)1.42857 22 
a2= ( -4)9.81018 03 
aa= ( -6)3.00511 93 

6 

a,=- (-9)2.12719 66 
a5= ( -10)6.53654 67 
a8= - (- 1 1) 1.70510 78 

18.13.69 xt(x) = � a,.:t"+E(X) 0 
I E(x)I< 3 X I0-8 

ao=( -1)9.99999 98 a,= ( -10)6.12486 14 
a1=- (-3)7.14285 86 a6= (- 11)4.66919 85 
aa= - (-6)8.91165 65 a0= (-12)1.25014 65 
as= -( -8) 1 .44381 84 
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18.14. Lemniscatic Case 

(g2= 1, ga=O) 
If g2>0 and g8=0, homogeneity relations allow 

us to reduce our consideration of [j) to [j) (z; 1 , 0) 
( [j) ', r and u are handled similarly) . Thus [j) ( z; 
g2, O)=g2t[JJ (zg2t ; 1, 0). The case g2=1, g3=0 
is called the LEMNISCA TIC case. 

yl I . 
W ( =  W�)= IW 

FIGURE 18.13 

lFPP; Reduction to Fundamental Triangle 

A, sAOww2 is the Fundamental Triangle 
w� l.8540 74677 30137 1928 

Reduction for z, in A2: z1 =iZ2 is in .:11 

18.14.1 

18.14.2 

18.14.3 

18.14.4 

18.14.5 

[j) (z,) =-[j) (z.) 
[j) I (z,) =i [j) I (z,) 

r(z,) = -if(zl) 
u{z2) =iiT (z.) 

Special V aloes and Formulas 

A=1, H1=H3=2-t, H1=ij2, 
m=sin1 45°=!, q=e-.. 

18.14.6 •MO)=t'J.(O)={w-/2/?r)t; t'J8{0)={2w/1r)t 

18.14.7 w=K(sin2 45°)=r'(�-� where 4'Vr -v2 
c:��2.62205 75542 92119 81046 48395 89891 11941 
36827 54951 43162 is the Lemniscate constant 
[18.9] 

1 This value waa computed and checked by double 
precision methods on a desk calculator and is believed 
correct to 188. 

Values at Half-periods 

[j) 

18.14.8 
(I)C::Ci)) e,=l 

18.14.9 
"'S=Zo �=0 

18.14.10 
(JJ' �(i)8 ee=-l 

[/J 

18.14.11 
w/4 ...fi.c.ra+ 2''4> <t + 2•'4> 2 

18.14.12 
w/2 a/2 

18.14.13 

2w/3 ��l+sec 30° 
18.14.14 

3w/4 i<-Va-21) ( 1+2i) 

[/J' .r ,. 
-

0 fJ=ft/4w er/1(211') 

0 11'+'1' e•t•( ..f2)e1•/4 

0 11'1= -ri/4w ie•ll(2114) 

Values along (0, w) 

[/J' 

-a 

- .y'2�+3 
� 

.r 

..!..+� 
8w 2-./2 

2, + -J [/J (2t»/3) 
3 3 

,. 

e•IU(2'''e) 
al 

e"'"(31"} 
(2+-v'3)llll 
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Values along (0, zo) 

{jJ {]J' 
18.14.15 
Z{)/4 

i �---(a+ 2a) 2 
a( .f<i+ • .j2)eir/t 

18.14.16 
Z{)/2 -i/2 eir/4 

18.14.17 
-i � eir/4 4)2"3-3 

2zot3 - sec 30° - l  2 "3 
18.14.18 
3zo/4 _!_ (a -� 2 

a( ..[a_ ..J7},)eir/f 

a=l+ .j'l 

Duplication Formulas 

18.14.19 · {jJ (2z) 
=[ g> 2(z) +i]2/ { {jJ (z)[4 {JJ2(z)-1] } 

18.14.20 

{jJ 1 (2z)= (.B+ 1)(,82-6,8+ 1)/[32{JJ 13(z)], ,8=4{JJ2(z) 

18.14.21 

18.14.22 

18.14.23 

6{JJ2(z)-! s{2z)=2s(z)+ 2[/J l(z) 
�r(2z)=-g> 1(z)<T'(z) 

Bisection Formulas (O<:z:<2w) 

[jJ (�) -
=[[/Ji(x)+ { [p(x)+t}i) [{]Jl(x)± { [jJ (x)-!}f] 

[Use + on o<x�w, - on w�x<2w] 

r 

[ -'�'-+.! ]e-•r/4 
�..fl. � 

2;2 + [ {jJ (2
3
to/3) TIS 

18.14.24 

(f 

e .. IH(211°) , .. 14 
alit ( .f<i + ..fi) 1/4 

e 

er/16(21/!)eir/t 

er/9eir/f(3110) 

'!./2�-3 

e9r/04(21/12) . e•r/f a 1/f ( ..[ii _ ..fi) Iff 

< 

. 

![/J1 (�)=9>1(x)+[2[/J(x)+UJ [/J(x)-! 

-[2{jJ(x)-UJ {jJ(x)+t 
-2[/J8'2(x) (See [ 18.13]. ) 

[Use - on o<x�w, + on w�x<2w] 

18.14.25 

18.14.26 

18.14.27 

18.14.28 

Com.plei Multiplication . 
[/J(iz)=-[/J(i) 
[jJ 1 ( iz)=i{jJ 1 (z) 
s(iz)=-is(z) 
u(iz)=i�r(z) 

The above equations could be used as follows, 
e.g.: If z were real, iz would be purely imaginary. 

Conformal Maps 

Lemniscatic Case. 

Map: j(z)=u+iv 
[/J(z) 

1 
Near zero: [jJ (z)=2+E1 z 

· 1 z2 [jJ(z)=z2+20+E2, lz i<I 
-(z-Zo)2 Near zo: [/J(z) 4 +Es, 

lz-zol<-v'2 
171 ( )= -(z-zo)2

+
(z-z0)6+ if z 4 80 f. 

-.4 

,..---;-'·4- u 

IE, I S .05 

IE2I S .0009 

IE,IS . I  
IE4IS.OI 
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3 

[/J'(z) 2 

-3 

-2 
Near zero: [/J'(z)=za+'l 

. -2 z 
[JJ ' (z)=za-+10+,2 

Near zero: r(z)=.!.+El z 
1 z3 

r<z)=z-60 +E2, lzl<1 
(z-zo)8 Near zo: r(z)=ro+ 12 +Ea, 

r(z) 

lz-zoi<.J2 
r(z)=ro+ (z-;;o)8 <z;,�o)' 

+,, 

u(z) 

2.0 

1.5 

1.0 

.5 

v 

v 

0 .5 
FIGURE 18.14 

v 

1.9i 

1. 5 2.0 

u 

1£21 5.00'1 

1£31 5 .4 

1£.15.1 

1£,1 5 .02 

IEzl 5 .0001 

1£,1 5.02 

I £41 � .002 -. 

2.0 

1.5 
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Coefficients for Laurent Series for {/J, {/J I, and r 
(c,. = 0 for m odd) 

k EXACT cu 

1 1/20 
2 1/(3-2()1) = 1/1200 
3 2/(3-13-20') = 1/156000 
4 5/(3-13-17-201)= 1/21216000 
5 2/(3'·13-17-206) = 1/(31824X 1()6) 

APPROXIMATE cu 

.05 

.8333 . . . X 10-a 

.641025 641025 . . .  X 10-a 

6 10/(33-1 3'·17-201) = 1/(4964544X 10&) 
7 4/(3·13'-17-29-201) = 1/(7998432X 1 01) 
8 2453/(3•· 1 1-13'· 17'-29-2()11) =958203125/(1262002599X 1011) 
9 2·5· 7-61/(3•·13'·17'·29-37-209) =833984375/(18394643943 X 1011) 

.47134 23831 07088 98944X 10-1 

.31422 82554 04725 99296X 10-t 

.20142 83688 49183 32882 X 10-u 

.12602 45048 02941 37651 X 10-11 

.75927 19109 76468 59917X 10-u 

.45338 43533 93461 06092X 10-•a 

18.14.29 

4 
cu$3�1• k= 1, 2, . . .  

Other Series Involving {P 

Reversed Series for Large I fP I 

z=(fP - 1)1!2 [1+�+ � + 5; + ;�t , 
+ 3w6 + 231 w8 + 429w7 + 195ul 8 400 464 128 

+ 124�53S:v + 4���1o +O(wu)], 
18.14.30 w= [JJ -2/8, and z is in the Fundamental 
Triangle (Figure 18.13) if {/J has an appropriate 
value. 

Series near � 

18.14.32 z=(z-Zo)'/2 

[ '1.1! 7ws llw7 J 18.14.33 z=- w+5+75+195+ O(wV) 
w=2/)) 

Series near w 
18.14.34 

· · ( [JJ -e )=v+v2+ 4tfl + 3vi + 32if + 22v8+64v7+ O(v") I 5 5 7 5 7 5 325 1 

18.14.35 

18.14.36 

V=y [l-y+ 6y2 _ 8y3 + 172� 
5 5 75 

18.14.37 

-52?/+ 1 064?/+ 0( 1)] 15 195 y , 
y=(flJ-e.) 

18.14.38 

Other Series Involving fP '  
Reversed Series for Large I fP 1 I 

z=Au [1-�+�� -��4+0(v5)], u=({/J1118)-Ie'"fB, 
18.14.39 A=21'8, v=Au'/6, and z is in the 
Fundamental Triangle (Figure 18.13) if {/J1 has 
an appropriate value. 

18.14.41 

18.14.42 

Series near � 

(z-zo)=2{/J1 [1+ 3; + 5;' + 8i;a +O(u4)]. 
18.14.43 u=4{/J 14 

18.14.44 

18.14.45 

Series near w 

x=(z-w) 

Other Series Involving r 

Reverlled Series for Large lrl 
18.14.47 z=r-1[1-�+�-i�� + 1:::·+0(v6)} 
18.14.48 
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Series near .zo 
18.14.49 

1 [1 v 2v2 tf · ] Cr-to)=- (z-zo)8 ---+---+O(v ) , 4 3 7 33 39 
18.14.50 

Series near w 
18.14.51 

x z8 x6 x7 x8 <r-TJ)=-------,---2 6 20 70 240 

18.14.52 

18 .• 14.53 

x=(z-w) 

w 7111 13w7 929w' 194W1 942883uJ3 x=w-3+ 30 -63 + 4536 -891+ 3891888 
, +O(w16) 

18.14.54 w=-2(t-17) 
Serie11 Involving u 

18.14.55 
zS 3Zz� 3·23z18 3·107z17 38·7·23·37z21 u=z-2·51-22-91+ 23·131 + 24·171 + 26·21! 

18.14.56 

+ 32-313·503z26 3'·7 ·685973z� +O(z83) 20-251 27·291 

a-6 0'� 17 ·1 13u18 z=u+ 24·3·5 + 2�·3·7 + 213·34·7 ·ll ·13 
1220510'17 5·13u21 +2�·36·72·1 1 ·17+ 228·32·11 ·19 +O(�) 

18.15. Pseudo-.Lemniscatic Case 

(g2= -1 , 8a=0) 
If uz<O and g8=0, homogeneity relations a.llow 

us to re<iuce our consideration of [j) to [j) (z; -1, 
0). Thus 

18.15.1 [j) (z; g2, 0) = lu2l112 [j) (zlg2l114 ;-1, 0) 
( [j) ', s and u are handled similarly]. Because of 
its similarity to the lemnisca.tic case, we refer to 
the case U2=-1, ua=O as the pseudo-lemniscatic 
case. It plays the same role (period ratio unity) 
for �< 0 as does the lemnisca.tic case for �>O. 

w,=../2X (real half-period for lemniscatic case) 
=w (the Lemniscate Constant----iree 18.14.7) 

Economized Polynomials (0 �x � 1.86) 

18.14.57 

ao= ( -1)9.99999 98 
a1 = (-2)4. 99999 62 
az= ( -4)8.33352 77 
aa=(-6)6.40412 86 

18.14.58 

a,=( -8)4.81438 20 
a6= ( -10)2.29729 21 
a0= ( -12)4.9451 1 45 

I E( X) I< 4 X 10-7 
ao= -2.00000 00 
at=(-1)1.00000 02 
az= ( -3)4.99995 38 
aa= ( -5)6.41145 59 

18.14.59 

a,=(-7)6.58947 52 
a6=·( -9)5.59262 49 
a8=(-11)5.54177 69 

le(:z:) 1< 3 X 10-s 
a0=(-1)9.99999 99 a,=-(-9)2.57492 62 
a1=- (-2)1.66666 74 a6=-(-11)5.67008 00 
az=-(-4)1.19036 70 a8=(-13)9.70015 80 
aa=-( -7)5.86451 63 

y 

2 W  
FIGURE 18.15 
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Special Values and Relations 18.15.2 18.15.3 .:l=-1, 92=-1,  93=0 18.15.4 
H�=-i/../2, H2=!, Ha=i/../2, 

18.15.6 "' "" �  
18.15.7 W2 
18.15.8 w'=wa 
18.15.9 "'2' 

m=!, q=ie-r/2 18.15.5 
Values at Half-Periods 

[jJ [/J' 

i/2 
0 

-i/2 
0 

0 
0 
0 
0 

H'la-'121) 
'12=1r/2Ct.l2 
t('la+'l21) ' . '12 = -1'12 

r 

Relations with Lemnlacattc Values 

(f 

e-• .. l•e�l8(211t) 
e�l•..[i e•�t•er/8(2111) 
iff(Ct.l2) 

18.15.10 [/J (z; -1,  O)=i[/J(ze'r1'; 1 ,  0) 18.15.11 {JJ'(z; -1, O)=e8Tt14 [jJ'(ze'rl'-; 1, 0) 

1 18.15.12 t(z; -1,  0) =e'r"t(ze'rt•;  1, 0) 18.15.13 cr(z; -1, O)=e-tr14cr(ze' .. 1\ 1, 0) 

Numerical Methods 18.16. Use and Exteruion of the Tables 

Example 1. Lemniscatic Case 

663 

(a) Given z=x+iy in the Fundamental Triangle, find [jJ ([/J ',!,cr) more accurately than can be 
done with the maps. 

cr-Use Maclaurin series throughout the Fundameiital Triangle. Five terms give at least six 
significant figures, six terms at least ten. [jJ, r-Use Laurent's series directly "near" 0, (if \z\< 1 ,  four 
terms give at leas� eight significant figures for [jJ 1 nine for r; five terms at least ten significant _figures for 
[JJ, eleven for t). Use Taylor's series directly "near" z0• Elsewhere (unless approximately seven or 
eight significant figures are insufficient) use economized polynomials to obtain [jJ (x) , [jJ ' (x) and/or ,S(:r:) 
as appropriate. To get [/J(iy) , (JJ'(iy) and/or t(iy), use Laurent's series for "small" y, otherwise use 
economized polynomials to compute [p(y), [/J'(y) and/or t(y), then use complex multiplication to 
obtain [/J(iy), [/J'(iy) and/or .S(iy) . Finally, use appropriate addition formula to gf»t [/J (z) and/or t(z). 

[/J '-Use Laurent's series directly "near" 0 (if \z\< 1, four terms give at least six significant figures, 
five terms at least eight significant figures). Elsewhere, either use economized polynomials and addition 
formula. as for [jJ and r, or get [jJ'2=4[/J3-[jJ and extract appropriate square root (g{JJ '� 0). 

(b) Given [/J({]J', r, cr) corresponding to a point in the Fundamental Triangle, compute z more 
accurately than can be done with the maps. Only a few significant figures are obtainable from the use 
of any of the given. (truncated) reversed series, ex<:ept in a small neighborhood of the center of the series· 
For greater accuracy, use inverse interpolation procedures. 

Example 2. Equianharmonic Case 
(a) Given z=x+iy in the Fundamental Triangle, find {jJ ({]J', r, cr) more accurately than can be 

done with the maps. 
cr-Use Maclaurin series throughout the Fundamental Triangle. Four terms give at least eleven 

significant figures, five terms at least twenty one. 
[jJ ,r-Use Laurent's series directly "near" 0 (if lz!< 1 ,  four terms give at least lOS for [jJ,  1 18 for t; 

five terms at least 138 for [jJ, 148 for t). Elsewhere (unless approximately seven or eight significant 
figures are insufficient) use economized polynomials to obtain {jJ (:r:), {jJ '(x) and/or ,S(x), as appropriate. 
To get[/J (iy), {jJ'(iy) and/or t(iy), use Laurent's series. Then us3 appropriate addition formula. to get 
{IJ (z) and/or t(z). 
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[j) '-Use Laurent's series directly "near" 0 (if !zi< I ,  four terms give at least 88, five terms at least 
118). Elsewhere, either proceed as for {/> and t, or get [JJ '2=4[JJ8-I and extract appropriate square 
root (!j[j) '  '?;,0). 

(b) Given [j) ([JJ 'l,u) corresponding to a point in the Fundamental Triangle, compute z more 
accurately than can be done with the maps. Only a few significant figures are obtainable from the use 
of any of the given (truncated) reversed series, except in a small neighborhood of the center of the ·series. 
For greater accuracy, use inverse interpolation procedures. 

Example 3. Given period ratio a, find parameters m (of elliptic integrals and Jacobi's functions 
of chapter 16) and q (of � functions). 

m-In both the cases A>O and a<o, the period ratio is equal to K'(m)/K(m) (see 18.9). Knowing 
K'/K, if I<K'/K�3, use Table 17.3 to find m; if K'IK>a, use the method of Example 6 in chapter 17. 
An alternative method is to use Table 18.3 to obtain the necessary entries, thence use 

m=(e2-ea)/(el-es) in case a>o, 
m=!-3e2/4H2 in case a<o. 

q-In both the cases A>O and a<o, the period ratio determines the exponent for q[q=e-"'4 if A>O, 
q=ie-.�12 if a<o]. Hence enter Table 4.16 [e-r.t, x=O(.Ol)l] and multiply the results as appropriate 
[e.g., e-u2"=(e-.)'(e-.1h)]. 

Determination of V aloes at Half-Periods, lnvaria.nts and· Related Quantities from Given Periods (Table 18.3) 

Given w and w', form w' /iw and enter Table 18.3. 
Multiply the results obtained by the appropriate 
power of w (see footnotes of Table 18.3) to obtain 
value desired. 

Example 4. 

Here w' /iw=l.1 , so that direct reading of Table 
18.3 gives 

el(1 )=1 .6843 041 
e2(1 )=-.2166 258 (=-el-ea) 
ea(l)=-1 .4676 783 
uzU)=l0.0757 7364 
ga(1) =2.1420 1000. 

Multiplying by appropriate powers of w=10 we 
obtain 

whence 

el=.01684 3041 
ez=-.00216 6258 
ea=-.01467 6783 
g2=l.0075 77364 x w-3 
ga=2.1420 1000 x 10-o 
A=8.9902 3191 x I0-10 

Given w2 and w2', form �' /i� and enter Table 
18.3. Multiply the results obtained by the appro
priate po.wer of w2 (see footnotes of Table 18.3) 
to obtain value desired. 

Example 4. 

Given �=10, �'=lli, find et, gi, and_ A. 
Here w;,;i�=l .1 ,  so that direct reading of Table 

18.3 gives 

el(l )=-.2166 2576+3.0842 589i 
�(1)=.4332 5152=-29t'(et) 
ea(l)=el(l) 
g2(1)=-37.4874 912 
ga(l)=l6.5668 099. 

Multiplying by appropriate powers of W2=10 
we obtain 

whence 

e1 = -.00216 62576 + .03084 2589i 
e2=.00433 25152 
ea=el 
U2= -3.7487 4912 X w-a 
Ua=l.6566 8099 X I0-5 

A=-6.0092 019 X 10-8 
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Computation of tT for Given • and Arbitrary 82 and 8s 

(or periods from which gz and g3 can be computed-in any case, periods must be known, at least 
a pprox:i.mately) 

First reduce the problem (if necessary) to computation for a point z in the Fundamental Rectangle 
(see 18.2). After final reduction let z denote the- point obtained. 

A>O A< O 
If f'lz>w/2 or, 

J z>w' j2, use. duplication formula 

(f(z) = - {jJ '(z/2)(/•(z/2), 

obtaining (1(2/2) by use of Maclaurin series for (f 
and {jJ '(z/2) by method explained above. Other-
wise, simply use Maclaurin series for (f directly. 

If f'l2>�/2 or 
J z>�/4, use duplication formula as in case 

A>O. Otherwise, use Maclaurin series for (f 
directly. 

An alternate method is to use theta functions 18.10 first computing q_ and t1,(0), i=�, iS, 4. 

A>O A<O 
Example 13. Compute (/(.4+ 1.3t) fgr g2=8, 

g1=4. From Example 7, w= 1.009453 and w' 
= 1.484413i. Since Jz>w'/2, the Maclaurin se
ries 18.5.6 is used to obtain (f(z/2) = (/(.2 + .65i) 
= .19543 86+ .64947 28i, the Laurent series 18.5.4 
to obtain {/J'(.2+.65i) =5.02253 80-3.56066 93i. 
The duplication formula 18.4.8 gives (/(.4+ 1 .3t) 
= .278080+ 1 .272785i. 

Example 13. Compute (f(.8+.4i) for g2=7, 
ga=6. From Example 7, W<J= .99579 976, w� 
=2.33241 83i. Since fJ! z >w2/2, the Maclaurin 
series 18.5.6 is used to obtain (f(z/2) =(f(.4+.2t) 
= .40038 019+.19962 017i, the Laurent series 
18.5.4 to obtain {/J'(.4+:2?.') = -3.70986 70 
+22.218544i. The duplication formula 18.4.8 
gives (f(.8+ .4i) = .81465 765+.38819 473i. 

Given a({jJ, [JJ ', t) corresponding to a. point in the Fundamental Rectangle, as well as g� and ga or 
the equivalent, find z. 

Only a few significant figures are obtainable from the use of any of-the given (truncated) reversed 
series, except in a small neighborhood of the center of the series. For greater accuracy, use inverse 
interpolation proced tires. 

If the given function does not correspond to a value of z in the Fundamental Rectangle (see Con
formal Maps) the problem can always be reduced to this case by the use of appropriate reduction for
mulas in 18.2. This process is relatively simple for [JJ (2), more difficult for the other functions {e.g. if 
A>O and [JJ =a+ih, where b >o, simply consider []> a-ih and find z1 in R1 [Figure 18.1]; then com
pute �=z1 +2w', the point in R2 corresponding to the given []>). 

A>O 
Example 14. Given {/J = I-i, g2= 10, ga=2, 

find z. Using the first three terms of the reversed 
series 18.5.25 Zt � .727+ .423i. The Laurent series 
18.5.1 gives 

[JJ (21) = [JJ (.727 +.423i)= .825-.895i 
and 

[JJ (�) = {jJ (.697 +.393t)=.938- 1 .038i. 
Inverse interpolation gives 

zlu = .107 + .380i. Repeated applications· of the 
above procedure yield 2=.706231 +.379893i. 

A<O 
Example 14. Given {jJ =1 +i, g2= - 10, ga=2, 

find z. From Example 6, W<J= 1.40239 48 and 
C:,� =l.52561 02i. Since b>O, 2 exists in R2 and z 
is computed with [JJ . Using 18.5.25 with a2= -

1.25, a3=.25, u=[([JJ) -1]1'* and the coefficients c,. 
from Example 8 

2u= 1.55377 3973+.64359 42493i 
c,u6= .08044 9281-.19422 17466i 
c3u7= -.01961 9359+ .00812 66047i 

c:r:t=-.10115 7160- .04190 06673i 
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Example 15. Given s=10-15i, g2=8, gs=4, 
find z. Using the reversed series 18.5.40 with 

A5=-.13333 333, 
A7=-.02857 14286, 
U= .03076 923076+.04615 384615i 

A6u6 = - .00000 001402 + .00000 006860i 
A1u1 =-.00000 000004-.00000 000003i 

Z= .03076 921670+.04615..J91472i. 

Methods of Computation of [/J ([/>.', r or o-) for Given 
11 and Given 82• 83 (or the equivalent), with the Use 
of Automatic Disital Computing Machinery 

(a) Integration of Differential Equation 
[/J and fJJ ' may be generated for any z close 

enough to a "known point" z*([/J (z*) and[/J '(z*) 
being given) by integrating [/J"=6 [/J2-g2/2. 
A program to do this on SW AC, via a modifica
tion of the Hammer-Hollingsworth method 
(MTAC, July 1955, pp. 92-96) due to Dr. P. 
Henrici, exists at Numerical Analysis Research, 
UCLA (code number 00600, written by W. L. 
Wilson, Jr.). The program has been tested 
numerically in the equianharmonic case, using 
integration steps of various sizes. For example, 
if one starts with z*=w2, using an "integration 
step" (h,k), where h and k are respectively the 
horizontal and vertical components of a step, 
with (h,k) having one of the six values (±2h0,0), 
(±ho,±ko), ho=W2/2000, ko= lw�l/2000, one can 
expect almost 8S in fJJ and 78 in [/J' after 1000 
steps, unless z is too near a pole. 

(b) Use of Series 
The process of reducing the computation prob

lem to one in which z is in the Fundaments,! 
RectangJe can obviously be mechanized. Inside 
the Fundamental Rectangle the direct use of 
Laurent's series is appropriate when the period 

Stopping with the term in u7, z1 � .81 + .23i. 
Assuming A.z=-.03-.01i, using 18.5.1, [J>(.81+ 
.23i)=.91410 95-.86824 37i, @ (.78+.22t')= 
1.03191 60-.91795 22i; with inverse interpolation 
zlu=. 7725+.2404i. Repeated applications of 
inverse interpolation yield z=. 772247 -.239258i. 

Example 15. Given u=.4+.1i, g2=1, ga=6, 
find z. Using the reversed series 18.5.70 with 
1'2=.14583, -y3=.05 

u=+AOOOO 000+.10000 OOOi 
6 'Y� :._+.00011 783+.00032 696i 
7 'Y� =-.00000 208+.00001 432i 

31t =-.00000 093+.00000 126i 

.00000 013+.00000 006i 

z=.40011 469+.10034 260i 

ratio a is not too large. However, if a�.J3(A>O) 
or a�2.J3(A.<O), the series will diverge at the 
far corner of the Fundamental Rectangle, so that 
use may be made of an appropriate duplication 
formula. _ Alternatively, one may compute the 
functions on Ox and Oy, then: use an addition 
formula. Even so, the series will diverge a.t 
z=ia if a�2(A>O) and at z=ia/2 if a$1;4(.6<0). 

For great accuracy, muHiple precision operations 
might be necessary. Double precision floating 
point mode has been used in a program, written 
for sw AC, to compute g:> I [/J '  and r. 

For computation of u, use of the Maclaurin 
series throughout the Fundamental Rectangle is 
probably simplest (series converges for all z). 

Mention should be made of the possible use of 
the series defining the iJ functions. These series 
converge for all complex v, and the computation 
of [/J, g:> ' , r and cr by 18.10.5--18.10.8 could easily 
be mechanized. The series involved have the 
advantage of converging very fast, even in case 
A<O, where I!ZI� e-.-12(q�e-r if  A>O). 
Use of Maps 

If the problem (of computing [/J 1 [/J II r Or (J for 
given z) is reduced to the case where the real half
period is unity and imaginary half-period is one 
of those used in the maps in 18.8 inspection of the 
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appropriate figure will give the value of [p (z) 
[t(z) or cr(z)] to 2-38. If [p '  is wanted instead, 
get [p, use 18.6.3 to obtain [p '2 a.nd select sign (s) 
of [p '  appropriately. (See Conformal Mapping 
(18.8) for choice of sign of square root of {jJ '2). 

Computation of Zo 
Given g2, ga (or equivalent) 

Since it,[JJ (Zo) =0, the Laurent's series gives 

0=1 +<'2u2+cau3+c,u'+ . . .  
where u=�. We ma.y solve this equation [by 
Graeffe's (root-squaring) process or otherwise] 
for its absolutely smallest root [having found an 

approximation to IZol by Gra.effe's process, we 
ma.y use the fa.ct tha.t Zo=w+iyo(.1.>0), Zo="'2 
+iyo(.1.<0) to obtain a.n approximation to Zo]. 

It is noted tha.t y0/w is a. monotonic decreasing 
function of (period ratio) a� 1 for .1.>0 a.nd 

2 [1 �Yolw>= a.rccosh {3( .:::: .7297)]. ,.. 

Yo/"'2 is a. monotonic increasing function of a for 
.1.<0 and 

2 [0� Yol"'2<- a.rccosh {3] 11" 

Further da.ta. is available from Table 18.2 or from 
Conformal Ma.ps defined by .(/) (z). 
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1 9. Parabolic Cylinder Functions 

Mathematical Properties 

19.1. The Parabolic Cylinder Functions 

Introductory 

These are solutions of the differential equation 

19.1.1 ��+(aa:2+bx+c)y=O 

with two real and distinct standard forms 

19.1.2 

19.1.3 

The functions 

19.1 .4 

y(a, :z:) y(a, -:z;) y(-a, ix) y(-a., -ix) 
are all solutions either of 19.1.2 or of 19.1.3 if any 
one is such a. solution. 

Replacement of a. by -ia and z by zeifr converts 
19.1.2 into 19.1.3. If i(a, z) is a. solution of 19.1.2, 
then 19.1.3 has solutions: 

19.1.5 

y(-ia, xett;•) y( -ia, -xei1"') 
y(ia, -zri"') 

Both variable z and the parameter a may take 
on general complex values in this section and in 
many subsequent sections. Practical applications 
appear to be confined to real solutions of real equa
tions; therefore attention is confined to such solu
tions, and, in general, formUlas are given for the 
two equations 19.1.2 and 19.1.3 independently. 
The principal computational consequence of the 
remarks above is that reflection in the y-axis 
produces an independent solution in almost all 
cases (Hermite functions provide an exception), 
so that tables may be confined either to positive 
:z: or to a single solution of 19.1.2 or 19.1.3. 

The Equation ��-(i z2+a) y=O 

19.2. Power Series in x 
Even and odd solutions of 19.1.2 are given by 

686 

19.2.1 

Yt=rt�2M(ta+t• t• tz2) 

=e-tx2{l+(a+t) ��+(a+t) (a+t) :;+ · · }  
=e-tz\Fl (ta+t; t; tx2) 

19.2.2 

19.2.3 

Y2=xrt"2M(-!a+t, J, tx2) 
{ 7!' · xs } =e-tx2 x+(a+J) 3r+<a+J)(a+i-) 51+ . . .  

19.2.4 

=xet"'M( -ta+t, J, -tz2) 

=et%2{x+(a-J) �+(a-J)(a-t) �;+ . .  } 
these series being con v:ergent for all values of x 
(see chapter 13 for M{a, c, z)). -

Alternatively, 

19.2.5 

19.2.6 

in which non-zero coefficients a,. of x"/n! are 
connected by 

19.2.7 
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19.3. Standard Solutions 

These have been chosen to have the asymptotic 
behavior exhibited in 19.8. The first is Whit
taker's function [19.8, 19.9] in a more symmetrical 
notation. 
19.3.1 

U(a,:z:)=D-a-t(:z:)=cos7r(t+!a)·Yt 
-sin?r(t+ta)·Y2 

19.3.2 

V(a,:z:) r(!l__a) {sin ?r(t+ta)·Yt 
+cos 7r(t+ta)·Y2} 

in which 
1 r(i-!a) sec 1r(t+ia.) 

19.3.3 Y1= ..fi 2ta+t Yt=..fi 2ta+tr(t+ia) Yt 

1 r(t-ia) cse ?r(i+ia) 19.3.4 Y2= ..fi 240 t Y2=..fi 2ta-tr(t+ia) Y2 
19.3.5 

U'(a, 0) 

19.3.6 

V(a, O) 2ta+t sin ?r(i-ia) 
r(i-ia) 

2ta tr(i+!a) 

V' (a, O) 
2ta+i sin 1r( i -ia) 

r(t-!a) 

In terms of the more familiar D,.(:z:) of Whit
taker, 
19.3.7 U(a, :z:) =D-a-t(:z:) 
19.3.8 

V(a, :z:) =! r(t+a) {sin ?ra·D-a-t(z) +D-a-tC -:t) } ?r 
19.4. Wronskian and Other Relations 

19.4.1 

19.4.2 

W{U, V} =.fii; 

1rV(a, :z:)= r(t+a) {sin ?ra·U(a, z) +U(a, -:z:)} 

19.4.3 

r (t+a)U(a, :t)=?r sec2 1ra { V(a, -x) 
-sin 1ra·V(a, :t)} 

19.4.4 

r(t-!a) cos 1r(l+!a) _2 . (A+� ) Y -{-i2ta f Yt- sm?r T "9'a · 1 

=U(a, :z:)+U(a, -:z:) 
19.4.5 

r(t-ia) Sin ?r(i+!a) -2 (A+�n) y {7r2ta-t Yz- cos ?r T � • 2 
=U(a,:z:)-U(a,-x) 

19.4.6 

�U(-a, ±i:z:)= 
r(t+a) {e-tr<ta-l>U(a, ±:t)+e'""<ta-llU(a, =t=:z:) } 

19.4.7 

..ff;rU(a, ±x)= 
r(t-a) { e-trCi<'+l>U( -a, ±i:z:)+etrcta+l>U( -a, =t=i:z:)} 

19.5. Integral Representations 

A full treatment is given in [19.11] section 4. 
Representations are given here for U(a, z) only ; 
others may be derived byuse of the relationsgiven in 
19.4. 

19.5.1 U(a, z) 

19.5.2 

where a and {3 are the contows shown in Figures 
19.1 and 19.2. 

When a+! is a positive integer these integrals 
become indeterminate ; in this case 

19.5.3 U(a, z) r(!�a) e-t•• i"' e-u-t••s"-tds 

S PLANE 
a 

FtGURE 19.1 

t PLANE 

FIGURE 19.2 

-�arg (t+Cl>r 
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19.5.5 

19.5.6 --- e i� ' en+t'2s-a-tds e-(a-t)r1 f. 
../2iri •• 

where E, Ea and E4 are shown in Figures 19.3 and 
19.4. 

19.5.8 

FIGURE 19.3 
-tr<arg •<t" 

S PLANE S PLANE 

FIGURE 19.4 
On .. tr<arg •<t,.. 
on .. -!,..<arg a<-1 .. 

19.5.9 

U(a, z) 
ir(l-ia) r !ze-i•2t(1+t) -ta-t(1- t)ta-ldt 

2t"+t?r J C�t> 
19.5.10 

ir (!-!a)J e-�(l.z2+v)-ta-t(1 z2-v)ta-tdv 
2ta+t7r ' i 

�1 

The contour t1 is such that (tz2+v) goes from 
oo e-t,.. to ooe1,.. while v=iz2 is not encircled;  
(tz2-v)-i•H has its principal value except pos
sibly in the immediate neighborhood of the 
branch-point when encirclement is being avoided. 
Likewise 'lit .is such that (lz2-v) goes from ooe1" 
to oo e-1" while encirclement of v= -iz2 is simi
larly avoided. The contours (f1) and (71t) may be 
obtained from f1 and 171 by use of the substitution 
v=iz2t. 

The expressions 19.5.7 and 19.5.8 become inde-
terminate when a=i, t, ¥, . . . ; for these values 

19.5.ll 

U(a1 e) 1 ze-tz2 f"' r•sta-t(z2+2s) -ta-tds 
r(i+!a) J o 

Again 19.5;9 and 19.5.10 become indeterminate 
when a=t, t, !, . . .  ; for these values 

19.5.12 

Barnes-Type lntegral8 

19 5 13 U( ) =e-
.
iz2 -a-tfh' r(s)r(!+a-2s) ( fl'i )2•d . • a, z 2?ri 

z 
- co f  r<!+a) -v�z 8 

where the contour separates the zeros of r(s) from those of r(a+!-2s). Similarly 

19.5.14 V(a, z)= I� etz2• za-lf+ .. t r(s) r�:-a)28) (..;2z)2' cos 87r ds 'V 7r 2?r� - a d  r -a 

19.6. Recurrence Relations 19.6.7 

(ja.rg z]<-!11") 

19.6.1 U' (a, x) +!xU(a, x) + (a+!)U(a+l , x)=O 
19.6.2 U'(a, x) -!xU(a, x)+U(a-1 , x)=O 

2V'(a, x)- V(a+l, x)- (a-!)V(a-1, x)=O 

19.6.3 2U' (a, x)+U(a-1, x)+(a+!)U(a+l ,  x)=O 
19.6.4 xU(a, x)-U(a-1, x) + (a+!)U(a+l ,  x)=O 

These are also satisfied by r(!-a)V(a, x). 
19.6.5 V'(a, x)-!xV(a, x)- (a-!)V(a-1, x)=O 
19.6.6 V'(a, x)+!xV(a, x)- V(a+I,  x)=O 

19.6.8 

xV(a, x)- V(a+ l , x) + (a-!)V(a- 1 , x)=O 

These are also satisfied by U(a, x)/f(}-a) 

19.6.9 y;(a, x)+!X'IJ1(a, x)= (a+ !)y2(a+l, x) 

19.6.10 y�(a, x)-ixyl(a, x)= (a-l)Y2(a- l ,  x) 
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19.6.11 y�(a, x) +!xy2(a, x) =y1(a+ 1, x) 

19.6.12 y�(a, x) -t.�112(a, x) =yl(a-1, x) 

Asymptotic Expansions 

19.7. Expressions in Terms of Airy Functions 

When a is large and negative, write, for 
O�x<co 

19.7.1 
r= -(Jt?-a)l 

t= (4lal)lr 

�s=t fe\11-s2ds=t arccos �-H·Jl €2 (€� 1) 

sense of Watson [19.6], although valid for a wider 
range of larg xl in Poincare's sense; the second 
series is completely valid only for x real and posi
tive. 

19.9. Expansions for a Large With x Moderate 

(i) a positive 

When a> >x2, with p={a, then 

...;7r 
19.9.1 U(a, x) 2!oHr (i+!a) exp (-px+vt) 

...j1r 19.9.2 U(a,-x) 2�Hr (i+!a) exp (px+v2) 
where 

19.7.2 19.9.3 V V "' I  i(!:z:)3 _ (iz)2 =F b-l(!x) 6 
!, 2 T 2p (2p)2 . (2p)3 

'T=+(tt?-2)1 
t?-2=-! J��s2 1ds=H�e 1-t arc,cosh � (�� 1) 

Then for x�O, a-4- co 

19.7.3 
U(a, xj "'2-t-�ar Ct:-ta) (f2 

t 
1)t Ai(t) 

19.7.4 

r (j-a) V(a, x) ""z-l-�ar (t-ta) c�2 
t 

1)tBi(t) 

Table 19.3 gives r as a function of�. 
See [19.5] for further developments. 

19.8. Expansions for x Large and a Moderate 

When x>>lal 
19.8.1 

U(a, x)-e-tz2x-a-i { 1 (a+t) (a+J) 
2x2 

19.8.2 

+ (a+t) (a+!) (a+!) (a+t) . . .  } . 
2 · 4x' 

V(a x) ........ �ei�2:z;<�-i { 1 + (a-t) (a-J) , 'V:;. 2x2 

+(a-t) (a-f) (a-f) (a--!) + . . .  } 
2 · 4:2:' 

These expansions form the basis for the choice of 
standard solutions in 19.3. The former is valid 
for complex x, with larg xl<!?r, in the complete 

2(!x)4 (.!j-!x)3-·H!x)1 + (2p)4 ± (2p)6 + . . . 

(a�+ co ) 

The ll'pper sign gives the first function, and the 
lower sign the second function. 

(ii) a negative 

When -a>>x2, with p=...J-a, then 

19.9.4 
U(a, x) +ir (t-a) · V(a, x) 

et ... <t+�,r(i- !a) . 
2i,z+t�7r e1""' exp (v,+wt) 

where 

19.9.5 
"' + (}x)2+ 2(ix)' 9(!x)2-.Y.(!x)6 

Vr (2p)• (2p)� (2p)8 
"'_ t(ix)3 + !x+i(!x)6 + .Y.(!x)3-t(!x)1_ . . .  vi 2p (2p)a (2p)6 

(a�- co ) 
Further expansions of a. similar type will be 
found ·in [19.11]. 

19.10. Darwin's Expansions 

(i) a positive, x2+4a large. Write 

19.10.1 X=�x2+4a 

fz x+X 
8=4at?-1(x/2..ja) =i Jo Xdx=ixX+a ln 2...;a 

X r=<i"IA: . h X =4 -vx2+4a+a arcsm 2..;a, 
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(see Table 19.3 for 111), then 

(211") 1/4 
19.10.2 U(a, x) .J exp { -e+v(a, x) } 

r(i+a) 
(211') 1/4 

19.10.3 U(a, -x) exp {e+v(a, -x) } 
"r(!+a) 

where 

19.10.4 

v(a, x)--t In X+ :E (-l)'da,/.K3' 1•1 

and d8, is given by 19.10.13. 
(ii) a negative, x2+4a large and positive. Write 

19.10.5 

8=4lal112(x/2..Jjaj)=t f"' Xdx=txX+a In 2z�I XI J 2..Jiiii , -v1a 1 
=tx-v'z2-4lal +a arccosh 2 � -vial 

(see Table 19.3 for 112),  then 

.Jr(!-a) 19.10.6 U(a, x) (21r) 114 exp { -e+v(a, x) } 

19.10.7 
2 

V(a, x) (211")114-Jr(t-a) .e� { B+v(a, -x) } 

where again 

19.10.8 

v(a, x)--tln X+:E (-l)'d3,/X3' 1-1 

and d31 is given by 19.10.13. 
(iii) a large and negative and x moderate. Write 

19.10.9 Y=.J4Ial-x2 
8=4lal ",(x/2-J[aj) 

=-A- f" Y dx=txY + Ia I arcsin --=· J o 2�( 

.(see Table 19.3 for 11,=!11'-{}8), then 

19.10.10 

19.10.11 

V(a, �)= 

where 

In each case the coefficients da, are given by 

19.10.13 

See [19.11] for d1s, . . . , d24, and [19.5] for an 
alternative form. 

19.11. Modulus and Phase 

When a is negative and lxi<2M the func
tions U and V are oscillatory and it is sometimes 
convenient to write 

19.11.1 U(a, x)+ir(t-a)V(a, x)=F(a, x)etx<a.:r:l 
19.11.2 U'(a, x)+ir(!-a)V'(a, x)=-G(a, x)e1�<a,:r:) 

Then, when a< 0 and !a!> >z2, 

19.ll.3 

F r(t-ta) ., 2ta+t� e ' 

where v,, v1 are given by 19.9.5 and p="-a. 
Alternatively, withp=.JiCif, and again -a> >z2, 
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19.11.5 

· · · } 
19.ll.6 

19.ll.7 

Again, when x2+4a is large and negative, with 
Y=-v'4lal -x2, then 

19.ll.8 

F 2-v'r(t-a) eo, X=i?r+t11"et+e+vt (27r)t 
where 8, v, and Vt are given by 19.10.9 and 
19.10.12 .. 

Another form is 
19.11.9 

F"' 2-v'rtt-a) (1+.1_+ 5a + 621 + ) (27r)t{Y 4Y4 Y6 32Y8 • • • 
(x2+4a�- oo) 

19.ll.10 

.fY -v'r (!-a) ( 5 7a 835 ) 0"' (27r)t 1-4P-Y6-32P- . . .  
(z2+4a�- oo) 

while 1/1 and X are connected by 

19.ll.ll 
z ( 47 214a 14483 ) ..p-x--t7r-ys 1:+6Y'+ 3P + 40Ya + . . .  

(z2+4a�- oo) 

Connections W"ith Other Functions 

19.12. Connection With Con11uent Hypergeo
metric Functions (see chapter 13) 

19.12.2 

19.12.3 

U(a, ±x) 

19.12.4 

U(a, x)=2-t-Jae-t.i:2U(!a+l, !, !z2) 
=2-t-taxe-tz2U(ta+f, !, �z2) 

Expressions for V(a, x) may be obtained from 
these by use of 19.4.2. 

19.13. Conne_ction With Hermite Polynomials 
and Functions 

When n is a non-negative integer 

19.13.1 

U( -n-!, x)=e-l"2He,.(x)= 2-ine-tz2H .. (x/..f2) 

19.13.2 

V(n+J. x)= -v'2/-Tretx2He�(x) =2-i"ei"2H�(x/..f2) 

in which H .. (x) and He,.(x) are Hermite poly
nomials (s�e �hapter 22) while 

19.13.3 He:(x) =e-!z2 ;;n ei"2=(-i),.He .. (ix) 

This gives one elementary solution to 19.1.2 when
ever 2a is an odd integer, positive or negative. 

19.14. Connection With Probability Integrals 
and Dawson's Integral (see chapter 7) 

If, as in [19. 10] 

19.14.1 

19.14.2 

Hh,.(x)= i"' Hh11_1 (t)dt=(l/n!) i"' (t-x)"e-1'2dt 

(n�O) 
then 

19.14.3 (n� -1) 
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Correspondingly 

19.14.4 

and 

19.14.5 

V(-n-!, x) =e-tx2 {.f'e-112V(-n+t, t)dt 
sin !n1r } ,, > 

) 2t"r(!n+l) ,n_ O 

Here V( -!, x) is closely related to Dawson's 
integral 

These relations give a second solution of 19.1.'2 
whenever 2a is an odd integer, and a second solu
tion is unobtainable from U(a, x) by refle&ion in 
the y-axis. 

19.15. Explicit Formula in Terms of Bessel 
Functions When 2a Is an Integer 

Write 

19.15.1 

19.15.2 

I-n-In= (2/?r) sin n1r • Kn 

where the argument of all modified Bessel func
tions is lx2. Then 

19.15.3 U(l, x)=2?r-t(!x)'(-Kt+Kt) 

19.15.4 U(2, x)=2 · j?r-t(!x)t(2Kt-3J(t+Kt) 
19.15.5 

U(3, x) =2 · l · tn--t(t.c)�(-5Kt+9Kt-5Kt+Kt) 
19.15.6 

19.15.7 V(2, x)=t(!x)'(2Jl-3Jl+..ft) 
19.15.8 V(3, x)=!(!x)i(5Jt-9Yf+5.A-Yi) 

19.15.9 U(O, x)='11'-t(!x)tK1 

19.15.10 U(-1, x)='11'-t(t.c)�(K1+Kt) 
19.15.ll 

. 
U(-2, x)=?r-t(!x)t(2Kt+3Kt-KJ) 

19.15.12 

U( -3, x)='11'-t(!x)f(5Kt+9Kt-5K1-K1) 
19.15.13 V(O, x)=i(iz)t..Jii 

19.15.14 

19.15.15 V(-2, x)=i(!x)*(2..¢i+3.Jf-./!) 

19.15.16 

V(-3, x)=t · Hix)•(5ft+9ft-5./t- ..li) 

19.15.17 U(-!, x)=.J2i;(jx)K; 

19.15.18 U(-J, x)=.J2i;(tx)�K; 

19.15.19 U(-t, x)={2{;(!x)8(5K;-K1) 
19.15.20 V(i, x)= (!x) (I;+I-t) 
19.15.21 

19.15.22 V(t, x)= (!:z;)3(5J1+5L1-I1-L1) 

The Equation �+(� x2-a) y=O 

19.16. Power Series in x 
Even and odd solutions are given by 19.2.1 to 

19.2.4 with -ia written for a and xet'.,. · for x; 
the series involves complex_q uantities in which the 
imaginary part of the sum vanishes identically. 

Alternatively, 

19.16.1 x2 - x4 x8 Y1=l+a 2,+(a2-t) 41+(a3-ia) 61 

xs x1o 
+Ca'-lla2+¥) 8!+(as-25aa+.lf.la) 1 0!+ . . .  

19.16.2 

112=x+a �+(a2-i) �I (a3-Jja) ;; 
in which non-zero coefficients an of xnjn! are 
connected by 

19.16.3 

19.17. Standard Solutions (see [19.4]) 
(cosh 1ra)l R> 19.17.1 W(a,±x) 2..fi (GtYt �v2GaY2) 

19.17.2 =2-3'4 ( � y1 �� y2) 
where 

19.17.3 Gt=l r <i+!ia)J Ga= J r(i+!ia) J 
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At x=O, 

l jr<i+tia)Jt 1 ro;. 19.17.4 W(a, 0)=2t r(t+iia) =2t -y o; 
19.17.5 

, t jr<i+!ia)jt 1 /G; W (a, 0)=-2t r(l+iia) =-2t 'VG;. 
Complex Solutions 

19.17.6 E(a, x)=k-lW(a, x)+iklW(a, -x) 
19.17.7 E*(a, x)=k-iW(a, �)-iklW(a, -x) 
where 

19.17.8 k=·Jl+e2ra-e-ra 

In t.enns of U(a, x) of 19.3, 
19.17.9 E(a, x) =-{2et"'+tt-r+i1�� U(iC!, xe-lir) 
with 

19.17.10 
where the branch is defined by lf>2=0 when a=O 
an� by continuity elsewhere. 

Also 

19.17.11 
.../21rU(ia, xe-11,.:) =r(t-ia) { ei..a- tfT�( -ia, xel1 ... ) 

+e-t..a+lfrU( -ia,-xet1 ... ) }  
19.18. Wronskian and Other Relations 

19.18.1 
19.18.2 

W{W(a,x), W(a,-x)} =l 
W{E(a,x), E*(a, x)} =-2i 

19.18.3 -y'1 +e2 .. 0E(a, x) = eraE*(a, x) +iE*(a, -x) 
19.18.4 E*(a, x) =e-t<��+irl E( -a, ix) 
19.18.5 

-y'r(!+ia)E*(a, x) = e -tt-r,fr(t-ia)E( -a, ix) 
19.19. Integral Representations I 

These are covered for 19.1.3 as well as for 
19.1.2 in 19.5 (general complex argument). 

Asymptotic Expansions 

19.20. Expressions in Terms of Airy Functions 

When a is large and positive, write, for 0:$ x< <» 
x=2� t= (4a)lr 

19.20.1 
T=-(JtJ3)i 

tJa=� 1:1 ,/1 s2 ds=t arccos t-H,/1 e (t:$1) 

19.20.2 
T=+(JtJ2)1 
tJ2=t J� ,ls2-lds=U,/e 1-t arccosh t (t;?: 1) 

Then for x>O, a-++ <» 
19.20.3 

W(a, :z:),..,�(4a)-trtra (e t 
1Y Bi(-t) 

19.20.4 

W(a, -x)-2.J;(4a)-letra (r 
t 

1y Ai(-t) 

Table 19.3 gives r as a function of t. See 
[19.5] for further developments. 

19.21. Expansions for x Large and a Moderate 

When x>>lal , 

19.21.1 
E(a, x)=-v'2/X exp { i(l:z:2-a ln x+!<t>z+�'71') }s(a, x) 
19.21.2 
W(a, x)=..J2kfx{s1(a, x) cos (lx2-a ln x+l11+�) 

-s2(a, x) sin (l:z:2-a ln x+t11+#z) } 
19.21.3 
W(a,-x)=..J2/kx{ s1(a, x) sin (ir-a ln x+v+i<l>z) 

+s2(a, x) cos (ix2-a ln x+�+!¢2) } 

where ¢2 is defiiled by 19.17.10 and 

19.21.4 
19.21.5 

19.21.6 
( u2 v, Ua Vs 

82 a, x)--1!2x2-2!22x4+3!�x4+ 4!2�x8- • • · 
with 
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or 
... • r r(2r+l+ia) 1 

19.21.8 s(a, x) "'� ( -t) r(!+ia) 2'r!x2' 

19.22. Expansions for a Large With x Moderate 

(i) a positive 

When a> >x2, with p=.,fa, then 

19.22.1 W(a, x) = W(a, 0) exp ( -px+th) 
19.22.2 W(a,-x)= W(a, 0) exp (px+v2) 
where W(a, 0) is given by 19.17.4, and 

19.22.3 

± i (tx)8 + (tx)2 ± tx+t (tx)6 v1, V2"' � (2p)z (2p)s 

+2 (jx)4±¥ (tx)3++ (tx)7+ 
(2p)4 (2p)6 . . .  

The upper sign gives the first function, a.nd the 
lower sign the second function. 

(�) a negative 

Wh�n -a> >:r!-, with p=..f-a, then 

19.22.4 

W (a, x) +iW (a, -x) 
='v"2W (a, 0} exp { v,+i(px+*'ll'"tVt) } 

where W(a, 0) is given by 1g.17.4, a.nd 

19.22.5 

,...._ _ (tx)2+ 2(tx)4 9(tx)2+Y (tx)6
+ Vr (2p)2 (2p)• (2p)6 . . .  

i(tx)8 tx+l(tx)6 + .Y.(tx)3++(tx)1 t't"-�- (2p)S (2p)6 -
(a�- oo) 

Further expansions of a. similar type will be found 
in [19.3]. 

19.23. Darwin's Expansions 

(i) a positive, z2-4a> >O 
Write 

19.23.1 

X=�x2 4a 

x+X =txX -a ln 2..[0, 
=tx�x2 4a-a a.rccosh � 2..[0, 

(see Table 19.3 I or tJ2) ,  then 

19.23.2 W(a, x) = ..f2ke•• cos (v+B+v1) 

19.23.3 W(a, -x)=..fiike•r sin (tn"+B+v1) 
where 

and dar is given by 19.23.12. 

(ii) a positive, 4a-x2> >o 
Write 

19.23.5 

Y= �4a-x2 

is X =t Y dx=txY +a arcsin r: 
o 2-va 

(see Table 19.3 for tJ.=v:-tJa) , then 

19.23.6 W(a, x) =exp { -B+v(a, x) } 
19.23.7 W(a, -x) =exp { B+v(al -x) } 
where 

19.23.8 

) Y ds da do v(a, x --t In +ys+y6+yg+ · · · 
(z2-4a�- oo) 

a.nd d3r is a.ga.in given by 19.23.12. 

(iii) a negative, z2-4a> >O 
Write 

19.23.9 

X=�x2+4lal 8=4laltJI(z/2.Jf(ii) =t J:" Xdx 

x+X =txX -a ln 2..;raT 
-tx�x2+4lal- a a.rcsioh 2� 

(see Table 19.3 for tJ1) then 

19.23.10 W(a, x) = �2ke'• cos (i':r+B+vt) 

19.23.11 W(a, -x)= �2/ke'• sin (tn'+8+vt) 
where v, and v1 a.re again given by 19.23.4. In 
each case the coefficients dar a.re given by 
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19.23.12 

See [19.11] for d15, . . . , d2._, and [19.5] for an al
ternative form. 

19.24. Modulus and Phase 

When a is positive, the function W(a, x) is 
oscillatory when x< -2..[0, and when x>2..[a; 
when a is negative, the function is oscillatory for 
all x. In such cases it is sometimes convenient 
to write • · 

19.24.1 

k-iW(a, x)+ikiW(a,-x)=E(a, x)=Fe'x (x>O) 
19.24.2 

k_. dW(a, x)+ ·k; dW(a,-x)_E'( ) - 0 -P dx "' dx - a, x .-- e " 
(x>O) 

Then, when x2> >JaJ, 
19.24.3 . -

F"' � (1 +�+10a2-3+30a8-47a+ ) "'V x x2 4x4 4xs · · · 
19.24.4 

X"-' txz-a In x+.u.-+t7r+ 4a2-3+ 4as-19a -I-
T Tn 8X2 8x4 • • •  

19.24.6 

a 6a2-5 14a3-63a 
x2 4x4 4x6 . . .) 

,P-txz-a ln x+.u.--�'lr+4az+5+4as+29a+ wn • 8xz 8� . . .  
where c/>2 is defined by 19.17.10. 

When a<O, !al> >XZ 
19.24 .• 7 F,..,.,fiW(a, O)e'r 
where v, is given by 19.22.5 with p=../-a. Also 

19.24.8 

1 ( x2 ix4+8 F-.,fp l- _(4p)2+ (4p)4 

19.24.9 

. .
.
) 

Again, when a<O, z'l-4a»O, with X=.Jx2+4Ja[, 
then 

19.24.12 F"'.J2e•r 
whereO, v, and v, are given by 19.23.4 and 19.23.9. 

Another form also wh.en a>O, z'l-4a� co is 

19.24.13 

/2 ( 3 5a 621 1371a ) F"' "'V X . 1-4X•-xs+ 32Xa+ 4Xto - . . . 

19.24.14 

{X ( 5 7a 835 1729a ) a--v-z 1+ 4X4+xs-3zxa- 4Xl0 + . . .  

while ,P and X are connected by 

19.24.15 

19.25. Connections With Other Functions 

Connection With Confluent Hypergeometric and Bessel 
Functions 

19.25.1 

W(a, ±x)=2-t { �H(-1:, 1-a, tx2) 

±.J2�3 xH(-t, 1a,tz2)} 
where 

19.25.2 

H(m, n, x)=e-'""1Ft(m+l -in; 2m+2; 2ix) 
19.25.3 

19.25.4 

W(O, ±x)=2-t.,;?rX{J -t(lx2) ±J,(lx2) } (x�O) 
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19.25.5 
d
d 

W(O, ±x)=-2-tx.J:;r.i:{ Jt(i:t2) ±J-t(tx2) } 
X . 

(x�O) 19.26. Zeros 

Zeros of solutions U(a, x), V(a, x) of 19.1.2 occur 
only for !xI <2..J a when a is negative. A single 
exceptional zero is. possible, for any a, in the gen
eral solution; neither U(a, x) nor V(a, x) has such 
a zero for x>O. 

Approximations may be obtained by reverting 
the series for 1/; (or x for zeros of derivatives) in 
19.ll, giv:ing 1/; (or x) values that are multiples of 
!r, odd multiples for V(a, x), even multiples for 
V(a, x). Writing 

a=(!t-!a-t)-11' 
as an approximation to a zero of the function, or 

t)= (tr-!a+t) '��' 
as an approximation to a zero of the derivative, 
we obtain for the corresponding zero c or c', with 
-a=p2 the expressions 

19.26.1 

19.26.2 

- �+2dl-3a+52a6-.240a3+3 15a+ c- . 8 6 7. 680 9 . . .  .p 4 p -- p -

1 _{!_+2�+3,9+52,96+2�0�-285,9+ c �p 48p6 768Elp9 • - • 

These exp�nsions, however, are of little value 
in the neighborhood of the turning point x=2.Y a. 
Here first approximations may be obtained by 
use of the formulas of 19.7. If a,. (negative) is a 
zero of Ai(t), the corresponding zero c of U(a, x) 
is obtained approxim:ately by solvmg 

19.26.3 
� (- ·a )I !Ja= t { arccos �-hJ.-�-} =-w 

c=2.Ji(il� (a<<O) 
This may be done by inverse use of Table 19.3. 
For a zero of V(a,z), a,. must be replaced by b,., 
a zero of Bi(t). For further developments see 
[19.5]. 

Zeros of solutions W(a, x), W(a, -x) of 19.1.3 
occur for )x )>2-/c.i when a is positive; the general 
solution may, however, have a single zero between 
-2.,fa and +2.,fa. If a is negative, zeros are 
unrestricted in range. 

Approximations may be obt�ined by reverting 
the series for 1/t (ot X) in 19.24. · With -a=#, 
a= (!r-t)?r, ,9= (!r+-i)?r, r�O being an odd 

integer for W(a, x) or its derivative, or an even 
integer for W(a,-x) or its derivative, the zeros 
±c, ±c' have expansions 

_a 2a3-3a+52a6-240a3+315a+ 19.26.4 c-p 48p5 7680p9 • • •  

1 � {3 2_83+ 3,9+52�+ 280,93-285,9+ 19.26.5 c p 48p6 7680p9 . . .  

When x is large and a moderate, we may solve 
inversely the series 19.24.4 or 19.24.6 with 
a=! (r1r-!1r-�), fl=! (1'11'+}11'-</>2), r odd or even 
as above; the presence of the logarithm makes it 
inconvenient to revert formally. 

The expansions 19.26.4 and 19.26.5 fail when x 
is in the neighborhood of 2.Jiaj. When a is 
positive, a zero c of W(a,-x) is ob_tained approxi
mately by solving 

19.26.6 
( -a11)4 �2=t{��e 1-arccosh �}=6C.t' 

c=2..[a� 

with the aid of Table 19.3. For a zero of W(a, x) 
we replace a,. by b.,.. When a is negative we solve, 
again with the aid of Table 19.3, 
19.26.7 
"�=H��e

+ 1 +arcsinh � }  (n...:...f)1r 
4jaj 

c=2.JilLi� (-a>>O) 

where n=l, 2, 3, . . . for an approximate zero 
of W(a, -x), and n=t, -!, i, . . . for an approxi
mate zero of W(a, x). Further developments are 
given in [19.5]. 

Any of the approximations to zeros obtained 
above may readily be impJ.·oved as follows: 

Let c be a zero of y, and c' a zero of y', where y 
is a solution of 

19.26.8 y"-Iy=O 

Here i=a±fz2, I'=±!x, I"= ± i; the method is 
general and the following formulae may be used 
whenever I"'=O. Then if 'Y, 'Y ' are approxima
tions to the zeros c, c' and 

19.26.9 u-y('Y)/y'('Y) v=y' ('Y')/ J2y('Y') 

with I =I('Y) or I =l('Y') respectively, then 
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19.26.10 

c-'Y-u-tlu8-t-hl'u• 

19.26.ll 
- (-hi" +tl2)u6 +HII'u8+ . . .  

y'(c)-y' ('Y) { 1-tlu2+tl'u3 
-(-hi'' +tl2)u•+nll' u�+ . . .  } 

19.26.12 

c' "''Y1-lv-tll'v2+ (tl2 1'' -tll'2-tl4)fil 
+ (-hf2J' I" -iiJ'8-f.IJ4J')v•+ . . .  

19.26.13 

y(c') -Y('Y') { l-tJ3y2-tJ3 !'if 
-(tPI'2-ni•I"+i.J&)v'+ . . .  } 

The process can be repeated, if necessary, using 
as many terms at any stage as seems convenient. 

Note the relations, holding at zeros, 

19.26.14 

19.26.15 

19.26.16 

19.26.17 

U' (a, c)=-.J2!ifV (a, e) 
V'(a, c')=...f2i;{U(a, c') 
W'(a, c)=-1/W(a, -c) 

W(a, c')=l/ {d
d W(a, -x)} =-1/W'(a, -c') X :t-c' 

19.27. Bessel Functions of Order ± l, ± l as 
Parabolic Cylinder Functions 

Most applications of these functions refer to 
cases where parabolic cylinder functions would bo 
more appropriate. We have 

2t 
19.27.1 J:t(tx2)= � {W(O, -x) +W(O, x)} 

-2i 
19.27.2 J:�:�(tx2)= r;;. {W(O,x)±W(O, -x)} Xy'II'X 

Functions of other orders may be obtained by 
use of the recurrence relation 10.1.22, which here 
becomes 

19.27.3 tx2J,+l(tx2)-2vJ,({-x2)+tx2J,_,(tx2)=0 
Again 

19.27.4 

19.27.5 

..fl. Kt(tz2)=1-t(tx2)-lt(tx2)= ,
2 U(O, z) 7r y7rX 

4 d 
19.27.6 Lt(tx2)+lt(tz2)=-x.Ji dx V(O,x) 

19.27.7 

.,f}, Kt(tx')=l -t(ix2)-lt(tz2) 7r 
4 d =---U(O :t) x..fiX dx ' 

As before, Bessel functions of other orders may be 
obtained by use of the recurrence relation 10.2.23, 
which here becomes 

19.27.8 lz2 1,+1 (iz2) +2vl,(ix2) -tx2J.,_,(tx2) =0 
19.27.9 lx2K,+1 (lx2) -2vK,(ix2) -tx2K,_, (iz2)= 0 

Numerical Methods 

19.28. Use and Extension of the Tables 

For U(a, x)., V(a, x) and W(a, x), interpolation 
x-wise may be carried out to 5-figure accuracy 
almost everywhere by using 5-point ·or 6-point 
Lagrangian interpolation. For Ia I � 1, compa
rable accuracy a-wise may be obtained with 5- or 
6-point interpolation. 

For Ia I> 1, U(a, x) and V(a, x) may be obtained 
by use of. recurrence relations from two values, 
possibly obtained by interpolation, with Ia I �  1 ;  
such a. procedure is not available for W(a,. ±x), 
la i> I. 

In cases where straightforward use of the a-wise 
recurrence relation results in loss of accuracy by 
cancellation of leading digits, it may be worth 
while to remark that greater accuracy is usually 
attainable by use of the recurrence relation in the 

reverse direction, from arbitrary starting values 
(often 1 and 0) for two values of a somewhat 
beyond the last value desired. This is because the 
recurrence relation is a second order homogeneous 
linear difference equation, and has two inde
pendent solutions. Loss of accuracy by cancella
tion occurs when the solution desired is diminishing 
as a varies, while the companion solution is in
creasing. By reversing the direction of progress 
in a, the roles of the two solutions are inter
changed, and the contribution of the desired solu
tion now increases, while the unwanted solution 
diminishes to the point of negligibility. By start
ing sufficiently beyond the last value of a for which 
the function is desired, we can ensure that the 
unwanted solution is negligible but, because the 
starting values were arbitrary, we have an un-



698 PARABOLIC CYLINDER FUNCTIONS 

known multiple of the solution desired. The com
putation is then carried back until a value of a 
with Ia I �  1 is reached, whan the precise multiple 
that we have of the dasired solution may be deter
mined and hence removed throughout. Compare 
also 9.12, Example 1. 

Example 1. Evaluate U(a, 5) for a=5, 6, 7, 
. , using 19.6.4. 

(a+!) U(a+ 1, x) +xU( a, x) - U(a- 1, x) = 0  

a Forward Backward Final Values 
Recurrence Recurrence 

3 ( -6) 5. 2847* ( 12 )  1. 59035 ( - 6 )  5. 2847** 
4 ( - 7 )  9. 172* ( 1 1 )  2. 76028 ( - 7 )  9. 1724 
5 ( - 7 )  1 .  5527 ( 10) 4. 67131 ( - 7 )  1 .  55227 
6 ( -8) 2.  q609 (9)  7 .  72041 ( -8) 2.  5655 
7 ( -9) 4.  1885 (9)  1 .  24785 ( - 9 )  4. 1466 
8 ( - 10) 6. 2220 (8) 1.  97488 ( - 10) 6. 5625 
9 ( - 10) + 1 . 2676 ( 7 )  3. 06369 ( - 10) 1 .  01806 

10 ( -'- 1 1 )  - 0. 1221 ( 6 )  4 .  66352 ( - 1 1 )  1. 5497 
1 1  ( - 1 1  ) + 1. 2654 ( 0 )  697082 ( - 12 )  2. 3 1 64 
12 ( - 12) -5. 6079 102444 ( - 13 )  3. 404 
13 ( - 12)  +3. 2555 14789 ( - 14 � 4. 91 
14 2 1 1 1  ( - 15 7. 0 1  
1 5  292 ( - 16) 9. 7 
16 42 
17 5 
18 I+ 
19 o+ 

*From tables. +Starting values. 
**This value was used to obtain the constant multiplier 

d ( - 6)5.2847 . k* (12) 1.59035 ( - 1 8)3.32298 for convertmg the pre-

vious column into this one. 

The second column shows forward recurrence 
starting with values at a=3, 4 from Table 19.1. 
Backward recurrence starts with values 0 and 1 
at a = 1 9  and 18, containing a multiple k U(a, 5) 
and a subsequently negligible multiple of the other 
solution r(t-a) V(a, 5) . Rounding errors con
vert kU(a, x) into k*U(a, x) without affecting the 
values in the last column. The value of 1/k* is 
identified from the known value of U(3, 5), and 
used to obtain the final column by multiplying 
throughout by 1/k*. The improvement in U(5, 5) 
is evident by comparison with Table 19.1. 

Derivatives. These are not tabulated here. 
Since the functions U(a, x) , V(a, x) and W(a, x) 
satisfy differential equations, values of derivatives 
are often required. 

For all these functions the equation is second 
order with first derivative absent, so that second 
derivatives may be readily obtained from function 
values by use of the differential equation. 

First derivatives can. be obtained for U(a, x) and 
V(a, x) by applying the appropriate recurrence 

relations 19.6.1-2. If less accuracy is needed they 
can be found by use of mean central differences of 
U(a, :t), V(a, x) and also of W(a, x) with the formula 

du hu' =h dx =JL�U-iJ£�3u+��6u- . . . 

using h=.1 ;  this usually gives a 3- or 4-figure 
value of du/dx . 

If greater accuracy is needed for dW(a, x)fdx it 
may be obtained by evaluating d2W/dx2 with the 
help of the differential equation satisfied by W 
and integrating this second derivative numerically. 
This requires one accurate value of dW/dx to 
start off the integration; we describe two methods 
for obtaining this, both making use of the differ
ence between two fairly widely separated values 
of W, for example, separated by 5 or 10 tabular 
intervals. 

(i) Write j., j�, j�' for W(a, x0+rh) and its 
first two derivatives, then j� may be found from 

1 h2 n-1 

hf�=-2 (J,.-j _,.) --2 2:: (n-r) (j�'-j�,) n n 1 

-;: { -ft-rlo o2+1flh1so �4 -
.

. . } (f�' -J�,.) 

-h2 { nJL�-�J'�a+rlthJLos- . . .  lf�' 

(ii) Consider a solution y of the differential 
equation for W(a, x), namely y"= (-ix2+a)y. 
If we are given values y and y' at a particular 
X=Xo and write T,.=H"y<n>fn!, T-1 = T-2=0, then 
we may compute T2, T3, T4, • • • in succession by 
use of the recurrence relation obtained from the 
differential equation, 

lP T,.+2= (n+1) (n+2) [ (-t �+a)T,.-tHxoTn-1 

-tH2T,._2] 

These are computed, to a fixed number of decimals 
until they become negligible, thus giving 

y(Xo±H) = To± Tt+ T2 ± Ta+ . . .  

This may be applied, with H =rh, h being the 
tabular interval, and r a small integer, say r=5, 
to the solutions y=y11 Y=Y2 having 

Yt (xo) = W(a, :to) 
Y2(xo) =0 

y� (xo) = W*' (a, Xo) 
y�(xo) = l  

in which W*'(a, x0) is an approximation to 
W'(a, x0) , not necessarily a good one; it may be 
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obtained from differences, for example. We thus 
obtain Yl (xo ±H) and Y2(xo ± H) .  

Now suppose 

W'(a, xo) = W*'(a, xo) + >.. 

then, for all x 

W(a, x) =Y1 (:r) + >..y2(x) 

and in particular 

W(a, Xo±H) =yl(xo±H)+ >..y2(xo±H) 

The values of W(a, Xo±H) may be read from the 
tables and two independent estimates of >.. ob
tained, whence 

W'(a, x0) = W*'(a, Xo) +>.. 

to a suitable accuracy. 

Example 2. Evaluate W'( -3, 1) using r=5. 
From Table 19.2 

W( -3, .5) = - .05857 W(-3, 1) = - .61113 

W( -3,  1.5) =- .69502 

(i) Using the first method 

X W(-3, x) W"(-3, x) 6 62 6' 

0. 4 + O. 07298 -0. 22186 
0. 5 - .  05857 +. 17937 + 13 1  
0. 6 - .  18832 . 58191 
0. 7 - .  31226 . 97503 
0. 8 - .  42646 1. 34761 

34081 
0. 9 - .  52722 1. 68842 

29775 - 1095 
1. 0 -. 6 1 1 1 3  1 .  98617 

24374 - 1032 
1. 1 - .  67522 2. 22991 

17941 
1.  2 -. 7 1 706 2. 40932 
1. 3 -. 73488 2. 51513 
1. 4 -. 72761 2. 53936 
1. 5 - .  69502 2. 47601 -9129 
1. 6 - .  63774 2. 32137 

The fifth decimal in W"( -3, x) is only a guard 
figure which is hardly needed. Only the differ
ences needed have been computed. 

Then 

to-W'(-3, 1) 
1 

=to-(-.69502+.05857) -
1000 

(1 0.38874) 

-10�0 { -h (2.29664)-z!o (-.09260) } 
-1�0 {2

1
4 

(.54149)-1��0 (-.02127) } 
=- .0636450-.0103887- .0001 918- .0002272 

= - .'Ui -�A5�'7 

Thus W'(-3, 1 ) = -.74453. This might have an 
error up to about 1! units in the last figure but is, 
in fact, correct to 5 decimals. 

(ii) Using the second method, with 

yi (1) = W(-3, 1) = - .61113 to 5 decimals 
y;(l ) = - .745 to about 3 decimals 

the following values result, with H=.5, 

Yt Y2 W( -3, x) =y1+>-Y2 
To .61 113  .0000 At x = l .5 
T1 .37250 +.5000 X- .695223 + .4323).. 

= - .69502 

T2 + .24827 2 .0000 >..=.000203/.4323 

Ta + 5680 9 677 =.000470 

T, 1407 4 26 So W'( -3,  1) 
= - .745+>.. 
= - .744530 

T6 279 3 + 24 At x=.5 
Ta + 13 4 + 2 - .058363- .4371>.. 

= - .05857 

T1 + 5 4 >..=.000207/.4371 

Ts + 5 =.000474 
y(1 .5) - .695223 + .4323 So W'( -3, 1 )  
y(.5) -.058363 -.4371 = - .745 +>.. 

= -.744526 

Thus W'(-3, 1) = - .74453 which is correct to 
5 decimals. 

Example 3. Evaluate the positive zero of 
U(-3, x). 

We use 19.7.3 to obtain a first approximation, 
see 19.26.3. The appropriate zero of Ai(t) is at 

whence 
t= (4ja j)ir= -2.338 

r = - (2.338) X (12)-1= - .4461 

Hence, from Table 19.3, �= .3990 and the approxi
mate zero is x=2-vrai�=1 .382. 

We improve this by using 19.26.10, but take, for 
convenience, x= 1.4 as an approximation, so that 
the value of U can be read directly from the tables. 
U' can be obtained as in the section following 

Example I. 

We find 

U(-3, 1.4) =.02627 

Then 19.26.9 gives 

U= U/U'=.012730 

U' ( -3 I 1.4) =2.0637 

1=-2.51 
1'=.7 1"=.5 
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C=1.4-.012730+.000002=1.38727 
which is correct to 5 decimals, while 19.26.ll gives 

y' (c) =2.0637 (1 + .000203) =2.0641 
compared with the correct value 2.06416. 
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20. Mathieu Functions 

Mathematical Properties 

20.1. Mathieu's Equation 

Canonical Form of the Dift'erentiai ·Equation 

20.1.1 d2 
d�+ (a-2q cos 2v)y=O 

Mathieu's Modified Differential Equation 

d'j 20.1.2 du2-(a-2q cosh 2u)f=0 (v=iu, y j) 

Relation Between Mathieu's Equation and the Wave 
Equation for the Elliptic Cylinder 

The wave equation in Cartesian coordinates is 

20.1.3 ()2W + 2>2W + ()2W +k2W=O ():z:2 ()y2 ()z2 • 

A solution W is obtainable by separation of vari
ables in elliptical coordinates. Thus, let� 

x= p cosh u cos v; y= p sinh u sin v; z= z; 
p a positive constant; 20.1.3 becomes 

20.1.4 
• C>zW + 2 (C>2W + 2>:!1'\+k2W-o ()z2 pz (cosh 2u-cos 2v) C>u2 ofT) -

Assuming a solution of the form 

W=tp(z)j(u)g(v) _ 

and substituting the above into 20.1.4 one obtains, 
after dividing through by W, 

!. d21p +G=O 1pdz2 
where 

G- 2 - { d2j ! d2g !.} k2 • -p2 (cosh 2u-cos 2v) du2 j+ dv2 g + 

Since z, u, v are independent variables, it follows 
that 

20.1.5 

where c is a constant. 

Again, from the fact that G=c and that u, v 
are independent variables, one sets 

20.1.6 
• _d:f l+(k2-c) z sh 2 a= du2 J 2 P co u 

722 

a=-dtg !.+ (k2-c) p2 cos 2v dv2 g 2 • 

where a is a constant. The above are equivalent 
to 20.1.1 and 20.1.2. The constants c and a are 
often referred to as separation constants, due to the 
role they play in 20.1.5 and 20.1.6. 

For some physically important solutions, the 
function g must be periodic, of period 1r or 211". 
It can be shown that there exists a countably 
infinite set of charackristic values a,(q) which yield 
even periodic solutions of 20.1.1; there is another 
countably infinite sequence of characteristic values 
b,(q) which yield odd periodic solutions of 20.1.1. 

It is known that there exist periodic solutions of 
period k1r, where k is any positive integer. In 
what follows, however, the term characteristic 
value will be reserved for a value associated with 
solutions of period r or 211" only. These character
istic values are of basic importance to the general 
theory of the differential equation for arbitrary 
parameters a and q. 

An AIBebraic Form of Mathieu's Equation 

20.1.7 
(1-t') dif --t dy +(a+2q-4qf')y=O dt2 dt (cos v=t) 

Relation to Spheroidal Wave Equation -

20.1.8 (1- t') �t�-2(b+ l ) t  �f+(c-4qt2)y=O 

Thus, Mathieu's equation is a special case of 
20.1.8, with b=-!, c=a+2q. 
20.2. Determination of Characteristic Values 

A solution of 20.1.1 with v replaced by z, having 
period ,. or 211" is of the form ... 
20.2.1 y=� (A,. cos mz+B,. sin mz) 

m-0 

where B0 ran be taken as zero. If the above is 
substituted into 20.1.1 one obtains 

20.2.2 ... 
� [(a-m2)A,.-q(A,._2+A,.+2) ] cos mz 111•-2 -+ � [(a-mZ)B,..-q(B,._2+B ... +2)] sin mz=O 

m--1 

•aee page n. 

* 
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Equation 20.2.2 can be reduced to one of four 
simpler types, given in 20.2.3 n.nd 20.2.4 below 

... 
20.2.3 y0= � A2,+11 cos (2m+p)z, 

m•O 

CD 

20.2.4 y1=� B2m+P sin (2m+p)z, 
m•O 

p=O or 1 

p=O or 1 

If p=O, the solution is of period 1r; if p=1, the 
solution is of period 211'. 

Recurrence Relations Among the Coefficients 

Even solutions of period 1r: 

20.2.5 

20.2.6 

aAo-qA2=0 
(a-4)A2-q(2Ao+ A.) =0 

Even solutions of period 21r: 
20.2.8 

along with 20.2.7 for m�3. 
Odd solutions of period 1r: 

20.2.9 (a-4)B2-qB.=O 
* 20.2.10 (a-m2)B,.-q(B,._2+B,.+2)=0 

Odd solutions of period 21r: 
20.2.11 
along with 20.2.10 for m ;:?:  3. 

Let 

20.2.12 Ge,.=A,./A,._2, Gom.=B,/B,_2 ; 

(m�3) 

G.,.= Ge,. or Go, when the same operations apply 
to both, and no ambiguity is likely to arise. 
Further let 

20.2.13 
Equations 20.2.5-20.2. 7 are equivalent to 

20.2.14 

20.2.15 0,=1/(V,..-G,..H) 
for even solutions of period 1r. 

Similarly 

(m�3), 

20.2.16 V1 - 1  = Ge3; for even solutions of period 
21r, along with 20.2.15 
20.2.17 v. + 1 = Go3, for odd solutions of period 
21r, along with 20.2.15 

•see page n. 

20.2.18 V2= Go4, for odd solutions of period 1r, 
along with 20.2.15 

These three-term recurrence relations among the 
coefficients indicate that every G.,. can be developed 
into two types of continued fractions. Thus 
20.2.15 is equivalent to 

20.2.19 

Gm 1 1 1 1 ( ) V G V - V - V - . . .  m�3 ,.- m+2 m m+2 m+t 
20.2.20 
G,.H= V,-1/G,.. 

-v _ 1 1 11'0 - m v v . . · v  + m-2- m. - 4- 0+4 1"1 

where 

'PI =d=O; 1Po=2, if Gm+2=A,,/A,,_, 

(m�3) 

'PI =d= <Po=O, if G,.+2=B,,/B2,-2 
�P�=-1 ; <Po=d=1, if Gm+2=A2,+1/A,,_I 
'PI= d=4>o= 1 1  if G m+2 = Bz,H/ B,,_l 

The four choices of the parameters 'PI, lfJo, d 
correspond to the four types of solutions 20.2.3-
20.2.4. Hereafter, it will be convenient to sep
arate the characteristic values a into two major 
subsets: 

a=a,, associated with even periodic solutions 

a= b,, associated-with odd periodic solutions 

If 20.2.19 is suitably combined with 20.2.13-20.2.18 
there result four types of continued fractions, the 
ro·ots of which yield the required characteristic 
values 

2 1 1 20.2.21 V0--V -V V-. . .  =0 Roots : a,, 2- .- e-
20.2.22 

1 1 1 20.2.23 V2--V V- -V . . .  =0 Roots : b,, 
.- e- s-

20.2.24 
1 1 1 V.+I--V -V -V . . . =0 Roots: b2,+1 
a- 5- 1-

If a is a root of 20.2.21-20.2.24, then the corre
sponding solution exists and is an entire function 
of z, for general complex values of q. 

If q is real, then the Sturmian theory of second 
order linear differential equations yields the 
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following: 
(a) For a fixed real q, characteristic values a, and 

b, are real and distinct, if q�O; ao<bt<al 
<bz<a2< . . .  , q>O and a,(q) , b,(q} ap
proach r as q approaches zero. 

(b) A solution of 20.1.1 associated with a, or b, 
has r zeros in the interval 0 ::;z<'ll", (q real) . 

(c) The form of 20.2.21 and 20.2.23 shows that if 
a2, is a root of 20.2.21 and q is different from 
zero, then a2, cannot be a root of 20.2.23; 
similarly, rio root of 20.2.22 can be a root of 
20.2.24 if q�O. It may be shown from other 
considerations that for a given point (a, q) 
there can be at most one periodic solution of 
period 1r or 211" if q�O. This no longer holds 
for solutions of period 811", 8 � 3; for these all 
solutions are periodic, if one is. 

o, 
b, 

32 

·12 

FIGURE 20.1 .  Characteristic Values a,, b, 7'=0,1(1)5 

Power Series for Characteristic V aluea 

20.2.25 

- q2 7 q4 29qll 68687 rf ao(q)--2+128-2304+18874368+ · · · 

- - - q2 rf q' llq6 49q8 a1 ( q) -1 q-s+ 64-1536-36864 + 589824 bt(q) 
55q1 83rf 

9437184 35389440 + . . . 

21391r/ 
+ 458647142400 + . . . 

- 5q2 763q� 1002401qll a2(q) -4+12-13824 + 79626240 
1669068401r/ -458647142400+ . . . 

- - q2 rf 13q' 5q6 
aa( q)-9+16-64+20480+16384 ba(q) 

1961 q8 609q7 
23592960+104857600+ . . .  

- t 311q' 10049q0 b,(q)-16+30-864000+2721600000+ . . . 
- q2 433t 5701q8 . 

a,(q)-16+30+864000 2721600000+ · · .1; 

37t 
+891813888+ . . .  

- cf 187 q� 5861633 q6 bs(q) -36+70 + 43904000 92935987200000 + · · · 

22 187 t 67 43617 q6 as(q) =36+70 + 43904000 + 92935987200000 + · · ·· 

For r�7, and I!ZI not too large, a, is approxi
mately equal to b, and the following approxima
tion may be used 

20.2.26 

a,}- q2 (5r+7)t. 
b, -r2+2(r-1) +32(r-1)8(r-4) 

(9r'+5Br+29)t 



MATffiEU FUNCTIONS 725 

The above expansion is not limited to integral 
values of r, and it is a very good approximation 
for r of the form n+! where n is an integer. In 
case of integral values of r=n, the series holds 
only up to terms not involving r-n2 in the 
denominator. Subsequent terms must be derived 
specially (as shown by Mathieu). Mulholland 
and Goldstein [20.38] have computed character
istic values for purely imaginary q and found that 
a0 and a2 have a common real value for iql in the 
neighborhood of 1.468; Bouwkamp [20.5] has 
computed this number as q0= ± i  1 .46876852 to 8 
decimals. For values of -iq>-iq0, a0 and � 

are conjugate complex numbers. From equation 
20.2.25 it follows that the radius of convergence 
for the series defining ao is no greater than lq0l. 
It is shown in [20.36], section 2.25 that the radius 
of convergence for � .. (q), n �2 is greater than 3. 
Furthermore 

a,-b,=O(rfJr-1) , T� CXI .  

Power Series in q for the Periodic Functio_na (for 
sufficiently small lqJ> 

20.2.27 

ce0(z q)=2-i [1-� cos 2z+!f (cos 4z _..!_) ' 2 32 16 
_,.a (cos 6z 1 1  cos 2z)+ J � 1152 128 . . .  

ce1(z, q)=cos z-� cos 3z 

+!f [cos 5z_ cos 3z _cos z] 
192 64 128 

-f/ [COS 7z _COB 5z _COB 3z +COB Z]+ 9216 1152 3072 512 . . .  

se1(z, q)=Bin z-� sin 3z 

+t [sin 5z +sin 3z _sin z] 
192 64 128 

,s [sin 7 z sin 5z sin 3z sin z] 
- ':!.. 9216 + 1152 - 3072 - 512 + . . . 

se (z q)=sin2�-nsin4z+,..z(sin 6z _ sin 2z)+ 2 I "' X 12 � 384 288 • • • 

20.2.28 

ce (z q) {cos [<r+2)z-p !J 
r ' =cos (rz-p(?r/2))-q 2 

se,(z, q) 4(r+ 1) 

_cos [ (r-2)z-p{7r/2) ]} 
4(r-1) 

+ qS {cos [ (r+4) z-p(?r/2)] +cos [ (r-4) z-p(1rj2) ] 
32(r+ 1) (r+2) 32(r-.1) (r-2) 

_cos [rz-p(?r/2)] [2(rl+ 1)]} + 32 (r2-1)2 • •  0 

with p=O for ce,(z, q), p=1 for se,(z, g), r�3. 

ce, 

FIGURE 20.2. Even, Periodic Mathieu Fumtiom, Orders 0-5 
q=l. 
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se, 

FIGURE 20.3. Odd Periodic Mathieu FunctioWJ, Orders 1-5 
q=l. 

I 
\ i 

I I \ I  ). \ \ 
\_ 

FIGURE 20.4. Even Periodic Mathieu Functions, Order a 0-5 
q=IO. 

FIGURE 20.5. Odd Periodic .'lfathieu Functions, Order8 1-5 
q=lO. 

For coefficients associated with above functions 

20.2.29 

A8(0)=2-1 ;  A�(O)=B�(O)=l , r>O 
' . 

A�.=[(-l)'q'/sl s! 22'-1] A&+ . . .  , s>O 
Ar 
B
.�+2·=[(-l)'rl q'/4'(r+s)l sl] O;+ . . .  

r+2• 

A�-21 or B�-2. 

rs>O, O�=A"� orB� 

(r-s-1)! lf 
sl(r-1)1 4' 0.+ · · · 

A8ymptotic Expansion for Characteristic Values, q»l 

Let w=2r+ 1 ,  q=w4'(J, ·'P real. Then 

where 
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20.2.31 b,H-a,-z••H$f;q!'+-te-4..fi/r!, q-+m 

(given in [20.36] without proof.) 
20.3. Floquet's Theorem and Its Consequences 

Since the coefficients of Mathieu's equation 
20.3.1 y" + (a-2q cos 2z)y=O 
a.re periodic functions of z, it follows from the 
known theory relating to such equations that 
there exists a solution of the form 
20.3.2 ·F,(z) =e'•'P(z) , 
where v depends on a and q, and P(z) is a periodic 
function, of the same period as •that of the 
coefficients in 20.3.1, namely 1r. (Floquet'e 
theorem ; see [20.16] or [20.22] for its more general 
form.) The constant v is called the characteristic 
exponent. Similarly 
20.3.3 F.(-z)=e-"'P(-z) 
satisfies 20.3.1 whenever 20.3.2 does. Both F,(z) 
and F,( -z) have the property 
20.3.4 
y(z+.br) =O.ty(z), y=F,(z) or F,( -z), 

O=e'"'' for F,(z), O=e-'-r for F,(-z) 
Solutions having the property 20.3.4 will hereafLer 
be termed Floquet solutions. Whenever F,(z) 
and F.(-z) are linearly independent, the general 
solution of 20.3.1 can be put into the form 
20.3.5 y=AF,(z) + BF,(-z) 
If AB�O, the above solution will no.t be a FlOquet 
solution.· It will be seen later, from·:the method 
for determining v when a and q are given, that 

,.., there is some ambiguity in the definition of v ;  
namely, v can be replaced b y  v+2k, where k is an 
arbitrary integer. This is as it should be, since 
the addition of the factor exP, (2ikz) in 20.3.2 still 
leaves a periodic funr,tion of period 1r for the 
coefficient of exp ivz. 

It turns out that when a belongs to the set of 
characteristic values a, and b, of 20.2, then v is 
zero or an integer. It is convenient to associate 
v=r with a,(q), and v= - r  with b,(q); see [20.36]. 
In the special case when " is an integer, F,(z) is 

proportional to F, (-z) ; the second, independent 
solution of 20.3.1 then has the form 

CD 

20.3.6 Y2=zce,(z, q) + "'5: ch.�c+71 sin (2k+p)z, k-il 
associated with ce,(z, g) 

CD 

20.3.7 Y2=zse,(z, g)+�f2.t+11 cos (2k+p)z, 
t-o 

associated with se,(z, g) 
The coefficients �t+71 and f2H71 depend on the cor
responding coefficients Am and Bm, respectively, 
of 20.2, as well as on a and q. See (20.30J, section 
(7.50)-(7.51) and [20.58], section V, for details. 

II v is not an integer, then the Floquet solutions 
F,(z) and F,(-z) are linearly independent. It 
is clear that 20.3.2 can be written in the form 

CD 

20.3.8 F,(z)= � cneH•+2.tJ&. .t--CD 
From 20.3.8 it follows that if v is a proper fraction 
mdffl.J, then every solution of 20.3.1 is periodic, 
and of period at most 211"1n2. This agrees with 
results already noted in 20.2; i.e., both independent 
solutions are periodic, if one is, provided the period 
is different from .,... and 21r. 

Method of Generating the Characteristic EXponent 

D�fine two linearly independent solutions of 
20.3.1, for fixed a, q by 

20.3.9 
y.(o)= 1 ;  y;(o) =O. 
Y2(0)=0; y�(O)=l .  

Then it can be shown that 
20.3.10 cos w-v-y1(1r)=O 

20.3.11 cos 1rv- 1-2y; (�) Y2 (�)=o 

Thus v may be obtained from a knowledge of 
y1(7r) �r from a knowledge of both y; (�)and Y2 (�) · 

For numerical purposes 20.3.11 may be more 
desirable because of the shorter range of integra
tion, and hence the lesser accumulation of round
off errors. Either v, -v, or ±v+2k (k an arbi
trary integer) can be taken as the solution of 
20.3.11. Once v has been fixed, the coefficients 
of 20.3.8 can be determined, except for an arbitrary 
multiplier which is independent of z. 

The characteristic exponent can also be com
puted from a continued fraction, in a manner 
analogous to developments in 20.2, if a sufficiently 
close first approximation to v is available. For 
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systematic tabulation, this method is considerably 
faster than the method of numerical integration. 
Thus, when 20.3.8 is substituted into 20.3.1, 
there result the following recurrence relations: 

20.3.12 
wliere 

20.3.13 V2n=[a- (2n+vY'J/q, - oo  <n< oo .  
When v is complex, the coefficients V2n· may also 
be complex. .As in 20.2, it is possible to generate 
the ratios 

G,.=cmfc,._'J and H_,.=C-m-2fc_,. 

from the continued fractions 

20.3.14 
m � O  

H_,. 
1 1 m �O. 

From the 'form of 20.3.13 and the known properties 
of continued fractions it is assured that for 
sufficiently large values of \ml both \G,.\ and 
\H-,.\ converge. Once values of Gm and H_,. are 
available for some sufficiently large value of m, 
then the finite number of ratios G_m-2, G,.-4, . . .  , Go 
can be computed in turn, if they exist. Similarly 
for H-m+2, . . .  , H0• It is easy to show that v is 
the correct characteristic exponent, a.ppropriate 
for the point (a, q), if and only if RoGo= 1 .  An 

- iteration technique can be used to improve the 
value of v, by the method suggested in [20.3]. 
One coefficient c1 can be assigned arbitrarily; the 
rest are then completely determined. After all 
the c1 become available, a multiplier (depending 
on q but not on z) ca;n be found to satisfy a 
prescribed normalization. 

It is well known that continued fractions can 
be converted to determinantal form. Equation 
20.3.14 can in fact be written as a determinant· 
with an infinite number of rows-a special case of 
'Hill's determinant. See (20.19], [20.36], [20.15], 
or (20.30} for details. .Although the determinant 
has actually been used in computations where 
high-speed computers were available, the direct 
use of the continued fraction seems much less 
laborious. 

Special CaBes (a, q Real) 

Corresponding to q=O, Y1=cos ,faz, Y2=sin .,Jaz; 
the Floquet solutions are exp (iaz) and exp ( -iaz). 
.As a, q vary continuously in the q-a plane,. 
v describes curves; v is real when (q, a), q � O  
lies in the region between ar(q) and b,+1 (q) and 

0 

4.0 

3.5 

.5 

0 

-.5 

-1.0 

-1.5 

-z.o 

---- - � -

-
...... -. ... -""'-

2.0 

-- - - - ---....... ,...1I, - '  
-------------, ... --1.�,,.----

.... 

q 

FIGURE 20.'6. Characterntic E:r:ponent-Fir8t Two Stable 
Regions y=e'nP(x) where P(x) is a periodic function of 
period .... 

Q 
0 

• I 

· 2. 

·3 

- 4 

· 5 

Definition of v; 
In first stable region, 0 ��� � 1, 
In second stable region, 1 ����2. 

(Constructed from tabular values suppUed by T. Tamlr, Brooklyn 
Polytechnic Institute) 

0 

·I 

· 2. 

· 3 

-4 

-5 

FtGURE 20.7. Characteristic Exponent in First Unstable 
Region. Differential equation: y" +(a-2q cos 2:c)y=O . 
The Floquet solution y=e•••P(x), where P(x) is a periodic 

funcli.on of period .,.., In the first wnatable region, t�=iJl; 
Jl is given for a � -5. (Constructed at NBS.) 
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FIGURE 20.8 

- ..;a  

FIGUBE 20.9 

(From 8. J. ZaroodnY1 An elementary review of the Mathleu-HUI equation or real variable baaed on numerical solu· 
tlons1 Balllstte Researeb Laboratory Menlo. Rept. 8i81 .Aberdeen Proving Ground, Md., 19M, wltb permission.) 

-- s=e"'"=condant; in unstable regions 
- - - - v=con8tant; in stable regions 
- . - . - Linu of constant values of -q. 
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2.0 .--r--=3:;..:. 1----.--'3'T2=---r-;;33"--.,,-"'r-�4---.--=3:r=.5'-, 

! . 8 1T�-+-+-+-+-+-+-+-+-+-r--

� 

3.0 3.1 3.2 3.3 3.4 3.5 

FlGVRE 20.10. Ch«rt of the Ch«racteri�tic E�po�nt. 
(From S. !. Zaroodny, An elementan review of the Mathieu-Rill equation 

or real variable b&��ed on numerical solutlow, Ballistic Research Laboratory 
Memo. Rept. 818, Aberdeen Proving Oround, Md., 19M, with permission> 

-- 8=e1•�=conatant; in unstable regions 
- - - - v=con8tant; in stable region1 · -
- . - . - Line1 of conatant values of -q. 

all solutions of 20.1.1 for real z are therefore 
bounded �stable) ; v is complex in regions between 
b, and a,; in these regions every solution becomes 
infinite at least once; hence these regions are 
termed "unstable regions". The characteristic 
curves a,, b, separate the regions of stability. 
For negative q, the stable regions are between 
b2r+l and b2r+21 �, and �,+1 ; the unstable regions are 
between �,+1 and b2,+1, a,, and b2,. 

In some problems solutions are required for real 
values of z only. In such cases a knowledge of 
the characteristic exponent v and the periodic 
function P(z) is sufficient for the evaluation of 
the required functions. For complex values of z, 
however, the series defining P(z) converges slowly. 
Other solutions will be determined in the next 
section ; they all have the remarkable property 
that they depend on the same coefficients c.,. 
developed in connection with Floquet's theorem 
(except for an arbitrary normalization factor). 

Expansion& for Small q ((20.36) chapter 2) 

If v, g_ are fixed : 

20.3.15 
_ f/ {5v2+7)q4 a-v2+2(v2-1) + 32(r-1)8(v2-4) 

(9v4+58v2+29)f/ 
+64(v2-1)6(v2-4)(r-9) + . . .  (v � l ,  2, 3) .  

For the coefficients c21 of 20.3.8 
20.3.16 

_ -q (v2+4v+7)g_S c2/co-4(v+1) 128(v+l)3(v+2) (v-1) + · · · 
(v�l, 2) 

c,/c0=q2/32(v+l)(v+2)+ . . .  
c2,/co=(-1)'tr(v+ 1) /221slr(v+s+ 1)+ . . . 

20.3.17 [ { eH•+2Jo efC,-2Jo }] 
F,(z)=co ec''- g_ 4(v+ 1) 4(v-1) + · · · 

(v not an integer) 

For small values of a 
20.3.18 

20.4. Other Solutions of Mathieu's Equation 

Following Erd6lyi [20.14], [20.15], define 

20.4.1 'Pt(z) =[e1"' cos (z-b)/cos (z+b)]ltJ.�:(J) 
where 

20.4.2 f=2[q cos (z-b) cos (z+b)}�, 
and J1(j) is the Bessel function of order k; b is a 
fixed, arbitrary complex number. By using the 
recurrence relations for Bessel functions the follow
ing may be verified : 

20.4.3 �;t-2q(cos 2z)'P�:+q('PA:-2+'Pt+2) +k2'P.t=0. 

It follows that a formal solution of 20.1.1 is given 
by 

... 20.4.4 y= � C2n'P'!n+• f'I.•-CD 
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where the coefficients � .. are those associated with 
Floquet's solution. In the above, v may b e  
complex. Except for the special case when v is 
an integer, the following holds: 

IP2n+•-2 IP-2n+• -4n2 
IP2n+• "'

IP-2n+•+2"' q (COS (z-b )]2 (n-; CJ)) 

If v and n are integers, J-2n+•(f) =(- l)'J2,_.(-f). 

[ 'P2n+•f'P2n+•-2] "' - [cos (z- b )]2q/4n2 

[ IP-2n+•fiP-2n+•+2] "' -4n2/q [cos (z-b )]2 

On the other hand 

/ (n-; CJ)) 

It follows that 20.4.4 converges absolutely and 
uniformly in every closed region where 

� 

There are two such disjoint regions: 

(I) J(z-b)>�>O; (Ieos (z-b)l>d,>I) 
(II) f(z-b)< -th<O; (Ieos (z-b)l>d1>1) 

If v is an integer 20.4.4 converges for all values of 
z. Various representations are found by special
izing b. 

20.4.5 ... 
If b=O, y=etn/2 2: c2,.( -l)"J2n+•(2.JQ cos z) 

(Ieos zl>t, jarg 2� cos zl :$1r) 
20.4.6 

If b=�, y= .,::f ... C2nJ211+,(2i...{q sin z) 

(lsin zl>l, jarg 2� sin zl :$ "") 

If b-;CJ)i, y reduces to a multiple of the solution 
20.3.8. The fact that 20.3.8, 20.4.5, and 20.4.6 
are special cases of 20.4.4 explains why it is that 
these apparently dissimilar expansions involve 
the same set of coefficients c2,.. 

Since 20.4.4 results from the recurrence proper
ties of Bessel functions, Jt(j) can be replaced by 
Hi1>(j), j= 1, 2, where H11> is the Hankel function, 
at least formally. Thus let 

where j satisfies 20.4.2. An examination of th& 
ratios lf2n+•N2n+•-2 shows that ... 

y= � C2nlf��+• ft•-(111 

will be a solution provided 

Ieos (z-b) I>I;  Ieos (z+b)I>L 

The above two conditions are necessary even 
when v is an integer. Once b is fixed, the regions 
in which the solutions converge can be readily 
established. 

Following [20.36] let 

20.4.7 
J11(x) =Z�l>(x) ; Y11(x)=Z�2>(x) ; 

H�1>(x)=Z�3>(x) ; H�2>(x)=Z�•> (x) 

If z is replaced by -iz in 20.4.5 and 20.4.6 
solutions of 20.1.2 are obtained. Thus 

20.4.8 
yf1>(z)= "£ c2,.(-l)"ZJf.l+,(2...{q cosh z) 

ta--CD 
(!cosh zl>l) 

20.4.9 
yJI>(z)= "£ c2,.Z��+.(2...{q sinh z) 

(!sinh zl>t, j=l, 2, 3, 4) 
The relation between yfn (z) and-yi1> (z) can be 

determined from the asymptotic properties of the 
Bessel functions for large values of argument. It 
can b� shown that 

20.4.10 
y� (z)fy�1> (z) = [F,(O)fF, (i)let.r/2 (&lz>O). 

When v is not an integer, the above solutions 
do not vanish identically. See 20.6 for integral 
values of v. 

Solutions Involving Products of Bessel Functions 

20.4.11 
y�J>(z)=]_ ± c2,.(-1)"Z�+.+.(.yqe�:) J,._,(vqe-") c2, n--... 

(j=l, 2, 3, 4) 

satisfies 20.1.1, where z�>(u) is defined in 20.4.7, 
the coefficients c2,. belong to the Floquet solution, 
and s is an arbitrary integer, c,,r! 0. The solution 
converges over the entire complex z-plane if q"¢ 0. 
Written with z replaced by -iz, one obtains 
solutions of 20.1.2. 
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20.4.12 

It can be verified from 20.4.8 and 20.4.12 that 

20.4.13 y�J>(z) 
MHz, g) F�(O) ' 

provided c,, ;eO. If c2,=0, the coefficient of 1/c2, 
in 20.4.11 vanishes identically. For details see 
[20.43], [20.151, [20.36]. 

If s is chosen so that /C:!,j is the largest coefficient 
of the set jc21l , then rapid convergence of 20.4.12 
is obtained, when {llz>O. Even then one must 
be on guard against the possible loss of significant 
figures in the process of summing the series, 
especially so when q is large, and lzl small. (If 
j ;e 1, then the phase of the logarithmic terms 
occurring in 20.4.12 must be defined, to make the 
functions single-valued.) 

20.5. Properties of Orthogonality and 
Normalization 

If a(v+2p, q), a(v+2s, q) are simple roots of 
20.3.10 then 

20.5.1 J:" F,+211(z)F,+2,(-z)dz=O, if p;CB. 
Define 

20.5.2 1 ce,(z, q)=2 [F,(z)+F,(-z)]; 

se,(z, q)=-i4 [F,(z)-F,(-z)] 

ce,(z, q), se,(z, q) are thus even and odd functions 
of z, respectively, for all v (when not identically 
zero). 

If v is an integer, then ce,(z, q), tle,(z, q) are 
either Floquet solutions or identically zero. 
The solutions ce,(z, q) are associated with a,; 
se,(z, q) are associated with .b,; r an integer. 

Normalization for Integral Values of" and Real q 

20.5.3 i2 .. [ce,(z, q))2dz= J:tr [se,(z, q)j2dz=1r 

For integral values of v the summation in 
20.3.8 reduces to the simpler forms 20.2.3-20.2.4; 
on account of 20.5.3, the coefficients A,. and B,. 
(for all orders r) have the property 

20.5.4 
2�+A�+ . . . =A�+M+ . .  . 

=m+ffl+ . . .  =m+m+ . . .  =1. 
20.5.5 

1 f2r 1 f2" A�=21r Jo ce2,(z, q)dz; A�=; Jo ce,(z, q) cos nzdz 

1 1:21' B�=- se,(z, g) sin nzdz 
1r 0 

n;CO 

For integral values of v, the functions ce,(z, q) 
and se,(z, g) form a complete orthogonal set for 
the interval 0 �z�2T. Each of the four systems 
ce2,(z), ce2r+J(z), se2,(z), se2,H(z) is complete in the 
small�r interval 0 �z�;T, and each of the systems 
ce,(z), se,(z) is complete in O�z�1r. 

If q is not real, there exist multiple roots of 
20.3.10; for such special values of a(q), the integrals 
in 20.5.3 vanish, and the normalization is therefore 
impossible. In applications, the particul!U' nor
malization adopted is of little importance, except 
possibly for obtaining quantitative relations be
tween solutions of various types. For this reason 
the normalization of F,(z), for arbitrary complex 
values of a, q, will not be specified here. It is 
worth noting, however, that solutions 

ace,(z, g), 
defined so that 

o:ce,(O, q) = 1 ;  

{jse,(z, q) 

[d
d {jse,(z, q)J =1 z •-0 

are always possible. This normalization has in 
fact been used in [20.59], and also in [20.58], 
where the most extensive tabular material is 
available. The tabulated entries in .[20.58] sup
ply the conversion factors A= 1/o:, B= 1/{j, along 
with the coefficients. Thus conversion from one 
normalization to another is rather easy. 

In a similar vein, no general normalization will 
be imposed on the functions defined in 20.4.8. 

20.6. Solutions of Mathieu's Modified Equation 
20.1.2 for Integral v (Radial Solutions) 

Solutions of the first kind 

20.6.1 

tD 
=>= A��H (q) cosh (2k+p)z w 

associated with a, 
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CD 

20.6.2 Se2,+11(z, q) =-ise2r+11(iz, q) =22 ma� (q) sinh (2k+p)z, associated with b, t-o 
writing Air):� (q) =A2H, for brevity; similarly for B2c+Pi p=O, 1, 

20.6.3 

20.6.4 

20.6.5 

20.6.6 

ce2, (!
2

, q) CD (0 ) rr ( ) "' ( )IC A T (2 r;; h ) c
e2r ' 

q � A T (2 � r;; • 
h ) ve2r 21 fJ. = .dZr £....J -1 L'12.tU 2k -yq COS Z A2t £....J 2kU 2.t -yfJ. SID Z "'.1.0 ,t ... o ao t-o 

c
e:[cjJt�?�r) coth z � (2k+ l)Az.t+t J2Hl (2.,fq_ sinh z) 

q 1 t:O 
se�, (�· q) tanh z ... 

m: "'5: ( -1l2kB2�2�r.(2..[§_ cosh z) 
q 2 � 

se�,�;,
q) coth z ± 2kB2�2,.(2..[ij_ sinh z) 

q 2 A:-1 

sezr+l (i• q) ... 

..;
qm•+t tanh z :E (-1)"(2k+l)Bn+tJ2Ht(2..[§_ cosh z) 
q 1 .t-o 

se�r+t(O,q) �- B T (2 r;; 'nh ) _ /;; D2r+l 2.t+tt12A:+t -vfJ. Sl Z -v<J..or -o 

See [20.30] for still other forms. 
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Solutions of the second kind, as well as solutions of the third and fourth kind (analogous to Hankel 
functions) are obtainable from 20.4.12. 
20.6.7 

where fo=2, f,=l,  for s=l, 2, . . .  ; s arbitrary, associated with az, 

20.6.8 
associated with llzr+t 

.. 20.6.9 MsJ{>(z., q)
=:E (-l)H

•B:,(q)[J�e_,(u1)Zi1.t, (�) -J�;+,(u1)ZV2,(u2)]/B�:, associated with b2, k-1 
CD 20.6.10 MsW+1(z, q)= :E ( -l)H' B�'tl(q)[J.t_,(ut)Zi1+.+t("Uz)-J.t+•+•<u1)Zi12,(u2)1/m:.tl 

k-0 

associated with b2r+t 
where 

u.=..;qe-•, 'Uz=..fiie', W�:t:, At.t/r60, p=O, 1 .  
See 20.4.7 for definition of Z![>(x). 

Solutions 20.6.7-20.6.10 converge for all values of z, when q;CO. H j=2, 3, 4 the logarithmic terms 
entering into the Bessel functions Ym(�) must be defined, to make the functions single-valued. This 
can be accomplished as follows : 

Define (as in [20.58]) 

20.6.11 ln (-y'qe') =In (.,fq_) + z 

See [20.15] and [20.36], section 2.75 for derivation. 
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Other Expressions for the Radial Functions (V alld Over More Limited Regions) 
CD 

20.6.12 Mc�{> (z, q)=[ce2,(0, q)]-1 � (-t)H'AU(q)Z4{>(2-{2 cosh z) 
k•O 

CD 
20.6.13 M sJ{> (z, q) =[se�,(O, g) ]-1 tanh z � ( -l)H'2k_mi(q)Z�{> (2-{2 cosh z) t•l 

CD 
Ms�{>+1(z, q)=[se�r+t(O, q)]-1 tanh z � (-l)�H(2k+t).mH�(q)ZJr+1(2-v'q cosh z) 

k•O 
Valid for fl.fz>O, )cosh z)>I;  if j=l, valid for all z. They agree with 20.6.7-20.�.10 if the Bessel 
functions Y m(2ql cosh z) are made single-valued in a suitable way. For example, let 

Ym(u)=� (ln u)J,.(u)+q,(u) 1r 
where q,(u) is single-valued for all finite values of u. With u=2qt cosh z, define 

1r 1r 20.6.14 ln (2ql· cosh z)=ln 2qt+z+ln !(l +e-u) -2 �arg i(l+e-u)�2· 
(If q is not positive, the phase of In 2qt must also be specified, although this specification will not 
affect continuity with respect to z. If Ym(u) is defined from SO!fie other expression, the definition 
must be compatible with 20.6.14.) 

r; (tl v z-Meo <z,ql 

FIGURE 20.11. Radial Mathieu Funcl.ion of the First Kind. 
(From 1. 0. Wilts& and M. 1. King, Values oi the Mathieu !unctions, The 

Johns Hopkins UnJv. Radiation Laboratory Tech. Rapt. AF-53, 1968, 
with permission) 

rJr d (II 
1 2  dz Mea (z,q) 

3 

2 

·2 

·3 

FIGURE 20.12. 

I : 
:\ \J 

/ \ /\q,IJS 
· ....... \j v 

q•2.25 

Derivative of the Radial Mathieu Function 
of the First Kind. 

(From J. 0. Wiltse and M. J. King, Derivatives, zeros, and other data per· 

talnlng to Mathieu functions, The Johns Hopkins Unlv. Radiation Lab· 
oratory Tech. Rept. AF-57, 1968, With permission) 

ffT (2) � 2 Ms1 (z,q) 

FIGURE 20.13. Radial Mathieu Function of the Second Kind. 
(From 1. 0. Wiltse and M. J. Klng, Values of the Matl;lleu !unctions, The 

Johns Hopkins UnJv. Radiation Laboratory Teeb. Rept. AF-68, 1968, 
with permiaslon) 

/7r Ill ,f 2 Ms2 (z,-q) 

1.4 

1.2 

1.0 

.8 \ 

I I I I I 

\ 

1.4 1.6 1.8 2.0 
FIGURE 20.14. Radial Mathieu Function of the Third Kind. 
(From :r. 0. Wiltse and M. 1. Klng, Values o! the Mathieu Cunetlona, The 

:Johns Hopkins UnJv. Radiation Laboratory Tech. Rept. AF-68, 1968, 
With pennlu!OD) 
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If · .,. 1 <n d .,. 1 <t> 0 I . J=1, .LY.LC,,+, an J.Y.LSz,+,,p= , 1 areso ut10ns 
of the· first kind, proportional to Oe2,+, and Se2,+,. 
respectively. 

Thus 

20.6.15 
cezr (��q) ce2,(0, q) 

Oe2,(z, g) (-1),�' Mc2�1> (z, q) 

ce�r+t (!2,q) ce2r+1 (0, q) 
0 ( ) . "A .I (1) ( q) e21+1 z, q ( _1)r+l.yq-A�r+t J.Y.LC2r+t Z1 

se�, (0, q)se�, (�' q) 
Se2,(z, q) (-1)'q_m• Ms��(z, q) 

se�,+l (0, q) 8e2r+t (�' q) 
Se2r+l(z, q) (-1)\tq.,mr+t Ms��+t(z, q) 

The Mathieu-Hankel functions afe 

20.6.16 
M�3> (z, q)=M�1l (z, q)+iM�i>(z, g) 
M�'l (z, q)=M�1>(z, q)-iM�2>(z, q) 

M�Jl=Mc�J> or Ms�il . 
From 20.6.7-20.6.11 and the known properties 

of Bessel functions one obtains 

20.6.17 
M��+,(z+in1r, q) 

=(-l)8'[MW+,(z, q) +2niMj�>+,.(z, q)] 
M��>+,(z+imr, q) 

= ( -l)8"[M ��>+,.(z, g)- 2nM��l+P(z, q)] 
M��>+��(z+in'll', q) 

= (  -l)8�'[M��>+,.(z, q)+2nM4�>+11(z, q)] 
where M =Me or Ms throughout any of the above 
equations. 

Other Properties of Characteristic Function��, q Real· 
· (Auociated With a, and b.) 

Consider 

20.6.18 
X1 =Me�'> (z, q) + Mc�2> (-z, q); 
X2=Ms?> (z, q)-Ms�•> (-z, q) 

Since X1 is an even solution it must be proportional 
to Mc�0 (z, q) ; for 20.1.2 admits of only one even 
solution (aside from an arbitrary constant factor). 
Similarly, X2 is proportional to Ms�1> (z, q). The 
proportionality factors can be found by considering 
values of the functions at z=O. Define, therefore, 

20.6.19 
Mc�2> (-z, q) = -Mc�2> (z, q)-2fe. ,Mc�1l (z, q) 

20.6.20 
Ms�2> (-z, q)=Ms�2> (z, q)-2fo. ,Ms�1l(z, a) 

where 

20.6.21 
f,. ,=-Mc�2> (0, g)/ Mc�n (0, q) 

.fo .  ,=[d: Ms�2> (z, q)/ 1z Ms�n (z, q) J •-o 
See [20.58]. 

In part.icular the above equations can be used to 
extend solutions of 20.6.12-20.6.13 when &?z<O. 
For although the latter converge for fllz<O, 
provided only jcosh zl> 1, they do not represent 
the same functions as 20.6.9-20.6.10. 
20.7. Representations by Integrals and Some 

Let 
Integral Equations 

20.7.1 G(u)=p K(u, t)V(t)dt 
c 

be defined for u in a domain U and let the contour 
0 belong to the region T of the complex t-plane, 
with t=-y0 as the starting point of the contour 
and t=-y1 as its end-point. The kernel K(u, t) 
and the function V(t) satisfy 20.7.3 and the 
hypotheses in 20.7 .2. 
20.7.2 K(u, t) and its first two partial derivatives 
with respect to u and t are continuous for t on 0 

d . U V d dV . . 
an u m ; an dt are contmuoUR m t. 

20.7.3 

[b:i V-a: KJ ::=0; �� + (a-2q cos 2t)V=O. 

H K satisfies 

20.7.4 

then G(u) is a solution of Mathieu's modified 
equation 20.1.2. 

H K(u, t) satisfies 

b2K b2K 20.7.5 ()ut + bt2 +2q(cos 2u-cos 2t)K=O 

then G(u) is a solution of Mathieu's equation 
20.1.1, with u replacing v. 
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20.7.6 K1(z, t)=Z;t>(u)[M(z, t)]-•12, (&lz>O) 

where 

20.7.7 u=�2g_(cosh 2z+cos 2t) 

20.7.8 M(z, t)=cosh (z+it)/cosh (z-it) 

To make M-i• single-valued, define 

20.7.9 

Let 

cosh (z+i7r) =et,. cosh z 
cosh (z-i1r) =e-1" cosh z 

M(z, 0)=1 

[M(z, 7r)]-i•=e-1,..M(z, O) 

1 i" 20.7.10 G(z, q)=- K1(u, t)F,(t)dt, 
11" 0 

where F,(t) is defined in 20.3.8. It may be yerified 
that K1F, satisfies 20.7.3, K satisfies 20.7.2 and 
20.7.4. Hence G is a solution of 20.1.2 (with. z 
replacing u). It can be shown that K1 may be re
placed by the more general function 

20.7.11 

K2(z, t)=Zc!> +2,(u)[M(z, t)]-t..r•, 8 any integer. 

See 20.4.7 for definition of zc�>+2,(u). 

From the known expansions for zc!) +21(u) when 
f!lz is large and positive it may be verified that 

20.7.12 

M!i' (z, q)= 

where M�il (z, q) is given by 20.4.12, 8=0, 1, . . . , 
c2,;eo, and F,(t) is the Floquet solution, 20.3.8. 

Kernel Ka(s"t t, a) 

20.7.13 K8(z, t, a)=e.2i-/iw 

where 

20.7.14 w=cosh z cos a cos t+sinh z sin a sin t 

20.7.15 G(z, q,a)=! rh e2t.fiiJJJi',(t}dt ?r Jc  

where F,(t) is the Floquet solution 20.3.8. The 
path C is chosen so that G(z, t, a) exists, and 
20.7.2, 20.7.3 are satisfied. Then it may be 
verified that Ka(z, t, a), considered as a function 
of z and t, satisfies 20.7.4; also, considered as a 
function of a and t, Ka satisfies 20.7.5. Conse
quently G(z, q, a)= Y(z, q)y(a, q), where Y and y 
s.atisfy 20.1.2 and 20.1.1, respectively. 

Choice of Path C. Three paths will be defined : 

20.7.16 

Path Ca: from -d1 +ico to <h-ia:> , d1, dz real 

-d1<arg [-fq{cosh (z+ia) ± 1 }]<7r-dt 

-<h<arg [.Jq{cosh (z-ia) ± l }]<7r-d2 

20.7.17 

Path c. : from d2-ia:> to 21r+ia:> -d1 

(same d11 d2 as in 20.7.16) 

20.7.18 

e 
_,.i Pc F,(a)M�(z, q)=-- e21{g "'F,(t)dt 1r C; 

where M�(z, q) is also given by 20.4.12. 

j=3, 4 

20.7.19 Path 0.1: from -d1+ico to 2w-d,+ia:> 

See [20.36], section 2.68. 
If v is an integer the paths can be simplified; 

for in that case F.(t) is periodic and the integrals 
exist when the path is taken from 0 to 21r. Still 
further simplifications are possible, if z is also real. 

The following are among the more important 
integral representations for the periodic functions 
ce,(z, q), 8e,(z, g) and for the associated radial 
solutions. 

Let r=2s+p, p=O or 1 

20.7.20 

f'"'2 ( 11") ce,(z,q)=p,J 0 cos 2-fq cos zoos t-pz- c�,(t, q)dt 



20.7.21 

20.7.22 

20.7.23 
where 
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fr/2 
ce,(z1 g)= u,J0 cosh (2{q sin z sin t)[(l-p)+p cos z cos t]ce,(t1 q)dt 

fr/2 ( 1r) se,(z1 q) = p, J 0 sin 2...{q_ cos z cos t +P 2 sin z sin t se,(t1 q)dt 

rr/2 se,(z1 q)=u,J0 
sinh (2{q sin z sin t)[(l-p) cos z cos t+p]se,(t1 q)dt 

20.7.24 p,=�ce2, (�� q) f�•(q) ; p=Op,= .,.2 c�,+J (�' q) j..JqA�'+1(q) if p=l1 for functions ce,(z1 q) 

p,= ., 4 se�. (�' q) ;..;qm•(q) ; p,=; se21+a (�� q) /Hf'+I(q) 1 for functions se,(Z1 q) 
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u,=� ce2,(01 q)/�'(q) if p=O; u,=! ce21+1(0, q)/A�'+1(q_)1 if p=l; associated with functions ce,(z, q) 1r 1r 

Let 
20.7.25 
20.7.26 

u,=� se�a+1 (01 q)/{g_Hf'+1(q)1 if p=l; associated with se,(z, q) 1r 
Integrals Involving Bessel Function Kernels 

u=v'2q(cosh 2z+cos 2t)1 (&t'cosh 2z>l; if j=11 valid also when z=O) 

r r 
..,.,. <n( q)- (-1)'2 J:2 zwc ) (t q)dt · 1"" <J> ( q) (-1)'8-y'q cosh z J:2Zf1>(u) cos t (t q)dt .LV.LC2r z, - A2r 0 u ce2r I I .LV.LC2r+l z, A2r+l ce2r+l I 

1r . 0 0 1r 1 0 u 

20.7.27 
r 

Ms<J>(z q) (-1)'+18q sinh 2z (2 ZJi>(u) sin 2t se2,(t, q)dt 2r 1 .,.m• Jo u,3 

r 
(-1)'8-Jq' sinh z (2 Zfll(u) sin t se2,+1(t1 q)dt 

7r.B'f'+t Jo u 

In the above the j-convention of 20.4.7 applies and the functions Me, Ms are defined in 20.5.1-
"20.5.4. (These solutions are normalized so that they approach the· corresponding Bessel-Hankel 
functions as � z-'H� . ) 

20.7.28 

20.7.29 

20.7.30 

20.7.31 

20.7.32 

20.7.33 

Other Integrals for Mcl11(s, q) and M.s�11(s, q) 

c-1)·2 ri ( r: 
11") Mc�l)(z, q) 1rCe,(O, q) J o cos 2-vq cosh z cos t-p 2 ce,(t, g_)dt 

r 
Mc�1>(z, q)=r, i2 [(1-p).+p cosh z cos t] cos (2...{q_ sinh z sin t)ce,(t, q)dt 

r=2s+p, p=O, 1 ;  r,=� (-1)'/ce�, (�' q), if p=O; r, � (-1)'+12{q/ce�+t (�' q) , r 
M (I) ( q) 2 ( -1 y ii . (2 r: . h . ) ( )dt 82r+t z, =.;;: (11' 

) 
sm -v q sm z sm t se2,+1 t1 q 

S�r+t 2' q 0 

M U) ( ) 4 .[g_(-1)' J:i inh . (<> r: h ) ( q)dt S2r+l Z1 q_ =- , (O ) S Z SID t COS v-yq_ COS Z COS t Se2r+1 t, 1r 882r+l , q  0 
r 

4 (-1)'+1 ii MsJ�> (z, q)=- ..[q , (O q) sin (2...{q cosh z cos t) [sinh z sin t se2r (t, q)]dt 1r se2, , o 
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Further with w=cosh z cos a cos t+sinh z sin a sin t 

20.7.34 

20.7.35 

( )M <ll ( q) ( -l�;i) -JJ f
o
2re2i.Jgj wce,(t, q)dt ce, a, q c, z, J ( 

8e ( q)M U>( g) (-1)�- i)ll f
o
2reZi..fiwse,(t, g)dt. , a, s, z, J� 

The above can be differentiated with respect to a, and we obtain 

20.7.36 (-l)'(i)-"+lvq f2>-e2i..fiw ()w ce (t g)dt 11" Jo C>a , ' 

20.7.37 

Integrals With Infinite Lhnits 

r=2s+p -
In 20.7.38-20.7.41 below, z and q are positive. 

20.7.38 Mc�n (z, q) =-y, .r· ,sin (2 .,f(j_ cosh z cosh t+p �)Me�'
_> 
(t, q)dt 

20.7.39 Ms�'>(z, q)=-y, i"' sinh z sinh t [cos (2..;g_ cosh z cosh t-p �)] Ms�0(t, q)dt 

20.7.40 Mc�2>·(z, g) =-y, i"' cos ( 2-Vq cosh z cosh t-p �) Mc�u (t, q)dt 

20.7.41 Ms�2>(z, q)=-y, i"' sin (z.rq cosh z cosh t+p �) sinh z sinh t Ms�ll(t, q)dt 

Additional forms in [20.30], [2Q.36], [20.15]. 

20.8. Other Properties 
Relations Between Solutions for Parameters q and -q 

Replacing z by !1r-z in 20.1.1 one obtains 

20.8.1 y" + (a+2q cos 2z)y=O 

Hence if u(z) is a solution of 20.1.1 then u(!1r-z) 
satisfies 20.8.1. It can be shown that 

20.8.2 
a( -11, q)=a(11, -q) =a(11, q), 11 not an integer 

C2m( -q)=p( -l)mc;"'(q), 11 not an integer 

(c2,. defined in 20.3.8) and p depending on the 
normalization ; 

F, (z, -q) = pe-hr/2 F, ( z+�� q )= pehr/2 F, ( z-�· q) 
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20.8.3 

az,( -q)=az,(q) ; b2,( -q)=bz,(q), for integral v 

azr+l ( -q}=bz,H(q}, bz,H( -q) =a2r+l(q) 
20.8.4 

cez,(z, -q)= ( -l)'cez,(h·-z, q) 

cezr+t(z, -q) = ( -l) 'sez,+t(!?r-z, q) 
sezrH(z, -q)=(-l)'ce2r+t(!?r- Z1 q) 

sez,(z, -q)=(-l)r-Isez,(i?r-z, q) 

For the coefficients associated with the above 
solutions for integral v :  

20.8.5 

A;�( -q)=( -l)m-rA��(q) ; 
JJi�( -q) = ( -l)m-r_m�(q) 

A�:;.tll( -q)=( -l)m-r.m�t\(q} ; 
..m�tll ( -q)= ( -l)m-rA�:;.ttl(q} . 

For the corresponding modified equation 

20.8.6 

20.8.7 

y"- (a.+2q cosh 2z)y=O 

M�l>(z, -:-q)=M;n ( z+i;, q} 
M!1> (z, q) defined in 20.4.12. 

For integral values of v let 

20.8.8 ... 
Ie2,(z, q)= .:E ( -l)H•An{I.t-•(Ut)fA+,(u2) 

k=O . 
+ I.t+,( Ut)I�c_,( u2) ]/ A2,E, 

... 
Io2,(z, q)= .:E ( -l)H•Bu[I.t-1(Ut)IA+,(Uz) 

.t-l 

- I  "+,(ut)I"_,(u,z)]/Bz, 
... 

Iezr+l (z, q)= .:E ( -l)"+•B2J:+t[I"_,(Ut)I.t+•+l(u,z) 
k-0 

+I A+•+ 1 ( Ut) I .t-•< Uz) ]/ Bzt+t 
"' 

Ioz,+t(z, q)= .:E ( -l)"+•Au+t[l.t-•Cut)I.tH+t(Uz) k=O 
20.8.9 

-I.t+Hl (ut)I.t_,(uz) ]/A2•+I 

.. 
* Ko2,(z, q)= .:E Bz.�:[I.�:-iut)Kk+s(U2) 

k=O 
* -h+s(u.)K.t_,(Uz)]/Bz. 

ke2r+t(Z, q)=� Bz.t+t[I�:_,(ut)KA+Ht(Uz) 
k-0 

-I "+•+� (ut)K.t-• ( u,z) ]/ B2t+t 
•see page a. 

... 
Kozr+l(z, q)= � A2k+t[I�c_,(ul)K�c+•+l(uz) k=O 

+ It+•+ I (ut)K�c-.(Uz) ]/Az,+l 

where Im<x), Km(x) are the modified Bessel func
tions, Utr u2 are defined below 20.6.10. Super
scripts are omitted, E,=2, if s=O, E,= 1 if s ;eo. 

Then for functions of first kind: 

20.8.10 

Me}�> (z, -q) = (-1)' Iez,(z, q) 

MsJ�> (z, -q)=(-l)'Ioz,(z, q) 
Mci�>+l (z, -q) = ( -l)'iiezr+t (z, q) 
MsJ�>+t (z, -q) = ( -l)'iiozr+1 (z, q) 

For the Mathieu-Hankel function of first kind: 

20.8.ll 

For M�'> (z, -q), j=2, 4, one may use the defini
tions 

also 

M� .. >(z, -q)=2M�1>(z, -q)-M;3>(z, -q) 

M=Mc or Ms; for real z, q, M�J> (z, -q) 

are in general complex if j = 2, 4. 

Zeros of the Functions for Real Values of q. 
See [20.36], section 2.8 for further results. 

Zeros of ce,(.lJ, q) and se,(.lJ, q), M�ll(s, q), Ms�"(s, q). 
In 0 �z<-17', ce,(z, q) and se,(z, q) have r real 

zeros. 
There are complex zeros if q>O . 
If zo=Xo+iYo is any zero of ce,(z, q), se,(z, q) in 

are also zeros, k a.n integer. 



740 MATHIEU FUNCTIONS 

In the strip -i<xo<�' the imaginary zeros of 

ce,(z, g), se,(z, q) are the real zeros of Oe,(z, q), 
Se,(z, q_), hence also the real zeros of Mc�1> (z, q) 
and Ms�1>(z, g_), respectively. 

For small q, the large zeros of Oe,(z, q), Se,(z, q) 
approach the zeros of J,(2..{.q cosh z). 

Tabulation of Zeros 

Ince [20.56] tabulates the :first "non-trivial" 

zero (i.e. different from 0, �· 1r) tor ce,(z), se,(z), 
r=2(1)5 and for se6(z) to within °10-\ for q=O(l) 
10(2)40. He also gives the "turning" points 
(zeros of the derivative) and also expansions for 
them for small q. Wiltse and King [20.61,2] tabulate 
the first two (non-trivial) zeros of i\1c�1> (z, q) and 
Ms�1>(z, q) and of their derivatives r=O, 1, 2 for 
6 or 7 values of q between .25 and 10. The graphs 
reproduced here indicate their location. 

Between two real zeros of Mc�1> (z, g), Ms�'> (z, q) 
there is a zero of Mc�2>(z, q), Ms�>(z, q), respec
tively. No tabulation of such zeros exists yet. 

Available tables are described in the References. 
The most comprehensive tabulation of the char

acteristic values a,, b, (in a somewhat different 
notation) and of the coefficients proportional to 
A;, and Bm as defined in 20.5.4 and 20.5.5 can be 
found in [20.58]. In addition, the table contains 
certain important 11 joining factors", with the aid 
of which it is possible to obtain values of 
Mc�1> (z, q) and Ms�n (z, q). as well as their deriva
tives, at x=O. Values of the functions ce,(x, q) 
and se,(x, q) for orders up to five or six can be 
found in [20.56]. Tabulations of less extensive 
character, but important in some aspects, are out
lined in the other references cited. In this 
chapter only representative values of the various 
functions are given, along with several graphs. 

Special Values for Argu.me�ts 0 and i 
20.8.12 

se�, (�· q)=(-l) 'Uo. 2r(q)m'(q) · q� 

fz [ Ms�2> (z, q) J._0=�J.,, ,(q)fgo, r(q) 

Ms�2> (z, q)=-g0,,(q) � 

The functions fo. n  Uo.,J •. ,, g,, , are tabulated in 
[20.58] for q�25. 

20.9. Asymptotic Representations 

The representations given below are applicable 
to the characteristic sol'Utions, for real values of q, 
unless otherwise noted. The Floquet exponent " 
is defined below, as in [20.36] to be as follows: 

In solutions associated with a,: v=r 
In solutions associated with b,: v= -r. 

For the functions defined in 20.6.7-20.6.10: 
20.9.1 

Mc�3> (z, q) 
· (-l)'Ms�3> (z, q) /(2-y'q coab z-H) � . Dm 

"" ! .,.( h ) � m=O [ -4�-y'q(cosh z-cr) ]111 'II' q cos z-cr • 

where D-1=D-2=0; D0=1 , and the coefficients 
Dm are obtainable from the following recurrence 
formula: 

20.9.2 
(m+l)D,.+•+[ ( m+�Y -( m+�) 8i.y'q cr 

+2q-a] Dm+( m-4) [16q{l-cr2)-8i.../g_ crm]Dm-t 
+4q(2m-3) (2m-l).(l-cr2)Dm-2=0 

20.9.3 
Mc�'> (z, q) 

(-l)'Ms(�(z, q) 
-1[2--y'q eo811. r-1.,.-lr] e a .  CD d;, 

"' 'll'lq1'4(cosh z-cr)! P-o [4i -v'q(cosh z-cr) r 
d-1=d-2=0; d0=1 , and 
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20.9.4 
(m+1)d.n+1+[( m+�Y+( m+�) 8i -/q (f  

+2q-a] d,.+( m-�) [16q(1-u,)+8i-/q um]d,_1 
+4q(2m-3)(2m-1 )  (1-u2)d.n-2=0. 

In the above 

-21r< arg. {q cosh z< 1r 

icosh z-ql>lu±1 l , gtz>O, 
but u is otherwise arbitrary. If u2= 1, 20.9.2 and 
20.9.4 become three-term recurrence relations. 

Formulas 20.9.1 and 20.9.3 are valid for arbi
trary a, q, provided 11 is also known ; they give 
multiples of 20.4.12, normalized so as to approach 
the corresponding Hankel functions H�1> ( {qe•), 
H!'J.l ({qez), as z�CD . See [20.36], section 2.63. 
The formula is especially useful if I cosh zjis large 
and q is not too large; thus if u=-.1, the absolute 
ratio of two successive terms in the expansion is 
essentially 

· � 

l(�+ 4�+2 );<cosh z+ 1) I ·  

If a, q, z, 11 are real, the real and imagiriary 
components of Me��> (z, q) are Mc�ll (z, q) and 
Mc�z> (z, q), respectively; similarly for the com
ponents of Ms�3> (z, q_). If the parameters are 
complex 

Replacing c by s in the above will yield corre
sponding relations among Ms�J> (z, q). 

Formulas in which the parameter a does not 
enter explicitly : 

Goldstein's Expansions 

20.9.7 
Mc�8> (z, q) -iMs�3�. (z, q) 

= [F0(z) -iF1 (z) ]e1• /1rlql(cosh z)t 
where 

20.9.8 

4>=2 .../q sinh z-� (2r+ 1 )  arctan sinh z, 
!Jlz>O, q> >1, w=2r+1 

20.9.9. 

F0(z)-1+ w 
s{q cosh2 z 

+ _1_ [w'+86w+ 105 w•+22w2+57] 2048q cosh • z cosh2 z 
1 c-(w&+14'11?+33w) +16384q312 cosh2 z 

(2w6+124w3+1122w) + 3w5+290w3+1627w] + cosh4 z cosh8 z · · · 

20.9.10 
F ( ) 

sinh z [w+3 + 1 (wa+3 + 4w+44w) 1 z "'
cosh2 z 32{q 512q w 

cosh2 z 

+163�4q% { 5w4+34w+9 
(w8-47w4+667w+2835) 

12 cosh2 z 

+ (w8+505w4+12139w2+10395) }]+ . . . 12 cosh4 z 
See [20.18] for details and an added term in 

q_-6'2 ; a correction to the latter is noted in [20.58]. 
The eXpansions 20.9.7 are especially useful when 

q is large and z is bounded away from zero. The 
order of magnitude of Mc:(o, q) cannot be obtained 
from the expansion. The expansion can also be 
used, with some success, for z=ix, when q is large, 

if Ieos xi> >O; they fail at x=� 1r. T�us, if q, x are 

real, one obtains 

20.9.11 
ce,(O, q)2'-• ce,(x, q)- Fo(O) {W1[P0(x)-Pt(x)] 

+ W2[P0(x) +Pt (x) ] }  
20.9.12 
se,+l(x, q)--se�+t(O, q)r,+1 {W1[Po(x)-Pt(x) ]  

-W2[P0(x) +Pt (x) ] }  
In the above, P0(x) and P1(x) are obtainable 

from F0(z), F1(x) in 20.9.9-20.9.10 by replacing 
cosh z with cos x and sinh z with sin x. Thus 
Po(x) =F0(ix) ; Pt(x) = -iFt(ix) : 
20.9.13 
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20.9.14 
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r,+1.....,2•-t/[2#q-}w (2w+3) (7w3+47w) J • 64:./q 1024q . . .  

See 20.9.23-20.9.24 for expressions relating to 
ce,(O, q) and se;(o, q). When Ieos xl>-v'4r+2fql, 
20.9.11-20.9.12 are useful. The approximations 
become poorer as r incre8.!:ies. 
ExpaD!Iions in Terms of Parabolic Cylinder Functions 

(Good for angles close to !1r, for large values of 
q, especially when Ieos xl<2lfqi.) Due to Sips 
[20.44-20.46}. 
20.9.15 
20.9.16 

ce,(x, q)-O,[Z0(a) +Z1(a)J 

se,+t(x, q)-S,[Zo(a)-Z1(a)] sin x, a-2ql cos x. 
!Jet D.t=D.�:(a)= (-1)A:ela2 t e-ta2• 
20.9.17 

Zo(a)-D,+ 4� [-D;;•+� (�) D,-�] 

20.9.18 

(r+2)D,H+;! ( _1) (r)n 16 2 r 4 •-• 
315 (r) J +4 g Dr-8 + . . .  

-

Z,(a)-4�l [ -i D,+2 r(r�1) Dr-2] 
+-1- [D'+a+(r-25r-36) D 16q 64 64 r+2 

+r(r-l)(-r-27r+10) D _45 (r) J 64 r-2 4 6 Dr-e+ . . .  

20.9.19 

o.--(�)14 q�/(r!)� [1+ 2;�1 
+r'+2r1+263r+262r+l08 j, ]-� 2048q +16384q�+ . . .  

J.=6r6+ 15r'+ 1280r+ 1905r+ 1778r+572 
•see page n. 

20.9.20 

s.-(�)14 q;if(r!)� [t-2;�1 
+r'+2r-121r-122r-84+ J2 ]-� 2048q 16384q�+ . . . 

J2=2r6+5r'-416r-629r-1162r-476 
It should be noted that 20.9.15 is also valid as an 

approximation for se,+l(x, q), but 20.9.16 may give 
slightly better results. See [20.4.] 
Explicit E)[pansions for Orders 0, 1, to Terms in q-llt 

(q Large) 

20.9.21 For r=O: 

Fonnulas-lnvolving ce,(O,k) and ae,(O, q) 

20.9.23 
ce0(0, q) .... 2..;7]. -'l..fi (1 _1_ _9_ ) ceo(tn', q) e +16.,iq+256q + · · · 

cez(O, q) _32 '2 _2./i ( 1 29 ) ce2(v,q)"' q-vt:. e 1-t6..jq+l28q+ . . .  
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ce1(0, q) "'-4-..f},e-'l..fi (1+_3_+�
+ ) 

ce; (!1r, q) 16-Jq 256q · · · 

ce3(0, q) ,...., 64 '2 e-2.[i (1 __ 3_+_£_+ ) 
ce�(!1r, q) 3 g_-y� 16-y'q 128q · · · 

20.9.24 
se; (0, q) Iii -2.[i ( 3 11 ·) 

se1(i7r, q)""4q-v2 e l -
16-y'q-256q + · · · 

se�(O, q) ...... -64q.,f2e-2.[i (l-�
-

_E_
+ ) ses(h·, q) 16-v'q 128q · · · 

se�(O, q) Iii -2-{i ( 9 39 ) se�(!7r, q)
"'-S q-v2 e l-

16-y'q-
256q+ · · · 

se�(O, q) ...., 128 q�e-".fi(l-�-�+ ) 
se�(!1r, q) 3 16-Jq 128q · · · 

For higher orders, these ratios are increasingly 
more difficult to obtain. One method of estimat
ing values at the origin is to evaluate both 20.9.11 
and 20.9.15 for some x where both expansions are 
satisfactory, and so to use 20.9.11 as a means to 
solve for cer(O, q) ; similarly for se�(O, q). 

Other asymptotic expansions, valid over various 
regions of the complex z-plane, for real values of a, q, have been given by Langer [20.25]. It is not 
always easy, however, to determine the linear 
combinations of Langer's solutions which coincide 
with those defined here. 



Parameters In 20.1.1. ........ 

Periodic Bolutlona, of 20.1.1. 

Even • • • . . .  · · · · · · · · · · - ·  •. 

Odd ••••••••••••.•••••••.•• 

coemclents In Periodic Bolu· tlona: 
Even ••••••....•.•.••.•••. 

Odd •••• • . • . • . . • . . • • • • • . . •  

I r.· - �· d.r, ru the Standard " . 
Solution of 20.1.1. 

Floquet's BoluUoru 20.s.a • . • •  

Characteristic E1ponent •••••• 

NormaJJ&&Uont of Floquet'a 
Bolutlona. 

Solutlon.s of Mndlfted Equa-tlon 20.1.2. 

1otnlnc Factors ............... 

Tbta Volume 

4 
q 
a. 
b. 

t"\Z, q) 
�e,(z,Q) 

A.� (g) 

B,:.(g) 

I 

F.(r) 
• 
Unspeclfted 

Ce.(r, g) 

,'if,(r,q) 

Me!'1 (z, tl 

Ml!ll(r,f) 

Me�2>cr, r> 

M1�2> cz, q) 

..;2f,r/Me,C•l (0, g) 

v'2fr{�[M1}11 (r, r)),.. 

-Me}'' (0, g)/Me}'' (0, g) [ � Mo<� (o, f) J jfz M1 1!1 (z, g) ... 

20.10. Comparative Notations 
' 

[20.68) 
NBS 

(20,6G) 
Stratton-Morse, etc. 

b-a+2q b 
•-49 c-2v'i 
bc.-a,+2q b,-a,+2q bo,-b,+2q b:-b.+2q 
A• St.{l, Z) • A.• &I!)(:, OOIZ) • 

Br .SO.(f, z) • A.' So(!) (C, COIZ) • 

A.• De.:.<•> • ArD:_ • 

Br Do�<•> • B'F� • 

(A.•)·• or (Br)-t (A.•)-t or (Br)-• 

,._, 

A.g,, ,(I)Jt.(l, f) A.f,, ,(I)Jt,(e, ooab z) 
S,,, ,(I)Jo,(l, f) s,,, JI)Jo,(e, ooab z) 

.J� J .. c •• r> .J� JI,(C, cosh z) 

.J� Jo,(1, z) .J� Jo,(c, ooab r) 

..J�Ne.(l, t) .J� Nt,(c, oosb r) 

.J�No,(•, r) .J� No,(e, oosb r) 

, •. • (1) ,;2"; >.}ll 

,,,,(1) ..;2-; >.,101 

,,,,(1) 2 x: 
-;K, 

/ ••• (1) 
2.1(. 
; K, 

(20.36) 
Meixner and Scblfke 

). 
"' 
a, 
� 

"'(r, II•) • 
u.(z,o\l) • 

A:. 

B� 

1 . 
mc.(z, ,\t) 
• 
.! r. (fiUo(%, il')t!U-o(z,ll')-1 
r I 
�.(r, g) 

&,(z, f) 

Mc}11 (r,ll) 

M1!'1 (z, II) 

Me�2'<•. o\) 

M1!2>cz, o\) 

'1/'2/tr/ Mc!11 (0, Al 
v'2/r/1zrJU,Cil (r, II)J ... 

-Me,<ll (0, fi){Me}'l (0, II) 

Same as thls volume 

NoTE : 1. The conversion factors A• and B• are tabulated in (20.581 along with the coefficients. 
2. The multipliers p, and s. are defin.ed in [20.30), Appendix 1, section 3, equations 3, 4, 5, 6. 

�· 301.a Mo acb n 

4 
q 
a, 
b. 

ct.(r, q) 
•e.(z, g) 

A,;. 

B� 

1 

•<z> 
,._, 

Ce.(r, f) 

&,(r, f) 

.J� Ce,(r, 9)/A.r •• ,(f) 

.J� St.(r,Q)/Bf,,,(f) 

.J� Fq,(r, 9)/A.,,, ,(f) 

12 
V; (Jq,(r, g)JS,,. ,(Q) 

(-1)•p..J�/A. 

(-1)••·-J!tB 

-Fev.(O, q) 
Ct,(O, g) [� Oq,(o, tl J d &,(&,g) ' .. o 

3. See (20.59), sections (5.3) and (5.5). In eq. (316) of (5.5), the first term should have a minus sign. 

•See page n. 

(20. 15) 
Bateman ManUSCll'lpt 

Comments 

II 
, 
"· 
b. 

ct.(z, f) SeeNotel. 
u,(r,l) 

A.� 

B� 

1 SeeNotel. 

p-I• 

Ce.(r, f) 

&,(z, I) 

.J� Ct,(z, 1)/A.g,. ,(f) 

.J� St.(r, 1)/S, •• ,(f) 

.J� Fq,(r, 1)/A.g,, ,(q) 

.J� Gcr,(r, 1)/81 •• ,(g) 

Same as �-301 Bee Note2. 

Same as (20.30) SeeNote3. 

Same as [20.30] 
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21. Spheroidal Wave Functions 
Mathematical Properties 

21.1. Definition of Elliptical Coordinates 

21.1.1 t-rl +r�. _ rl-r2 
�- 2f I '1]- 2f 

r1 and r2 are the distances to the foci of a family 
of confocal ellipses and hyperbolas ; 2j is the dis
tance between foci. 

21.1.2 a-j�, b J.Je 1, 
a=semi-major axis; b=semi-minor axis; e=ec
centricity. 

Equation of F�ily of Conf�l Ellip� 

21.1.3 (1<�< co ) 
Equation of F�ily of Conf�l Hypemolaa 

21.1.4 z2 y2 

T]2-1_'f/2=F 
Relations Between Cartesian and Elliptical Coordinates 

21.1.5 
21.2. Definition of Prolate Spheroidal 

Coordinates 

If the system of confocal ellipses and hyberbolas 
referred ·to -in 21.1.3 and 21.1.4 revolves around 
the major axis, then 

21.2.1 

y=r cos rf>; z=r sin r/>; 0 ::;4, ::;2w-

where �� 11 and q, are prolate spheroidal coordinates. 

Relations Between Cartesian and Prolate Spheroidal 
Coordinates 

21.2.2 
x Jh; Y  J.Jce-1) {1-712) �s rt>; 

z j ..;r-:-(,-=-2----=-1)....,..(1---71-=2) sin r/> 

21.3. Definition of Oblate Spheroidal 
Coordinates 

If the system of confocal ellipses and hyperbolas 
referred to in 21.1.3 and 21.1.4 revolves around 
the minor axis, then 

752 

21.3.1 

z=r cos q,; x=r sin r/>; o::; q,::;z.,. 
where �� 11 and q, are oblate spheroidal coordinates. 

Relations Between Cartesian and Oblate Spheroidal 
Coordinat� 

21.3.2 
X f�11 sin r/>; y j ...f(e-I)(l-'f/2) ; z-j�'f/ cos q, 
21.4. Laplacian in Spheroidal Coordinates 

Metric Coefficients for Prolate Spheroidal Coordinates 

21.4..2 

h(= 1.J�22 �2; �t..=J.Jf :22; h9= J...f<e-l)(l-TJ2) 
Metric Coefficients for Oblate Spheroidal Coordinatee 

21.4.3 

* 

21.5. Wave Equation in Prolate and Oblate 
Spheroidal Coordinates 

WaYe Equation in Prolate Spheroidal Coordinates 

21.5.1 
v24>+1c2it>=- ce-1) - +- Cl-TJ2) -0 [ <»] 0 [ 04>] 0� 0� 071 � 

•see page n. 

• 



SPHEROIDAL WAVE FUNCTIONS 753 

Wave Equation in Oblate Spheroidal Coordinates 

21.5.2 may be obtained from 21.5.1 by the 
transformations 

��±i�, c�=t=ic. 
21.6. Differential Equations for Radial and 

Angular Prolate Spheroidal Wave Functions 
If in 21.5.1 we put 

cos if!=Rmn(c,�)S,.,.(c, 11) • mcjJ 
sm 

then the "radial solution" Rm,.(c, t) and the 
"angular solution" Smn(c, '1) satisfy t� differential 
equations 

21.6.1 

� [ce-1) � R,.,.(c,�>J 

21.6.2 

-( x,.,.-c2e+e�1) Rm,.(c,�)=O 

:11 [ (1-712) d� s,.,.(c, 11) J +( X,.,.-c2'12_1 m:,) s,.,.(c, !7)=0 

where the separation constants (or eigenvalues) 
>.,.,. are to be determined so that R,.n(c, �) and 
s,.,.(c, '1) are finite at �= ± 1 and 1]= ± 1 
respectively. 

(21.6.1 and 21.6.2 are identical. Radial and 
angular prolate spheroidal functions satisfy the 
same· di.fferential equation over different ranges of 
the variable.) 

Differential Equations for Radial and Angular Oblate 

21.6.3 
Spheroidal FuDetions 

t [<e+1) t R,.,.(c,�)J 
-( >.,.,.-c2e-��1) R,.,.(c,�)=O 

21.6.4 

d� [(1-772) d� S,.n(c, '1)] 
+( x... .. +c'TJ'-1 m:2) s,.,.(c, '1)=0 

(21.6.3 may be obtained from 21.6.1 by the 
transformations t�±i�, c�=t=ic; 21.6.4 may be 
obtainedfrom21.6.2bythe transformationc�=t=ic.) 

21.7. Prolate Angular Functions 
21.7.1 

=Prolate angular function of the first kind 

21.7.2 
Q) 

S�Hc, 11)= �� d';'"(c)Q:::+,('I) 
r--Q) 

=Prolate angular function of the second kind 

(P':(!7) 8Jld ()':('1) are associated· Legendre 
functions of the first and second kinds respectively. 
However, for -1:::; z:::; 1, P:(z)= (1-z2)"''2d"'P,.(z)/ 
dz"' (see 8.6.6). The summation is extended over 
even values or odd values of r.) 

Recurrence Relations Between the Coefficients 

21.7.3 

a.td.t+2+ (P.t-).,.,.)dt+Y.td�<-2=0 

(2m+k+2)(2m+k+1)c2 a.�: (2m+2k+3)(2m+2k+5) 
Pt=(m+k)(m+k+1) 

+2(m+k)(m+k+1)-2m2-1 2 
(2m+2k-1) (2m+2k+3) c 

k(k-1)c2 'Y�< (2m+2k-3) (2m+2k-1) 
Transeen�ental Equation for x .. " 

21.7.4 

U (>.,.,.) =U 1 (>.,.,.) +U 2 (>.,.,.) =0 

U (\. ) m \ fJ':' fJ':' -2 
1 ""'" =-y r - ,..,.,. 'Y"' _ '\ _ "'"' _ '\ _ r -2 1\mr:� 1 r -• 1\mft. 

Uz(Xm,.)= /J';'i-2 fJ':'H 
'Y':'H-A,.,.- 'Y':'H->.,.,.- • • • 

k(k- 1) (2m+k) (2m+k-1)c4 
fJ': (2m+2k-1)2(2m+2k+1)(2m+2k-3) 

(k;::::2) 
-yf=(m+k)(m+k+1) 

J 4m2-1 J +2" L1 (2m+2k-1)(2m+2k+3) (k;::::O) 

(The choice of r in 21.7.4 is arbitrary.) 
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21.7.5 

l0=n(n+l) 

l =! [1-(2m-1)(2m+l)J 2 (2n-1) (2n+3) 

SPHEROIDAL WAVE FUNCTIONS 

Power Seriea Expansion for X,.. 

1 =-(n-m+ 1) (n-m+2) (n+m+ 1) (n+m+2) + (n-m-1) (n-m) (n+m-1) (n+m) 
4 2(2n+1) (2n+3)3(2n+5) 2(2n-3) (2n-1)3(2n+l) 

l =(4 2_1) [(n-m+1)(n-m+2)(n+m+l)(n+m+2) (n-m-l) (n-m)(n+m-1)(n+m) J 6 m (2n- 1) (2n+l) (2n+3)5(2n+5) (2n+7) (2n-5) (2n-3) (2n- 1)5(2n+1) (2n+3) 

l8=2(4m2-1)2A+ 1
1
6 B+� 04 D 

(n-m-l)(n-m)(n+m-l)(n+m) (n-m+1)(n-m+2)(n+m+l)(n+m+2) A= (2n-5)2(2n-3) (2n-1)7(2n+ 1) (2n+3)2 (2n-1)2(2n+ 1) (2n+3) 7(2n+5) (2n+7)2 

B (n-m-3)(n-m-2)(n-m-1)(n-m�(n+m-3)(n+m-2)(n+m-1) (n+m) 
(2n-7) (2n-5)2(2n-3)8(2n-1)4(2n+ 1) 

(n-m+1)(n-m+2)(n-m+3)(n-m+4)(n+m+l) (n+m+2) (n+m+3)(n+m+4) 
(2n+ 1) (2n+3)4(2n+5)3(2n+ 7)2(2n+9) 

O (n-m+1)2(n-m+2)2(n+m+1)2(n+m+2)2 (n-m-1)2(n-m)2(n+m-1)2(n+m)2 
(2n+ 1)2(2n+3)7(2n+5)2 (2n-3)�(2n-1)7(2n+ 1)2 

D (n-m-1)(n-m)(n-m+l)(n-m+2)(n+m-l) (n+m)(n+m+l)(n+m+2) 
(2n-3) (2n-1)4(2n+ 1)2(2n+3)4(2n+5) 

Asymptotic Expaneion fo.r X.,,. 
21.7.6 

1 . 
X,.,.(c)=cq+m2-8 (q2+5)-�c (q2+11-32m2) 

-10�4c2 [5(q4+26q2+21)-384m2(q2+1)] 

-? L;82 
(33q6+1594q8+5621q) 

m2 m4 J -128 (37q8+167q)+g- q 

-� [2;62 (63q6+4940q'+43327 !f+22470) 

-�; (115q4+1310!f+735)+ 3;' (q2+1) J 
-� [10;42 (527q7+61529q6+1043961fj 

m2 +2241599q) 32 . 1024 (573�t+ 127550q8 
4 e J +29895lq)+:2 (3551f+l505q)-�l +O(c-5) 

q=2(n-m)+l 

Refi.ne.ment of Approximate Values of X.,. 

If >.!:! is an approximation to >.,.,. obtained either 
from 21.7.5 or 21.7.6 then 

21.7.7 

l:l. 1 + tr: + tr:lr:-2 + ��lr:-2f3':-· + ,= (N�)2 (N�N�-2)2 (NW:N�-zN�-4)2 • • •  

l:l.2 
(N�+2)2 + (N�+2N�+4)2 + (N':'+zN':'+.N':'+e)2 
fr:+2 fr:+2fr:H �';+2�+�H 

+ . . .  
(2m+r)(2m+r-1)� d, 

N';' (2m+2r-1) (2m+2r+ 1) d,_2 
(r �2) 

fJ; r(r-1)(2m+r) (2m+r-l)c4 
(2m+2r-1)2(2m+2r+ 1) (2m+2r-3) 

(r�2) 
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Evaluation of Coefficients 

Step 1 .  Calculate N�s from 

21.7.8 
:um "' '\ f3':' lY r+2="Y r -"ma-N':' 

(r�2) 

"Y':'= (m+r)(m+r+ 1) 

+� c2[1 (2m+2r��2{;�+2r+3)J (r�O) 

Step 2. Calculate ratios d
do and .:� d1 from 
2r w.!p+1 

21.7.9 do =(do) (fh) (d2r-2) 
fh, � d. . . . <h, 

21.7.10 
and the formula for N';' iri 21.7.7. 

The coefficients d';'" a.re determined to within 
the arbitrary factor do for r even and <it for r odd. 
The choice of these factors depends on the normal
ization scheme adopted. 

Normalization of Angular Functions 

Meixner-Schiifke Scheme 

J

t 2 (n+m)! 21.7.11 _1 [S,.n(C, 11-)J2d11=2n+1 (n-m)! 
Stratton-Morse-Chu-Little-Corbat6 Sche:n1e 

21.7.12 :E' (r+2m)! d (n+m)l 
r-0. 1 rl ' (n-m)! 

(This normalization has the effect that S,.,.(c, 17)� 
P':(17) as 11�1.) 

Flammer Scheme {21.4] 

21.7.13 
,._,. 

( -1)-2 (n+m)l s,.,.(c, o) =P':(O) ( ) ( + ) 2" -n 2
m ! n 

2 
m I 

21.7.14 
(n- m) even 

n-m-1 
S�,.(c, O) =P':'(O) (-1) _2_ (n+m+ 1)! 

2" c�-;-1) r(n+;+1) t 

(n-m) odd 

The above lead to the following conditions for 
<!';" 

21.7.15 
a-m "£' ( -1)''2(r+2m)l d"'" 

r-o 2' (�) rc+:m) t r 2"-"'(n 
2 

m) t(n�m) t 
(-1)-2 (n+m)! 

(n-m) even 

21.7.16 

n-m-1 (- 1)_2_ (n+m+1)! 
2,._111 cn-;-1) ! (n+;+1) I (n-m) odd 

(The normalization scheme 21.7.13 and 21.7.14 is 
also used in [21.10].) 

21.7.17 
Asymptotic Expansions for S.,,.(c, fJ) 

.. 
u,.,.(x)= :E MD,+,(x) l=n-m 

r--oo 

where the D,(x)'s are the parabolic cylinder func
tions (see chapter 19). 

D (x) - (-1)'r14 .!!!.._ e-:212=2-'12e-1fl14H. (-=-) ' - dx2 ' ,fi  
and the H,(x) are the Hermite polynomials (see 
chapter 22). (For tables of hi,/h� see [21.4].) 

Expansion of S.,.(c, fJ) in Powers of fJ 
21.7.18 

CD 

s,.,.(c, 71)=(1-1]2)•12 :E' p';'"(c)11' 
r•O, 1 

(r+ 1 )(r+2)p';'�2(c) - [r(r+2m+ 1) +m(m+ 1) 
->.,.,.(c)Jp';'"(c) -c2p';'�z(c)=O 

(The derivation of the transcendental equation 
for >.,.,. is similar to the derivation of 21.7 .4 from 
21.7.3.) 

Expansion of S.,,.(c, fJ) in Powers of (1-111) 
21.7.19 

(n-m) even 
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21.7.20 
... 

S,,.(c, 71) =71(1-712)"'12 2: C;'.t"(1-"12).t 
k-0 

(n-m) odd 

1 "' (2m+2r)! ( 1) " 
tr�:" 2"'k!(m+k)! � (2r) ! (-r)c m+r+-z /:f, 

(n-m) even 

cU:"= 
1 "' (2m+2r+1)! ( 3) "'" 2"'k!(m+k)!?; (2r+1)! (-r)�: m +r+z .td2,+1 

(n-m) odd 

(a).t=a(a+1)(a+2) . . .  (a+k+1) 
(The d';'"'s are the coefficients in 21.7 .1.) 

Prolate Angular Functions-Second Kind 

Expansion 21.7 .2 ultimately leads to 

21.7.21 

(The coefficients d';'" are the same as in 21.7.1 ; 
the coefficients d';1� are tabulated in [21.4].) 

21.8. Oblate Angular Functions 
Power Series Expansion for Eigenvalues ., 

21.8.1 X,,.= 2:( -I)"�.tC2.t 
k•O 

where the l.t's are the same as in 21.7 .5. 

Asymptotic Expansion for Eigenvalues [21.4] 

21.8.2 
X,.,.= -c2+2c(2v+m+ 1) -Zv(v+m+ 1) 

-(m+1)+A,.,. 

fl':"= -2-9q[33q4+ 114q2+37 -2m2(23q2+25) 
+13m4] 

ff:"= -2-10[63q6+340q4+239q2+ 14 
-10m2(10q4+23q2+3) +m4(39q2-18) -2m8] 

m'"=v(v+m)a.t'+ (v+ 1)(v+m+ l)at' 
q=n+ 1 for (n-m) even ; q=n for (n-m) odd 

(For the definjtion of a't' see 21.8.3.) 

Asymptotic Expansion for Oblate Angular Functions 

21.8.3 
... 

S,.n(-ic, ,.,).....,(1---172)"'12 2: A:""{e-'11-•1L!'+',[2c(1-1J)] 

where the L!"'' (x) are Laguerre polynomials (see 
chapter 22) a.nd 

(Expressions of a1±r are given in [21.4].) 
21.�. Radial Spheroidal Wave Functions 

21.9.1 

R��(c,�)={,t,: (2m
r
ir)l d';'" }-1 (ee 1)"''2 

. '£' ir+m-n (Zm+r) ! "d';'"Z��,(c�) * 
r•O, 1 r! 

(p=l) 

(p=2) 

(J,.+t(z) and Yn+t(z) are Bessel functions, order 
n+!, of the first and second kind respectively 
(see chapter 10).) 

1 v=z (n-m) for (n-m) even ; 21.9.2 R:;!(c, �)=R:,:!(c,�)+iR:;!(c, �) 

.. 
A,,.= �m'"c-1 

.t•l 

v=� (n-m-1) for (n-m) odd 21.9.3 R::Hc,�)=R:r:Hc,�)-iR:;�(c,�) 
Asymptotic Behavior of R:,:!(c, 0 and R�!(c, �) 

21.9.4. 1 R;.:!(c,�)- t cos [c�-l(n+l)""] 
fJT" =-2-3q(q2+ 1 -m2) ef-t .. c., 

fl';"= -2-6[5t+ 10q2+ 1 -2m2(3q2+ 1) +m4] 21.9.5 R:;Hc, �);= c� sin [c�-Hn+l)d 
•see page tL 



21.10.1 

21.10.2 
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21.10. Joining Factors for Prolate Spheroidal Wave Functions 

... ... 
(2m+l)(n+m)! :E' �"(2m+r)l/rl (2m+3)(n+m+l)! :E1 d�"(2m+r)!fr! 

r-0 r• l 

2"+"'d�"(c)c"'m! (n 
2

m) ! (n�m) ! 2"+"'d"'"( ) m+l I cn-m-1) I (n+m+l) 1 
. L c c m. 2 . 2 . 

(n-m) even (n-m) odd 

s::!Cc, �) =��(c)Ri:�(c, �) 

2"-"'(2m)! (n 
2

m) I (n�m) l lF-�,.(c) "' I (2m+r) l  .Jmn � .. 1 (c) � � (c) •om (2m-1)m!(n+m)!c"' I � Tl r (n-m) even 

2,. "'(2 ) ' cn-m-l) t (n+m+l) l ..lm!t ( )  - m . 2 2 . u.;;;2m+l c .. 
I (2m+r)! " =- (2m-3)(2m-l)m!(n+m+l)t c"'-2 � r! � (c) 

(The expression for joining factors appropriate to 
the oblate case may be obtained from the above 
formulas by the transformation c�-ic.) 

(n-m) odd 



21.11. Notation 
Notation for Prolate Spheroidal Wave Functions 

An g. In de- Ang. wave Rad. wave Normalization of angular Remarks 
coo rd. Rad. coord. pendent function function Eigenvalue functions 

variable 
' 

Stratton, Morse, " � h s .. ,(h, ,) je,.,(h, �) A..,,(h) s .. , (h, l) =P; (l) l=Flammer's n 
Chu, Little and ne .. ,(h, �) A .. ,=>.,.,. 
Corbat6 he.,,(h, �) 
Flammer and this 

chapter 
" � c s .... (c, ,) R!.'!(c, �) >..,,.(c) S .. ,.(c, O)=P:'(O) 

s_ (c, O) = P:'' (0) 
(n-m) even 
(n-m) odd 

Chu and Stratton " � c S!;}(c, ,) R<�l(c, �) A.,, 8'-�l(c, 0) = P:+,(O) (l even) l=Flammer'·s n - m  ,. 8'-.!1' ( c, 0) = p.._:.., (0) (l odd) A .. ,= - x  .. , .. -. 

Meixner and " � 'Y PS:(.,, r) s:<lla, -r> x-::<-r> f. (PB:'(11, -y2))2d11 >-':(r) = >.,..,.(c) - c2  
Schafke 

2 (n+m) l 
' 

=2n+ 1  (n-m)l 

Morse and Fesh- ,=cos " �=cosh ,. h s .. ,(h, ,) je.,(h, �) A.,, ((1- '1')-•IJS .. ,(h) ,)1.,_1 l=Flammer's n 
bach ne.,,(h., �) = [(1 - , -M/JP;(,)lt•l A.,,= >..,,. 

he.,,(h, � 
Page � " f u, .. w v,.,(,) tlrlwo [(1 -�)-•''U ,.,WJ= 1 l=Flammer's n 

p, .. (,) �=1 a ,  .. =>..,,.-c3 
q, .. ('l) 

Stratton, Morse, " � g S .. r(ig, ,) je .. ,(ig, -i�) A.,, s .. ,(iu, 1) = P;(I) l=Flammer's n 
Chu, Little and A., ,=>.,.,. 
Corbat6 

Flammer and this " � c s .... (-ic, TJ) R!.'!. ( - ic, i�) x .... ( -ic) 8.,,.( -ic,O) =P:'(O) 
chapter (n-m) even 

' S'.,.( -ic, 0) = P:''(O) 
(n-m)odd 

Chu and Stratton " � c S'.!l( -ic, ,) R!;}( -ic, i�) B.,, 8�( -ic, O)=P:+I(O) (l even) l=Fiammer's n - m  
8'-.!J' (-ic, 0) = P:i-,(0) (l odd) B, .. = - >-... .. -.. 

Meixner and , � 'Y ps::'(.,,-r) s:-m ( -ie, i-y') >.::'(--y2) J�, [ps:(,, -'Y') pd, 
>.:(- 'Y') = x .. ,.( -ic) +ct 

Schli.fke 
2 (n+m)! =2n+l (n-m) l  

Morse and Fesh- 11=cos " �=sinh p. g s,.. ,(ig, ,) je,..r(ig, -i�> A..,, [(l-,)-""'2S,,(ig, ,)]p.;. l=Flammer's n 
bach ne .. ,Cig, -i�) =[(1-.,f)-"''' , (,)],..., A,.,=>. .. ,. 

he,..,(ig, -i�) 

LeUner and 
(�) 

, � e u,,.(,) v, .. w tlrl,. [(l -.,2)-•12U ,,('1)].-t = 1 l=Flammer's n 
Spence a,.,=X,.,+c3 

The notation i.n this chapter closely follows the notation in [21.4]. 
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22. Orthogonal Polynomials 
Mathematical Properties 

22.1. Definition of Orthogonal Polynomials 

A system of polynomialsj,.(x), degree [j,.(x)]=n, 
is called orthogonal on the interval a �x � b, 
with respect to the weight function w(x), ii 

22.1.1 

ib w(x)f,.(x)fm(x)dx=O 
(n;Cm;n, m=O, 1 ,  2, . . .  ) 

The weight function w(x)[w(x) � 0] determines 
the system j,.(x) up to a. constant factor in each 
polynomial. The specification of these factors is 
referred to as standardization. �For suit�bly 
standardized orthogonal polynomials we set 

22.1.2 

ib w(x)J!(x)d�=h,.,j,.(x)=k11x"+k�x"-1+ . . . 
(n=0, 1 , 2, . .. . ) 

These polynomials satisfy a number of relation
ships of the same general form. The I!:lOSt 
important ones are: 

Di«erential Equation 

22.1.3 

where g2(x), g1(x) are independent of n and a,. a 
constant depending only on n. 

22.1.4. 

where 

22.1.5 

22.1.6 

Recurrence Relation 

f .. +t= (a,.+xb,.)j .. -c,J,._I 

Rodrigues' Formula 

k,.+Ik-.-lh,. k�hn-l 

1 d" J,.=e,.w(x) dx,. {w(x)[g(x) ]"} 

where g(x) is a polynomial in x independent of n. 
The system { 1,;} consists again of orthogonal 

polynomials. 

(1.5,-.5) 
Pn (x) 

p 11.�.--�) 
s 

FIGURE 22.1. Jacobi Polynomials PJa- �>(x), 
a=l.5, {3= - .5, n=l(l)5. 
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f,.(x) N arne of Polynomial a b 

22.2.1 p�.a> (x) Jacobi -1 

22.2.2 G.(p, q, x) Jacobi 0 

22.2.3 C�1(x) Ultraspherical -1 
( Gegenbauer) 

22.2.4 T,.(x) Chebyshev of the 
first kind 

-1 

22.2.5 U,.(:z:) Chebyshev of the 
second kind 

-1 

• 22.2.6 C�(x) Chebyshev of the 
first kind -2 

• 22.2.7 S,.(x) Chebyshev of the 
second kind -2 

22.2.8 T!(x) Shifted C'hebyshev 
of the first kind 0 

22.2.9 U!(x) 
Shift�d Chebyshev 

of the second 0 
kind 

22.2.10 P,.(x) Legendre 
(Spherical) - 1  

22.2.11 P:(x) Shifted Lef(endre 0 

• See page n. 

�2.2. Orthogonality Relations 

w(x) 

1 (1 -z)•(l +:z:)6 

1 (I -x)�-•x•-• 
1 (1-:z:l)a-j 

1 (1-zt)-l 

1 (l-x1)1 

2 1--
( :z;l)- 1 

4 " 

2 c�-�Y 
1 (x-:z:1)-l 

1 (:z:-:z;l)l 

1 l 

1 1 

! 

Standardization 

p�•.#> ( t )=(n!a) 
k,.= l 

c�>ct> 

=e+:a - 1) 
c<o> ct>=�· " n 

C�01 (1)= 1 

T,.(l)=l 

ta;eO) 

U,.(l) =n+ l 

C,.(2) = 2  

8,.(2) =n+ I 

T�( l) = l  

U!(l)=n+ 1 

P,.(l) = l  

h� Remarks 

2'"+6+1 r(n+a+ 1) r(n+ P+ 1) a> - 1, P> - 1  2n+a+P+l n!r(n+a +P+ 1) 
n!r(n+ q) r(n+ p) r(n+ p- q+ l) p-q>- 1, q>O 

(2n+p) rt(2n+ p) 
,-2'-""rtn+2a) a .eO a> -! n!(n+a)[r(a))1 

2,. a=O nt 

l� n ,.dO 

n=O 

,. 
2 ... 

{411" n.eO 
g,. n=O 

,. 

t: nr&O 

n=O 

,. • 
8 

2 
2n+ l 

1 
2n+l 



22.2.12 L�l(x) 

22.2.13 L.(x) 

• 
22.2.14 H.(x) 

• 
22.2.15 He.(x) 

•Sef' pRge II. 

f,.(x) 

22.3.1 P!;·11(x) 

22.3.2 P!"·ll (:r.) 

22.3.3 G,.(p, q, x) 

22.3.4 C,!ol(x) 

22.3.5 C!Ol (x) 

22.3.6 T ,.(:t) 

22.3.7 u ,.(:r.) 

22.3.8 P.(x) 

22.3.9 L�",(x) 

22.3.10 H,.(x) 

22.3.11 He.(x) 

22.2. Orthogonality Relations-Continued 

Generalized 0 La11:uerre Q) 

La��:uerre 0 "" 

Hermite - ""  "" 

Hermite - Q) Q) 

N d. 

l n 2" 
n r(a+ n+ I) 

nlr(a+P+n+ l )  
n r(q+n). 

r(p+ 2n) 

[�] l 
r(a) 

[�] I 

[�] n 
2 

[�] I 

[�] I 
� 

n I 

[�] n! 

[�] n! 

e-"';ca 

e-"' 

e.-�� 

... 
e ' 

( - I )• k.=---nr-
( - I )  • k = --" n! 

e.= ( -1)" 

e,.=(-1)" 

22.3. Explicit Expressions 
N 

f,.(x)=d. L,; c.,g.,(x) 
m-o 

c,.. 

r(a+n+ l )  
n l  

I 

..j;2•n! 

,;?;;n! 

g.,(x) k,. 

e �·a
) (:�!) (x- l) .. -... (x+ 1)"' __]_ 

c
n+a+P) 

211 n 

(n )  r(a+P+n+m+l) 
m 2"'r(a+ m +  I) 

1 .. (n )  r(p+,2n-m) ( - ) m r(q+n-m) 
I r(a+n-m) (- ) "' m!(n-2m)! 

(n-m- 1 ) !  (- 1 ) "'  m!(n- 2 m ) !  
(n-m- 1 ) !  ( - 1 ) "'  m!(n-2m)! 

(n- 11t)! ( - 1)"' m!(n-2m)! 
(- I ) "'  C) c

n -:2"') 

( I) c
n+a) 1 - "' n - m  m! 

- 1  .. 1 ( ) m!(n-2m)! 
( - 1 ) "'  1 

ml2"'(n -2m)! 

(x- 1 ) "'  

x,.-.. 

(2x)•-h• 

(2x) .. -to. 

(2:t)n-IM 

(2z)n-t .. 

X n-tm 

X"' 

(2.z;) n-l'" 

x"-t""' 

.!_ 
c

n+a+P) 
2• n 
I 
2• r(a+n) 
li1 r(a) 
2 •  n � O  -n 
2•-1 

2• 
(2n)! 

2•(n!)l 
( - I ) •  
---nr-
:2• 

I 

a > - I 

Remarks 

a> - l, ,B> - 1  

a> - 1 ,  P> - l  

p - q> - 1 , q>O 
I a > - - •  a�O 2 

n � O. C�0,(l)  = 1 

a > - 1  

sec 22.11 
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r.5 

-1.5 

FIGURE 22.2. Jacobi Polynomials p�a.�>(x), 
a= l(.2)2, fJ=-.5, n=5. 

FIGURE 22.3. Jacobi Polynomials P�"'· �>(x), 
a=1.5, fJ=- .8(.2)0, -n=5. 

Explicit Expressions Involving Trigonometric Functiona 

22.3.12 

22.3.13 

22.3.14 

22.3.15 

22.3.16 

n 
/,.(cos 9)=� a .. cos (n-2m)9 

/.(cos 9) 

c�> (cos 9) 

P,.(cos 9) 

m•O 

a .. 

r(a+m)r(a+n-m) 
m!(n-m) l[r(a))2 

_!_ Cm) c2n-2m) 4" m n-m 

2 c �o> c cos e)=;; cos ne 

T,.(cos B)=cos ne 

U ( e)_sin (n+l)B ,. cos - . 9  Sill 

Remarks 

a�O 

FIGURE 22.4. Gegenbauer (Ultraspherical) Polyno
mials C�a>(x), a=.5, n=2(1)5. 



f,.(x) / .. (-%) 

2.2.4.1 P!"·61(x) ( - 1)•P!'·•>(x) 

2.2.4.2 C!"1(x) 
a�O 

(-l)·C�1(x) 

22.4.3 C!Ol (:z;) ( - 1) •C!0> (x) 

22.4.4 T,(x) (- l)"T,.(x) 

2.2.4.5 U ,.(x) ( -l)•U ,.(x) 

2.2.4.6 P,.(x) ( - l) •P,.(x) 

22.4.7 L!•> (z) -
22.4.8 H,.(x) (-l) •H.(x) 

1.:1 

-1.5 

ORTHOGONAL POLYNOMIALS 

22.4. Special Values 
777 

/,.(1) 

e!a) .  

cn+;-1) 

2 -, n�O n 

1 

n + l  

1 

/ .. (0) .fo(z) /.(z) 

1 1 2 (a-/H (a+ P+ 2):z;J r •-2m+ I 

- "'' r(a+n/2) -
( 

1
) r(a)(n/2) I' n-Zm 

1 Zax r-·>· --;n- • n=2m�O 
1 2x 

0, n=2m+1 
{ (-1)•, n=2m 

0, n=2m+1 1 X 

r- 1)"', n=2m 
�. n=2m+1 1 2x r!)" (":} •�2m. 

1 :z; 
0, n=2m+ l 

(n�a) 1 -z+a+ l { (2m)l (- 1)•--, n=2m m! 1 2x 
0, n=2m+l 

22.5. Interrelations 
lnt.errelatione Between Orthogonal Polynomials of tbe 

Same Family 

Jacobi Polynomials 

22.5.1 

p,.ca . .s>(x) 
r(2n+a+�+l) G (a+�+l �+l x+1) nlr(n+a+�+l) " ' 1 2 

C�AI 22,5,2 

G ( ) n!r(n+p) pcp-fl,�- n(2x-l) " p, q, x r (2n+p) " 
(see [22.21]). 

22.5.3 

F (p q :z:)- (....:...1) "n' r (q) pcp-q, q-11(2.r-1) " I , - - ,. . r (  q+n) " 
(see [22.13]). 

Ul traepherical Polynomia'la 

22.5.4 

Chebyshev Polynornia'la 

22.5.5 
FIGURE 22.5. Gegenba'IUr (Ultraspherical) Pvlyno

mia,/,$ O�a>(x), a=.2(.2)1, n=5. 22.5.6 

T,.(:z:)=i0,.(2:z:)=T! ctx) 
T,.(x)=U,.(x)-xU .. -l (x) 

•See P&ae u. 
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22.5.7 

22.5.8 

22.5.9 

T,.(x) =xU ,._l (x) -U 11-2(x) 

T,.(x)=l [U,.(x)-U,.-2(x)] 

U,.(x)=S,(2x)=U! Ctz) 
1 22.5.10 U,._l(x)=1_z2 [xT,.(x)-Tn+1(x)] 

22.5.11 O,.(x)=2Tn (�)=2T! (X!2) 
22.5.12 O,.(x)=S,.(x}-S,._2(z) 

22.5.13 S,.(z)=u .. (�)=u:(x�2) 
22.5.14 T!(x)=T,.(2x-1)=! 0,.(4z-2) 

(see [22.22]) . 

22.5.15 U!(x)=S,.(4x-2)= U,.(2x-1) � 

(see [22.22]). 

Generaliud Laguerre Polynomials 

22.5.16 L�0> (x)=L,.(x) 

22.5.17 L�m>(z)=(-1)"':;,.. [L,.+m(z)] 

Hermite Polynomials 

22.5.18 

(see [22.20]). 

22.5.19 H,.(x)=2"'2He,.(x..j2) 

(see [22.13], [22.20]). 

Interrelations Between Orthogonal Polynomials of 
DifFerent Families 

22.5.20 

22.5.21 

P�· +>(x) 

Jacobi Polynomials 

r(2a)r(a+n+l) o<al( ) r(2a+n)r(a+!) " X 

22.5.23 

22.5.24 

22.5.25 

0��> (x) 

p�-i.-h (x)=I, (�) T,.(x) 

p�o.o>(x)=P,.(x) 

Ultraspheri� Polynom.ials 

r(a+n)n!22" 
p<a-4, -f) (2 2 1) r(a)(2n)! " x -

22.5.26 
(a�O) 

o<a) 
(x)=r(a+n+l)nl22n+l p<a-t.fl (2....2- 1) 211+1 r(a)(2n+l) !  X " .,.-

22.5.27 
(a�O) 

o�a> (x) r (a+!)r(2a+n) p<a-t.a-tl (z) r(2a)r(a+n+!) n 

22.5.28 
(a�O) 

0!0> (x)=�T11(x)=2 (n-1)! .,fiPC-t. -fl(z) 
n . r(n+t) " 

Chebyshev Polynmnials 

22.5.29 Tz,.+J(x) nl-.fi zpH. h (2z2-1) r(n+l) " 

22.5.30 U2,.(x) nl-fi p<i. -t> (2x2-1) r(n+!) " 
n'..fi 22.5.31 T,.(x)=rc�+i) p�-t-t> (x) 

22.5.32 U.(z) (n+1)1-f,r p<U>( 
.. 2r(n+i) " x) 

FIGURE 22.6. Chebyshev Polynomials T .. (x), 
n=l(l)5. 

·•see page n. 

* 



FIGURE 22.7. 

22.5.33 

22.5.34 

ORTHOGONAL POLYNOMIALS 

5 

4 

-2 

-5 
Chebyshev Polynomial8 U,.(x) , 

n=1(1)5. 
n Tn(x)=- 0�01(z) 2 

U,.(x)=0�1> (x) 

22.5.35 

22.5.36 

Legendre Polynomials 

Pn(z)=P�o.o>(z) 

Pn(z)=0�1/2l (z) 

22.5.37 
d"' dzm [P"(z)]= 1 · 3  . . .  (2m-1)0��t_t>(z) 

22.5.38 

22.5.39 

22.5.40 

Generalized Lague.rre Polynomiale 

L<-tt2> (  ... ) =(-1)" H (-'XI 
" "' n!22" 2n "V"'I 

L"U/2l (z) (-1)" u ( fi' n!22n+I-v'Z L22n+l 'V"'J 

Hennite Polynomiale 

Orthogonal Polynomials as B.ypergeometric Functions (see chapter 15) 
j,.(x)=dF(a, b; c; g(x)) 

779 

(m�n) 

For each of the listed polynomials there are numerous other representations in terms of hyper
geometric functions. 

f,.(x) d a b c g(:z;) 

P�·l!l(:z;) (n!a) n+a+P+l a+1 1-x 22.5.42 -n -2-
-

p�«.6l(:z;) Cn+na+P)CX;l)" -2n-a-P 2 
22.5.43 -n -n-a 1-x 

p�·.6>(:z;) e!a)C�')" a+1 :z;- 1 
22.5.44 -n -n-p z+l 
22.5.45 P�·l!l(i) (n�P)e;1)" -n -n-a P+ l  z+1 x-1 

c�>(l>) r(n+2a) n+2a a+! 1-x 22.5.46 n!r(2a) -n -2-
1-z 

22.5.47 T,.(:z;) 1 -n n ! -2-
.n+2 * 1-:z; 22.5.48 U,.(x) n+1 -n -l -2-

22.5.49 P,.(x) 1 -n n+l 1 1-:r -2-
,22.5.50 P,.(x) c::)e;�r -n -n -2n 2 1-x 

c:n)GY 1-n 1 22.5.51 P,.(z) n -2- !-n Xi -2 
22.5.52 Pz,.(x) ,. (2n)l ( -1) 2"'(nl)2 -n n+! ! X� 

22.5.53 P2n+l(:z;) (-1),.(2n+l) l:z; 2h(nl)2 -n n+! ! :z;t 
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Orthogonal PoJynomials as Confluent Hypergeometric 
Functions (see chapter 13) 

Orthogonal Polynomials aa Parabolic Cylinder 
Functions (see chapter 19) 

22.5.55 H (z)=2"U (!_!
n £, :r) " 2 2 ' 2  

22.5.56 H2m(z)= (-1)"' (2;-) !  M( -m, �' z2) 
22.5.57 

,. (2m+l} l ( 3 ) • Hzm+t (x) =(-1) ml 2xM -m, 2' x2 

FIGURE 22.8. Legendre Polynomials P,(x) , 
n=2(1)5. 

'See page n. 

22.5.58 

H,.(x}=2"12e:2'2D,.(�x)=2"12e:212U ( -n-�' ..fl,x) 
22.5.59 He,. (x) = e:2''D,. (x) = e:ZHU ( -n-�' x) 

Orthogonal Polynomial& u Legendre Functions 
(see chapter 8) 

22.5.60 
o�o>(z)= 

Ln(X) 

r (a+!) r(2a+n) [! ( 2_1)Jt ; p<l-al ( ) n!r(2a) 4 x n+o-i X 
(a¢0) 

FIGURE 22.9. Laguerre Polynomials L,.(x), 
n=2(1)5. 

FIGURE 22.10. Hermite Polynomial.y H��x)' 
n=2(1)5. 



22.6.1 

22.6.2 

22.6.3 

22.6.4 

22.6.5 

22.6.6 

22.6.7 

22.6.8 

22.6.9 

22.6.10 

22.6.11 

22.6.12 

22.6.13 

22.6.14 

22.6.15 

22.6.16 

22.6.17 

22.6.18 

22.6.19 

22.6.20 

22.6.21 

y 

p�.�� (x) 

(1 -x)"(l +z)BP�-�� (x) 

••• �+I 
(1 -x)T(I +xf2p�•.ll(l.) 

ORTHOGONAL POLYNOMIALS 

22.6. Differential Equations 

02Cz) y" + g, (x)y' + oa(x) y=O 

g,(x) g1(x) 

l -x2 {J-a - (a+ fJ +  :l)x 

1 -x2 a- fJ+ (a+ {J- 2)x 

I 0 

( xy+�c xy+l 
sin :.! cos 2 P�·61 (cos x) I 0 

C�1 (x) 1 -x' - (2a+ l)x 

. 

(1 -x') .... 
i.C�1(x) 1 -x' (2a- 3):r 

• I 
(l -x2)2"4 C�1(x) I 0 

(sin x)•C�1(cos x) I 0 

T ft(:r) 1-:t' -x 

T,.(cos x) 1 0 

I * 
-- T,.(x) ; U,.-,(x) - 1-x' - 3x 
--.) 1 -x' 

U,.(x) 1 -:z;' - 3:z;  
P,.(z) 1 -:z;' - �  

-./1 -x1P,.(:z:) 1 0 

L�1(x) :z; a + I -x 

e-"x"'12L�"1 (x) * X .1.+ 1 

e-•12:z;Cri-lll2 L�> (:r) 1 0 

e-•2'2:z:•+t LC:1 (x2) 1 0 

H,.(:z:) 1 - 2% 

•• 
e--z H ,.(x) 1 0 

He,.(x) I -x 

•see pn� u. 

781 

-

oo(x) 

n(n +a+tJ+ I )  

(n+ l) (n+a+fJ) 

I I -a1 I 1 - 1:!1 
4 ( 1 - x)'

+ 4 ( I  +z)' 

+ 
2n(n+a+fJ+ I ) +  (a_f l)({J.±..!_ 

2(1  -:r') 
1 - 4a2 1 - 4/:!1 

X+ X 
1 6  sin2 - 16 cos2 -2 2 

+(n+a+g+ l) 
n(n+ 2a) 

(n+ 1) (n+2a - l )  

(n+a)1 2+4a-4a'+x' 
1 -x' + 4(1 -x2)1 

(n+a)'+ a(� -a) 
sm1 z 

n' 

n' 

n2-1 

n(n+2) 

n(n+ 1) 

n(n+ 1) I 
1 - x' 

+ 
{ l -:z;')2 

n 

a a' 
n + - + 1 - -2 4:c 

2n+a+1 + 1 -a'
-

� 
2x 4x2 4 

1- 4a2 
4n+2a+2-:x:2+� 

2n 

2n+ I -z' 

n 

-
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22.7. Recurrence Relations 

Recll.l'l'ence Relationa With Respect to the Degree n 

a,,.f,.+•(z) = (a,.+aa.z)f,.{z) -a • ../,.-l(z) 

t. a"' Clia a a.. a.,. 
-

22.7.1 p�a�l(z) 2(n+ 1) (n+a+P+ 1) 
(2n+a+P) 

(2n+a+P+ 1)(a1-{P) (2n+a+P)a 2(n+a)(n+P) 
l2n+a+P+2) 

22.7.2 G,(p, q, x) (2n+p-2).(2n+p- l) -[2n(n+p)+�(p-l)) (2n+p-2). n(n+q-1} (n+p-1) 
( n+JL-2h (2n+p-1) (n+p-q) (2n+p+ 1) 

22.7.3 C! .. 1(x) n+l 0 

22.7.4 T,(z) 1 0 

22.7.5 U,.{z) 1 0 

22.7.6 S,(x) 1 0 

22.7.7 C,.(x) 1 0 

22.7.8 T:(x) 1 -2 

22.7.9 u:(z) 1 -2 . 
22.7.10 P,.(z) n + l  0 

22.7.ll P:{x) n+l -2n-I 

22.7.12 L! .. ,(x) n+l 2n+a+l 

22.7.13 H,(.z) 1 0 

22.7.14 He,.(x) 1 0 

Miscellaneous Recurrence Relatione 

22.7.15 
Jacobi Polynomials 

( n+�+�+l) (1-z)P� .. +l.�> (z) 

= (n+a+ 1 )P,. <a. /J> (x)-(n+ 1 )P<::/1> (x) 

22.7.16 

(n+�+�+l) (1+z)P�«.Hll (z) 

= (n+�+l)P�a,/J> (z) + (n+ 1)P���> (z) 

22.7.17 
(1-z)P�"'+l./J> (z)+ (1 +z)P�a,/J+Il (x)=2P�"'·">(z) 

22.7.18 
(2n+a+�)P�"'-l.tJ>(x)= (n+a+�)P�"'·">(z) 

- (n+�)P��f>(x) 
22.7.19 
(2n+a+�)P�"'·"-u (x)= (n+a+p)P�"'·�l (z) 

+ (n+ a)P���> (x) 

22.7.20 P�"'·"- u(z)-P�a-1./J>(z)=P��f> (z) 

-· 

2(n+a) n+2a-1 

2 1 

2 1 

1 1 

1 1 

4 1 

4 1 

2n+l n 

4n+2 n 

- 1  n+a 

2 2n 

1 n 

lntrupherical Polynomiale 

22.7.21 
2a(l-:t)O��tn (z)= (2a+n- 1)0��1 (x)-nxG�"'> (x) 

22.7.22 
= (n+2a)x0�"'> (x) 

-(n+l)G���(z) 

22.7.23 (n+a)G�+-l> (z)= (a-1)[��� (z)-0��1(z)] 

22.7.24 
Chebyshev Polynomiale 

2T,.(x)T,.(x) = T,.+.,(x) + T ,._.(x) (n�m) • 

22.7.25 
2(z2-l)  U ,._1 (z) U ,._1 (z) = T,.+,.(z)- T,._,.(z) 

(n�m) 
22.7.26 

2T,.(z)U,.-1(z)=U,.+m-1(z)+U,._,._I(z) 

22.7.27 

2T,. (z)U m-t (z) =U •+ .. -• (z) -U ,._,._, (z) .... 
22.7.28 2T,.(z)U,._1 (z) =U2 .. -1(z) 

•see �e n. 

(n>m) 

(n>m) 



ORTHOGONAL POLYNOMIALS 783 

Generalized Laguerre Polynomials 22.7.31 
22.7.29 L�a+l>(x)=� [(n+a+l)L�"'l (x)-(n+lJL��, (z)] 

22.7.32 

22.7.30 L�'"-ll(z)=L�«> (z)-L��� (z) 

/ .. 

22.8.1 p� ... �>(:t) 

22.8.2 C�">(z) 

22.8.3 T,.(z) 

22.8.4 U,.(z) 

22.8.5 P,.(x) 

22.8.6 L!">(x) 

22.8.7 H ,.(z) 
22.8.8 He,.(z) 

f,.(z) 
-

22.9.1 p�•.6>(z) 

22.9.2 C!•>(z) 

22.9.3 C!•'(z) 

22.9.4 C!OJ (:t) 

22.9.5 C!•> (z) 

U.9.6 T ,.(z) 

22.9.7 T,.(z) 

22.9.8 T,.(z) 

22.9.9 T .. tz) 

22.9.10 u ,.(:t) 

22.9.11 U,.(z) 

'$ee pap D. 

22.8. Differential Relations 
d OJ(:t) d:l:f,.(z) =g,(z)f,.(x) + Uo(z)f,.-,(:t) 

UJ g, 

(2n+a+P) (1-z') n{a-P- (2n+a+P)z) 
1-:t• - n:t  
1-:t' -n:t 

1-z1 -nx 1-:t• -n:t 

:r, . n 
1 0 

1 0 

22.9. Generating Functions 

g(z,z)= � a,.f,.(z)z" R= �/1-'l.:zz+z' .. -o 

a,. g(z,z) 

2-.. -� R-1(1- .III+ R}-"(1+t+R)-6 
2i-or(a+ l + n)r(2a) R-1(1-:n+R)i-• r(a+t)r(2a+n) 
1 R-.. 

1 -In R' 
r(2a) ·-

r(a+ i) r(2a+n) e• coo 1 (� 11in 8) J.-.(.111 sin 6) 

2 c-z• ) '
RI"

' + l  

��en) 4" n R-�o-z�+ R)•n 
1 1 - l ln R' -n 

1 1-zz 
Br 

1 R-• 

l'l cn+2) 1 • - (1 -zz+ R) -lit 
4"+' n + 1  R 

Uo 

2(n+a)(n+P) 
n+2a-l 
n 

- n + l  
n 
-(n+a) 
2n 
n 

Remarks 

-
izi< I 

Je J<l,a;o!O 

lzi<I,a;o!O 

jz J<l 

:z:=cos '6 

- l<%<1 
izl< l  

- l <z< l 
lzl< l  

ao= 1 - t <z<l Jzl< l  
- l <z<l 

izl< l  
- l <z< l 

1�1< 1  
- l <z < l  

lzl< l  
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22.9. Generating Functions-Continued 
.., 

g(x, z) = � a../..(z}t" !t•O 

/ .. (z) a.. g(x, z) Remarks 

22.9.12 P,.(z) 1 R-1 - l <z<J JzJ< 1 

22.9.13 P,.(z) 1 e• 00' •Jo(z sin 8) z=cos 8 n! 
22.9.14 S,.(z) 1 -2<z<2 (1-zz+ z•)-1 

Jzl< 1 

22.9.15 

22.9.16 

22.9.17 

22.9.18 

22.9.19 

22.10.1 

22.10.2 

L�·1(z) 

�·l(z) 

H,.(z) 
-

Hs..(z) 

Hh,+t(z) . 

1 (1 - z)-e-t exp ( �) z - 1  
1 

r(1l+a+I) ( zz) -tae•J .. [2( xz) til] 

1 
fiT 
( -.1)" 
(2n)! 
(-1)" 

(2n+ I) !  

es ..  -•• 

e• cos (2xYz) • 
' 

z-112e• sin (2xYz) 

22.10. Integral Representations 
Contour Integral Representations 

• 

lzJ<1 

f,.(z)=U2o
(z� f [g1(z, z) ]"g2(z, z)dt: where C is  a closed contour ta�en around z=a in the positive sense n Jc . -

f,.(x) g,(z,z) RemarkS 

P!«,tV(z)- 1 z1- l ( 1-z)"(l + z)� ± 1 outside C (1-z)"(l +z)� 2(z-z) z -z -z 

C�al(z) 1 0 Both zeros of 1/z (l-2z�+z')-crz-l 
1-2rz+ z' oulaide C 

22.10.3 T,.tz) 1/2 1/z 1 - z' 
z(l-2zz+z'} 

U .. (z) 1/z 1 22.10.4 1 z(l-2zz+z') 

22.10.5 P,.(z) 1 1/z 1 
- (1-2zz+ z•)-tlt I 

22.10.6 P,.(x) 1 .r'- 1 1 
� -- -

z-z z-z 

22.10.7 L!"'(z) z Z" e•r- -- - e-• 
z-z z-:r 

22.10.8 L�"'(z) 1 1+: e-• ( 1 +;)" 1/ z z 

22.10.9 H,.(z) nl 1/z e'••-•* -
z 

Miscellaneous Integral Representations 

20-2a>r(n+2a) f" 22.10.10 C�"1(x) n![r(a)]2 J o [x-t'.Jx2 1 cos ct>]"(sin ct>)2"'-1dct> 

22.10.11 C�"'> (cos 8) 2�-�f <7tl
2a) (sin 6) l-2a f ' 

( 
cos (n+a)ct> d4> n. r a 2 Jo cos ct>-cos 6) 1 a 

•See page n. 

a>O 

0 Both zeros of 
1 -2zz + z' outside c 

Both zeros of 
0 1 -2zz + z' outside c 

0 Both zeros of 
1-2zz + z' outside c 

z 

:z; Zero outside C 

0 z= -:r; outside C 

0 
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22.10.12 P,.(cos 8)=! f .. (cos 8+i sin 8 cos tf>)"dt/> 
7r J o 

22.10.13 Pn(cos 8)=.J2.f .. rn (n+!)�t 1r , cos 8-cos tf> 

22.11. Rodrigues' Formula 

1 d" j,.(z)=a"p(x) dz" {p(z)(g(z))
"} 

The polynomials given in the following table are the only orthogonal polynomials which satisfy 
this formula.. 

22.11.1 

22.11.2 

22.ll.3 

22.11.4 

22.11.5 
22.11.6 
22.11.7 
22.11.8 

22.12.1 

f,.(z) 

P�«,Jil(z) 
C�«l(z) 

T,.(x) 

U,.(z) 

P,.(x) 
L�«> (x) 
H,.(x) 
He,.(x} 

a,. 

( -1)"2•nl 

{ - 1) "2nnl r(2a}r(a+n+ !) 
. r(a+!1r(n+2a) 

( - 1)"2" r(n+! • 
.,r; . 

(-1) "2"+' r(n+i} 
(n+t)-{; 

( - 1)"2"n! 
nl 
(-1}" 
(-1)" 

22.12. Sum Formulas 
Chriatofl'el-Darboux Fonnula 

t ]_j,.(z)fm(y)=� f,.t,(z)j,.(y)-j,.(z)f,.tt(�) 
m•O h, k,.tth,. z-y 
Mieeellaneous Sum Formulas {Only a Limited Selection 

Is Given Here.) 

22.12.2 

22.12.3 

22:12.4 

22.12.5 � U ( ) z-T,.,±I(z) ;f.:'o 2m+t z 2(I-z2) 

22.12.8 
Hn(x+y)=2!,2 � (;)Hi.J2x)H,._k:( .. .,f2y) 

•See po.ge n. 

p(x) g(x} 

(1 -x)"(l +x)# 1 -z' 
(1--,zt)..-t 1 -z' 

( 1-x')-t 1-zt 

(1 -.zt)t 1 -z2 

- 1 1 -.x• 
e-•rr X 
e-•' 1 
e-•'tl 1 

22.13. Integrals Involving Orthogonal Pol:r.
nomials 

22.13.1 

2ni" (1-y)"'(l+y)iip�a,JIJ (y)dy 
=P�a_tt,Ji+l> (O) - (1-x)a+I(l +x)li+'P��t'-�+tl (x) 

22.1a.2 
n(�n) iz (l-y2)a-tO�a> (y)dy 

22.13.3 

22.13.4 

22.13.5 

22.13.6 

22.13.7 

=0�'"-t1> (0) - (l-z2)a+tQ�a_t1> (x) 
f '  T,.(y)dy =7rU,_,(x) J - 1 (y-x).Jl y2 

_[1 Yl=jj.Un-J(y)dy =-7rT,.(x) • 
J _, (y- x) 

fl 2312 (1-x )-112P,.(x)dx=-
-t 2n+l 

r .. 7r (2n)2 J o P2,(cos 8)d8=16n n 

• 
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22.13.8 

(X>-1) 

22.13.10 f" P,.(t)dt 1 

-1 ..Jx t (n+i)..J1+x [T,.(x)+T,.+,(x)] 

22.13.11 

f.1 P,.(t)dt 1 
z ..Jt x (n+!)..J1 x [T,.(x)-T,.+,(x)] 

' 

22.13.12 i"' e-'L�«> (t)dt=e-"[L�«>(x)-L��1(x)] 

22.13.13 

__ r(a+�+n+1) i" (x-t)�-ttaL�a> (t)dt 
=r (�+n+1)r�)za+11£iq+t�>(z) 

(�a>-1, ��>O) 
22.13.14 i.: L,.(t)L,.(x-t)dt 

= i" L,.+,.(t)dt=L,+,.(x)-L,.+,.+t(x) 

22.13.15 i" r'2H,.(t)dt-H,._1 (0)-rz2H,._1(x) 

22.13.16 

22.13.18 J_"'., e-'2tH2m+t(tx)dt=.fi <2:1.1)! x(r-1)"' 

22.13.19 J_: e-12 t"H,.(xt)dt=.,fin!P,(x) 

22.13.20 i., e-'2[H,.(t)]2 cos (xt)dt=..fi2"-'n!e-tz2L, (t) 

22.14.1 
22.14. Inequalities 

(n�q}=::nq, if q=max (cx, fJ) "?. -1/2 

(a>-1 , fl>-1) 

IP�"· �> Cx') I � ��� if 2< -� 

-x' maximum point nearest to a!;� 1 

x' =0 if n=2m; x' =maximum point nearest zero
if n=2m+1 
22.14.3 

na-1 
JO�"l (cos 8))<2'-a 

(sin e)ar(a) (O<a<1, O<B<1r) 

22.14.4 JT,(x) )� 1  (- 1 �x�l) 

22.14.5 ldT,(z) I <n2 dx - (-1 :5x$ 1) 

22.14.6 jU,(x) l �n+1 (-1�x� 1) 

22.14.7 JP,(x) )� 1 (-l �z�1) 

22.14.9 jP,.(x) J �  /2 � 'V :;;:n 1 -x2 

22.14.10 
2n+1 P!(x)-P,._1(x)P,.+1(x)<3n(n+1) 

22.14.11 

P�(x)-P,_, (x)P,.+1 (x) "?. (2�-=-����1) 
22.14.12 jL,(x) j � eztz (x�O) 

(-l �x� l) 

22.14.13 jL�a> (x}l � ���1::1�) ez12 (a�O, x"?.O) 
22.14.14 

IL,<">(x) J _<[2 r(a+n+l)]ez'z (-1< <O x>O) �r�+l) a , -
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22.14.15 

22.14.16 

IH2m(x) l � e%21222mml [2-2
� e:)] 

x212 {2m+ 2) 1 IH2m+l (x) l �xe (m+l) ! (xcO) 

22.14.17 IH,.(x)l <e"212k2"12.Jif k�l .086435 
22.15. Limit Relations 

22.15.1 

lim [ 1 .. P�"'· 13> (cos �)] 
n�CD n n 

22.15.2 lim [ 1 .. L�a> (�)]=x-a12J .. (2..fX) n� .. n n 

lrm. [< -l)"y'n H (___!._)]=_!_ cos X 22.15.3 
n�.. 4"n! 2n zrn � 

22.15.4 

22.15.5 

22.15.6 

1. [(- 1)" H c�)]=� sin x ,;!;! 4"n! 2n+l 2-.[ii ..fi 

lim p�a.iJ> (1-2x)=L�a> (x) (J-+co ' fJ 

787 

=lim 1a P�"'· f1> (1- z2 2)=(�)"' J ( ) n�co n 2n X a X For asymptotic expansions, see [22.5] and 
[22.17]. 

22.16. Zeros 
For tables of the zeros and associated weight factors necessary for the Gaussia�-type quadrature formulas se� chapter 2

_
5. All the zeros of the orthogonal polynomials are real, sunple and located in the intenor of the mterval of o�tbogonality. 

E li · _ xp Cit and Asymptotic Formulas and Inequalities Notations: 
x�">mth zero of j,.(x) (xl"><x�">< . . . <x�">) j ... m, mtb positive zero of the Bessel function J .. (x) 

9�"> =arccos x��m+l(0<9�"'<9�"'< . . .  <9�"><'1r) O<j .. ,1<j .. ,2< . · · 
f,.(x) 

ReJa.tion 

22.16.1 P�-�>(cos e) lim 118<">=3
· 

(a>-1, tJ> - 1 )  
22.16.2 c�> (.z) 

22.16.3 c�> (cos e) 

22.16.4 T,.(x) 

22.16.5 U,.(:c) 

22.16.6 P,.(cos e) 

22.16.7 P .. (x) 

22.16.8 

-

For error esttmates see [22.6]. 

'n-+OJ "' a:.m 

,. z!•l>� .. 4k,. :r;�l<�: (2k,.+ �4k!.+ t a2) 
z1,:1=& (l + 2(a1- l)+j!,,..) + O(n-&) 4k.. 48k! 
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22.17. Ortlwgonal Polynomials of a Discrete 
Variable 

:Ew*(x,) is finite. The constant factor which is 
I 

still free in each polynomial when only the orthogo
nality condition is given is defined here by the 
explicit representation (which corresponds to the 
Rodrigues' formula) 

In this section some polynomialsj,.(x) are listed 
which are orthogonal with respect to the scalar 
product 

22.17.1 22.17.2 j,.(x) 

The x( are the integers in the interval a�x,�b 
and w*(x1) is a positive function such that 

where g(x, n) = g(x )g(x- 1)  . . . g(x-n+ 1)  and 
g(x) is a polynomial in x independent of n. 

Name a b w*(x) r,. g(x, n) Remarks 

Chebyshev 0 N-1 1 1/n! c:) e:1 
Krawtchouk 0 N p&qN-& (':) 

(-l)nn( q"Xl p,q>O; 
(z-n)l p+q=l 

e-•a& 
. xl 

Charlier 0 "" Zl ( -1) n..Ja"nl 
(x-n)! 

a>O . 
Meixner 0 c•r(b+x) xl b>O, o<c<1 "" 

r(b)x! 
C" (.:z;-n)l 

Hahn 0 CD r(b)r(c+x) r(d+x) 
n! 

x!r(b+x) 
x!r(b+x)r(c)r(d) (.:z;-n)lr(b+x-n) -

For a more complete list of the properties of these polynomials see [22.5] and [22.17]. 

Numerical Methods 

22.18. Use and Extension of the Tables 

Evaluation of an orthogonal polynomial for which the coejficients are given numerically. 
Ex8lllple I. Evaluate L0(1.5) and its first and second derivative using Table 22.JO and the 

Horner scheme. 

1 -36 450 - 2400 

:Z:= 1.5 1. 5 -51. 75 597. 375 

1 -34. 5 398. 25 - 1802. 625 

1.5 1. 5 -49. 5 523. 125 

1 -33. 0 348. 75 -1279. 500 

1.5 1 . .  5 -47. 25 452. 250 

1 -31. 5 301. 50 -827. 250 

5400 - 4320 

-2703.9375 4044. 09375 

2696. 0625 -275. 90625 

- 1919. 25 1 165. 21875 

776. 8125 889. 3125 

- 1240. 875 

-464. 0625 

720 

·- -413. 859375 

306. 140625 

Le 306. 140625 
720 

= .  42519 53 

L' 889. 3125 
6 720 

= 1 .23515 625 

L" _2 [-464. 0625] 
e - 720 

= :_ ] . 28906 25 
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Evaluation of an orthogonal polynomial using the explicit representation when the coefficients are not 
given numerically 0 

If an isolated v.alue of the orthogonal polynomial j,.(x) is to be computed, use the proper explicit 
expression rewritten in the form 

and generate ao(x) recursively, where 
j,.(x) =d,.(x)ao(X) 

am-1 (x) = 1-
b
,. j(x)a,.(x) c,. (m=n, n-1, 0 0 0 '  2, I, a,.(x) =1)o 

The d,;(x), b.,., c,., j(x) for the polynomials of this chapter are listed in the following table: 

f,.(x) 
p<�o8) n 

c<�> 211 

c�-;,>+1 

T2n 

Th+t 

u� .. 

U2n+l 

p2n 

P2n+l 

£<•> " 
B.'J .. 

Bin +I 

d,.(x) 

(n!a) 
( -1)"  (a),. n! 
( - 1) "  (a) "+I 2x n! 
(-1)" 

(- 1) "(2n+ 1)x 
(-1)" 
( -1) "2(n+ 1)x 
(-1) " 

Cn) 4" n 
(-�)" czn;t 1) (n+ 1)x 0 

e:a) 
(-1) " (2n)l 

nl 
(- l)" (2n+1)!2x 

n! 

b,. c., 

(n-m+ l)(a+,S+n+m) 2m(a+m) 
2(n-m+ l)(a+n+m- 1) m(2m-l)  
2(n-m+1)(a+n+m) m(2m+l) 
2(n-m+ 1) (n+m-1) m(2m-1) 

� 
2(n-m+1)(n+m) m(2m+ 1) 
2(n-m+ 1) (n+m) m(2m-l) 
2(n-m+ 1) (n+m+ 1) m{2m+ 1) 

(n-m+ 1) (2n+2m- l) m(2m - 1) 
(n-m+ 1) (2n+2m+ 1) m"(2m+I) 
n_:m+1 m(a+m) 
2(n-m+1) - m(2m-1) 
2(n-m+1) m(2m+1) 

Example 2. Compute P�112.3i2> (2)o Here d8=CS85)=3o33847, f(2) = - l .  

m 8 7 6 5 4 3 2 1 

a,.. 1 1. 132353 lo 366667 1. 841026 30 008392 60 849651 26o 44156 2230 1091 b,. 18 34 48 60 70 78 
c,. 00 136 105 78 55 36 21 

P�112o312>(2)=d8a0(2)=(3033847)(6545o533)=21852o07 
Evaluation of orthogonal polynomials by means of their recurrence relations 
Example3. Compute0�>(2o5) for n=2,3,4,5,6o 

84 10 

From Table 22.2 O�l> = 1, Oft>= 1.25 and from 22.7 the recurrence relation is 

O�i.i:1(2o5)=[5(n+i)O�i> (2o5)- (n-!)O�l21 (2o5)] n!1° 

n 2 
13:�.1 4 5 6 

c�t>czo5) 30 65625 50o 87648 2070 0649 8670 7516 
Check: Compute 08(})(205) by the method of Example 2. 

88 3 

f(x) 

1-x 
x= 
a;l 

x' 
x' 
:i;2 

a;! 

z2 

a;2 

X 

z: 

zt 

0 
65450 533 90 0 
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Chanae of Interval of Orthogonality 

In some applications it is more convenient to use polynomials orthogonal on the interval [0, 1]. 
One can obtain the new polynomials from the ones given in this chapter by the substitution x=2i-l. 
The coefficients of the new polynomial can be computed from the old by the following recursive scheme, 
provided the standardization is not changed. If 

� n j,.(x)= '22 a,..z"', .J:(z) j,.(2x- 1) = '22 a:r-
m� m� 

then the a: are giYen recursively by the a,. through the relations 

a!f>=2a![-1>-a,U�1 ; m=n-1, n-2, . . .  , j; j=O, 1 , 2, . . . , n 
a!,.-1>=a,./2, m=O, 1, 2, . . .  , n 
a�n =21a,., j=O, 1, 2, . . .  , n nnd a!,."'>=a!.; m=O, 1, 2, . . .  , n. 

Example 4. Given T5(x)=5x-20z3+16x5, find 71(x). 

� 5 4 3 2 

- 1  S=a,-11 0 - 10=<Ji-•• 0 

0 16 - 16 - 4  4 
1 32 -64 56• - 48 
2 64 -192 304 -400=a; 
3 128 -512 1120=a; 
4 256 - l:lSO=a: 
5 512=a: 

1 

2.5=at11 

1 
50=a; 

22.19. Least Square Approximations D a Continuous Interval 

0 

0 

-l=a; 

Problem: Given a function j(x) (analytically or 
in form of a table) in a domain D (which IDI\f be 
a continuous interval or a set of discrete points).2 
Approximate j(x) by a polynomial F,.(x) of given 
degree n such that a weighted sum of the squares 
of the errors in D is least. 

Example 5. Find a least square polynomial of 

degree 5 for j(x)=1!x' in the interval 2�x�5 ,  
using the weight function 

Solution: Let w(z) �0 be the weight function 
chosen according to the relative importance of 
the errors in different parts of D. Let j,.(x) be 
orthogonal polynomials in D relative to w(x), i.e. 
(j,., J,.)=O for m�n, where 

(J, g)= 

J
D 
w(x)j(x)g(x)rk 

if D is a continuous interval 

N '22 w(x,.)j(x,.)g(x,.) m-1 

Then 
if Dis a set of N discrete points x ,.. 

11 F,.(z)= � a,.j,.(x) 
m-o 

where 
"' a,.=(j,j.,)/(j,., j,.). 

t f(x) has to be square integrable, see e.g. [22.17). 

•see page n. 

1 w(x) .,j(x-2)(5-x) 
which stresses the importance of the errors f\t the 
ends of the interval. 

R d 
. . al [ ) 2x-7 

e uct10n to tnterv -1, 1 , t=-3-

2 1 w(x(t))=-3 ...; 2 
1-t 

From 22.2,j,.(t)= T,.(t) and 

4 Jl 1 1 a,.=3- .,;
- t+a T ,.(t)dt 

7r -1 1-t2 

2 
J
l 1 dt ao=a'��" -1 .,JI-t2 t+3 

(m �O) 
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Example 7. Economize f(x)= 1  +x/2+:t/3 
+r/4+x'/5+11'/6 with R=.05. 

From Table 22.3 

j(x) = �O [149T0(x) +32T2(x) +3T,(x)] 
1 + 96 [76TI(x)+11Ta(x) +T5(x)] 

so 

f(x) =1�0 [149T0(x)+32T2(x)J+ 9� [76TI(x)+ 11Ta(x)] 

since 
- 1 1 Jj(x)-j(x) J �40+96 < .05 
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23. Bernoulli and Euler Polynomials-Riemann Zeta 
Function 

Mathematical Properties 

23.1. Bernoulli and Euler Polynomials ·and the Euler-Maclaurin Formula 

te:' .. t" 
23.1.1 -,-1 =� B,.(z) -1 e - n-o n 

23.1.2 B,.=B,.(O) 

Gene.rating Functions 

I 2e'u • t" ltl<21r '+l= :E E,. (z) 1 e n-o n. 
Bernoulli and Euler Numbers 

n=O, 1, . . .  E,.=2"E,. (�)= integer 

E0=1 ,  E,=-1 ,  E4=5 

1t1<11" 

n=O, 1, . . .  

(For occurrence of B,. and E,. in series expa.nsions of circular functions, see chapter 4.) 

m 

23.1.4 (;t k" B,.+1(m+1)-B,.+t 
n+1 

23.1.5 B�(z)=nB,._1(z) 

23.1.6 B,.(z+l)-B,.(z)=�"-1 

23.1.7 

B,.(x+h)=to (�) B&(x)h"-" 

Sums of Powers 

m, n=1, 2, . . . 
DerivatiYee and Di8'erencee 

n=1, 2, . . . 
n=O, 1 ,  . . .  

E�(x) =nE,._1 (z) 

E,.(z+ 1) + E,.(x) =2z" 

Expanaiona 

n (n) Et ( 1)"-" E,.(x)=� k 2" z-2 

Syuunetry 

23.1.8 B,.(l-x) = (-1)"B,.(x) n=O, 1 , . . .  E,.(1-z)={-1)"E,.(x) 

23.1.9 (-1)"B,.(-x)=B,.(x)+nx"-1 n=O, 1, . . .  (-1)"+1E,.(-x)=E,.(x)-2x" 

23.1.10 

B,.(mx)= m"-1 � B,. x+-
m-1 ( k) t-o m 

Multiplication Theorem 

n=O, 1 , . . .  E,.(mx)=m" �
1 

(-1)1E,. ( z+ !) 
m=1, 2, . . .  

m , n=1,  2, . . .  

n=1 , 2, . . .  

n=0, 1, . . .  

n=O, 1 ,  . . .  

n=0, 1, . . .  

n=O, 1 ,  . . .  

n=O, 1 ,  . . .  

n=O, 1, . .  . 
m=1, 3, . .  . 

E,.(mx)=-n!l m"' � (-l)"B,.+1 (x+ !) 
n=O, l, . .  . 
m=2, 4, . .  . 

804 
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Integrals 

11 f: B (t)dt 
B,.+t (x)-B,.+t(a) 

23.1. J a " n+1 

fl m'n' 
23.1.12 J o B,.(t)B,.(t)dt=(-1)"-1 (m+�) l B,.+,. 

m , n=1,2 ,  . . .  

i1 E .. (t)E,.(t)dt 

- ( 1)"4(2"'+n+2 1) m!nl B - - - (m+n+2)! m+n+2 

m,n=O, l ,  . . .  

(The polynomials are orthogonal for m +n odd.) 

Inequalities 

23.1.13 IB2,.l >IB2 .. (x)J n=1, 2, . . .  , 1>x>O 4-"]E2,. J>(-1)"E2,.(x)>O n=1,2, . . .  , !>x>O 
23.1.14 

2(2n+l)! ( 1 )>< 1)"+1B ( )>O (2'11")2n+t 1 -2-211 - 2n+t X 
n=l, 2, � . . , t>x>O 

23.1.15 

2(2n)! ( 1 ) ,.+1 2(2n)! 
(2'11")2" 1 -21 2n >(-1) Bz .. > (2w-)2" 

n=1 , 2, . . .  

4(2n-1)! ( 1 ) " 
�" 1 +2z,._2 >(-1) E2n-l (x)>O 

n=1 ,  2, . . .  , !>x>O 

4"+1(2n)! ,. 4"+1(2n)! ( 1 ) �n+t >(  -1) E2,.> �r>+1 1 +3 1 2n 

n=O, l ,  . . .  

Fourier ExpllD.IIions 

23.1.16 

B ( ) = -2 � f: cos (2'11"kx-!11"n) 
11 X (2'11")" t=J. k" -

n>l , 1 �x�O 
n=1, 1>z>O 

23.1.17 

B.2n-t (x) (-1)"2(2n-l)l � sin 2kn 
(2'11")2" 1 f.:i pro-! 

n>I, 1 �i�O 
n=1 , 1>x>O 

23.1.18 

Bz 
.. (x) (-1)"- 12(2n)l -.J: cos 2brx 

(211")2" k-1 k2n 

n=1,2, . . .  , 

E ( )=4 � � sin ((2k+1)11"x-!'11"n) ,. X 'lrn+t f.;6 (2k+1)"+1 
n>O, 1 �z�O 
n =O, I>z>O 

(-1)"4(2n-1)! � cos (2k+1)11"x E2n-1 (x) 71"2" {;;6 (2k+ 1)2" 
n=1,2, . . . , 1�x�O 

(-1)"4(2n)! � sin (2k+l)n 
11"2n+l f,;6 (2k+l)2n+l 

n>o, 1�x�O 
n=O, I>x>O 

Special Values 

23.1.19 Bz,.+t=O n=1 , 2, . . .  Ezn+t=O n=0, 1 ,  . . .  
23.1.20 B,.(O)= ( -1)"B .. (1) E,.(O)=-E,.(l) 

=B .. n=0, 1 ,  . . . =-2(n+1) -1(2"+1-l)B,.+t n=1 , 2, . . . 

23.1.21 B .. (!)=-(1-21-")B,. n=O, l ,  . . .  E,(!)=2-"E,. n=O, l ,  . . .  
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23.1.22 B,.(i)= (-l)"B,.(!) Ez,.-lt)=-Ez,.-t(f) 

=-2-"(1-21-")B,.-n4-"E,. .. t =- (2n)-1 (1-31-2")(22"-l)B2,. 

n=1,2 , . . .  n=1,2, . . .  
23.1.23 B2,.(!)=Bz,.(J) 

= -2-'(1-31-2n)Bz,. 

23.1.24 B211 (1-) = B2,. ( t) 
n=O, l ,  . . .  

=2-1 (1-21-2•) (1-31-2")Bz,. 
n=O, l ,  . . .  

Symbolic Operationa 

23.1.25 p(B(x) + 1) -p(B(x)) =p'(x) 

23.1.26 B,.(x+h) = (B(x)+h)" n=O, 1, . 

p(E(x) + 1) + p(E(x)) =2p(x) 

E,.(x+h)=(E(x)+h)" n=O, 1, 

Here p(x) denotes a polynomial in x and after ex;panding we set {B(x) }"=B,.(x) and {E(x) } "=E11(x) . 

23.1.27 
Relations Between the PolynomiaJs 

E,._1(x)=�" {B. (x!l)-B. (�)} 
�{ B,.(x)-2"Bn (�)} n=1, 2, . . .  

23.1.28 

E,_2(x)=2 (�)-1 � (�) (2"-k.-l)B,._,.Bk(x) 

n=2, 3, . . .  
23.1.29 

B.(x)= 2-" to(�) B,._k.E,.(2x) n=O, l ,  . . .  

Euler-Maclaurin Formulas 

Let F(x) have its first 2n derivatives continuous 
on an interval (a, b). Divide the interval into 
m equal parts and let h=(b-a)fm. Then for 
some 8, t>o>O, depending on F<2">(x) on (a, b) ,  
we have 

23.1.30 

to F(a+kh)=� ib F(t)dt+�· {F(b) +F(a) } 

+� hZk-t B {F<2k-1> (b)-F<2k-1>(a) I t.:l (2k) ! 2k • 

h2" 1!1-1 
+ (2n) ! B2n f; Fez,.> (a+kh+Bh) 

Equivalent to this is 

23.1.31 

� i"+�> F(t)dt=� {F(x+h) +F(x) } 

" . 
Let B,(x) =B,.(x-[x]) . The Euler Summation 

Formula is 

23.1.32 

�1 F(a+kh+wh)=-h
1 fb F(t)dt 

A:-0 Jo 

p:::=;2n, 1 2 w20 

., 
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23.2. Riemann Zeta Function and Other Sums 23.2.13 r'(O)=-i In 2"" 
r(-2n)=O of Reciprocal Powers 

CD 

23.2.1 r(s)=::E k-· k=l 

23.2.2 

(product over all primes p). 

23.2.3 

* 23.2.4 

23.2.5 

where 

23.2.6 

23.2.7 

23.2.8 

23.2.9 

23.2.10 

=-1-+!+ ± B2t (s+2k-2) 
s-1 2 .1:-1 2k 2k-l 

-(s+2n) fCD B2,.+1(z-[z]) d 2n+ 1 J 1 x•Hn+l X 
s�l, n=l, 2, . . .  , ,q.fs>-2n 

r(l-s) J: ( -z)•-1 
- 2 . ' 1 dz 

n c e -

1 CD (-1)" =-+ ::E -1- -y,.(s-1)" s-1 n-o n. 

r {�m (Ink)" (ln m)"+l} -y,= 1m -k- n+l m-+.., •I 

=2'71"-1 sin (!"n"s)r(1-s)t(l-8) 

n=1, 2, . . . , &ls>O 
_ exp (ln 2"n"-1-h)8 ( 8) ! - 2(s-l)r(!s+1) � 1-; e" 

product over all zeros p of t(s) with &lp>O. 
The contour G in the fourth formula starts at 

infinity on the positive real axis, circles the origin 
once in the positive direction excluding the points 
±2ni"" for n=1, 2, . . . , and returns to the 
starting point. ThereforA t(s) is regular for all 
values of s except for a simple pole at s= 1 with 
residue 1 . 

23.2.11 

23.2.12 

Special Values 

reo)=-! 
t(l)=co 

23.2.14 

23.2.15 rCI-2n)=-B2n 
2n 

(2"n')21l 23.2.16 r(21l)=2(2n)! IB2 .. 1 

23.2.17 

n=l, 2, . . .  

n=1 ,2, . . . 

n=1,2, . . . 

n=1 ,2 , . . .  

Sums of Reciprocal Power. 

The sums referred to are 

23.2.18 n=2,3, . . . 

23.2.19 
.., 

77(n)= ::E ( -1)1-1k-"= (1-21-")t(n) k•l 
n=l,2 , . . .  

23.2.20 

n=2, 3, . . . 

23.2.21 

n=l ,2, . . .  

These sums can be calculated from the Bernoulli 
and Euler polynomials by means of the last two 
formulas for special values of the zeta function 
(note that 77(1)=ln 2), and 

23.2.22 P(2n+1) n=O, 1, . . . 

23.2.23 

(-1)"r" fl 
f3(2n) 4(2n-l)l J o E2n-1(x) sec("n"X)dz 

n=1, 2, . . .  
{3(2) is known as Catalo.n's consto.ut. Some 

other special values are 

23.2.24 

23.2.25 
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23.2.26 23.2.29 

23.2.27 23.2.30 

23.2.28 23.2.31 

1 1 11" P(l)=l-3+5- . . . =4 

1 1 � P(3)=1-3s+sa- . . .  =32 
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24. Combinatorial Analysis 
Mathematical Properties 

In each sub-section of this chapter we use 
n. fixed formnt which emphnsizes the use n.nd 
methods of extending th(' nrrompnnyin� tnbles. 
Th� formnt follows this form : 
I. D�finitions 

A. ('om binatorinl 
B. Generating funct.ions 
C. Closed form 

11. Relatioll8 

A. Recurrences 
B. Checks in computing 
C. Basic use in numerical analysis 

III. Asymptotic and Special Values 

In general the notations used are standard. 
This includes the difference operator !:J. defined on 
functions of x by t:J.j(x) j(x+ 1 )-j(xr, t:J.n+'f(x) 
=!:l.(!:J.Aj(x)) ,  the Kronecker deltu 6th the Riemann 
zetn function r(s) and the greatest common 
divisors�·mbol (m, n). The range of the summands 
for a s.tmlmation sign without limits is explained 
to the right of the formula. 

The notations which are not standard are those 
for the multinomials which are arbitrary short
hand for use in this chapter, and those for the 
Stirling numbers which have never been stand
ardized. A short table of various notations for 
these numbers follows : 

Notations for the Stirling Numbers 

Reference 
This chapter 

[24.2) Fort 

First Kind Second Kind 

[24.71 Jordan 
[24.10] Moser and Wyman 

(24.9) Milne-Thomson 
[24.15) Riordan 

s: ( n - 1 ) Bl•l 
1 ·-.. m-

s(n, m) 
[24.1] Carlitz} 
[24.3] Gould (- l)n·mS.(n - 1 ,  n - m) 

Mi.ksa 
(Unpublished 

tables) 
[24.1 7] Gupta 

S(n-m+ l, n) 

��-� 
y�-l * 

@;� • 
IT'; (�) B��:.· 

S(n, m) 

S�(m, n-m) 

... s .. 

u(n, m) 

We feel that a capital S is natural for Stirling 
numbers of the first kind; it is infrequently used 
for other notation in this context. . But once it 
is used we have difficulty finding a suitable 
symbol for Stirling numbers of the second kind. 
The numbers are sufficiently important to warrant 

822 • St>e pngP n. 

a special nnd easily recognizn.hle symbol, and 
yet. thnt symbol must be ens.'• to write. We have 
set tied on n script capitn.l 55 without any certainty 
that we have settled tltis question permanently. 

We feel thn.t the subscript-superscript notation 
emphnsizes the genernting functions (which are 
p6wers of mutually inverse functions) from which 
most of t.lte important relations flow. 

24.1.1 

24.1. Basic Numbers 

Binomial Coefficients 
I. Definitions 

A. (�) is the number of ways of choosing m 
objects from n collection of n. distinct objects 
without rcgnrd to order. 

B. · Genern.ting functions 

n=O, 1 ,  . . .  

( 1-x)-m-1 --:t (n) x"-m 
n = m  m 

C. Closed form 

(�)- nl ( n ) m!(n-m)!= n-m 
n(n-1) . . .  (n-m+!l m! 
II. Relations 

A. Recurrences 

(n+I)=(n )+( n ) m m m-1 

B. 

=(n )+( n-1 )+ .
. . 

+(n-m) 
m. m-1 0 

Checks 

n ( r) ( 8 ) (r+s) �o m n-m = n. 
t (-l)n-m ( /')=('-}) m-o m n 
en )=(no) C'· · ) . . . (modp) m mo m1 

n�m 

n�m� l  

n�m 

r+s�n 

r�n+I 

11 a prime 



where 

C. Numerical analysis 

A"j(x)="t (-1)"-'" (n)J<x+m) 
m-o m 

24.1.2 

COMBINATORIAL ANALYSIS 

"± (-1)"' (n)f(x-m) 
m-o m 

= ± ( -1) ,_t (n-k-
k 
1) A�: f (x-s) 

t-o s-
lli. Special Values 

(�)=(:)=1 
(�n) 2"(2n-1)(2:1-3) . . .  3·1 

Multinomial Coefficients 

I. Definitions 

823 

A. (n; n1, 'Tt:l, . . .  , n,.) is the number of ways of putting n=n1 +1t:1+ . . .  +n,. different objects 
into m different boxes with n� in the k-th box, k=l , 2, . . .  , m. (n; a1, � • • • •  , a,.)* is the number of perrnutations . of n=a1+2�+ . . .  +na,. symbols composed 
of at cycles of length k for k=1 , 2, . . .  , n. (n; a�o a2; • • •  , a,.)' is the number of ways of partitioning a set of n=� +2a2+ . . .  +na,. dif
ferent objects into at subsets cont_!lining k objects for k= 1 , 2, . . .  , n. 

B. Generating functions 

Zt t - I • I ... "2 "" ( ... )"' .. t "  
� kl t -m. � 1 2:(n, a�>�• . . . , a,.) x1 x2 • • •  x,. t=l n-m n. 

C. Closed forms 
(n;nl> n2, . . .  , n,.) =nlfnt!n2! . . .  n,.! 
(n;a1, a2, . . .  , a,.)*=n!/1"1at!2<���! . . .  n""a,.! 
(n; at,�, . . .  , a,.)'=n!/(1!)11•a11(2!)"'�! . . .  (n!)4"a,.! 

II. Relations 
A. Recurrence 

Ill 

summed over n1+1t:1+ . . .  +n,.=n 

summed over a1+Zaz+ . . . +na .. =n 
and a1+a2+ . . .  +a,.=m 

nt+'Tt:l+ · . .  +n ... =n 
at+2�+ . . .  +na,.=n 
a1+2a2+ . . .  +na,.=n 

(n+m;nt+I, n2+1 ,  . . .  ,n,.+1)=� (n+m-1; n1+1, . . .  ,n.�:-1+1, n.�:, n.t+t+l, . . .  ,n...+l) 

2:(n; a�>� • . . .  , a,.)*= ( -1)"--"'8�'"1 

2: (n; a�>� • . . .  , a,.) '= 55�"'> 

k•\ 

C. Numerical analysis (Faa di Bruno's formula) 

•see page o. 
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pl 1 0 0 

p2 pl 2 
Pa p2 pl 

=�(-1)"-llat(n; a�t �� . . . , a,.)*PftP�2 . . .  P!" 
0 
n-1 

P,. Pn-1 P,._z pl 
summed over a1+2az+ . . .  +na..=n; e.g. if P.�:='Zj.1x: for k=1, 2, . . .  , n then the determinant and 
sum equal n!'Zx1x2 . . .  x,, the latter sum denoting the n-th elementary symmetric function of x1, �� • • •  , x,. 
24.1.3 Stirling Numbers of the First Kind 

I. Definitions 

A. ( -l)"-"'8�"'' is the number of permutations 
of n symbols which have exactly m cycles. 

B. Generating functions 

11 

x(x-1) . . .  (x-n+l)=� s�m>xm 
m-o 

C. Closed form (see closed form for ��"'>) 

S�"''= � (-l)t cn-I +kx 2n-m ) ��.I:J,.+A: 
.�:-o n-m+k n-m-k 

II. Relations . 

A. Recurrences 

B. Checks 

n 
� (-1)"-"'S�"''=n! 
m•O 

n 
."' s<.t+l>nk-m_scm> "'-' 11+1 - .. 
k•m 

C. Numerical analysis 

d"' .. scm) 
..J_,.f(x) = m! � _!!.._! t."j(x) IJl.£ n•m n 

if convergent. 

n�m� l 

n� m�r 

m. Asympt.otics and Special Values 

S(m) (-1)" 
lim ..-.!tt'!'=--111� .. m2" 2"nl 

for m=o(ln rt) 

8�0 = (-1)"-1(n-1)! 

s���-1>=-(�) 
24.1.4 Stirling Numbers of the Second Kind 

I. Definitions 

A. ��>is the number of ways of partitioning a 
set of n elements into m non-empty subsets. 

B. Generating functions 

n 
x"=� ·��m>x(x-1) . . . (x-m+l) 

m-=0 

.. 
(1-x)-1(1-2x)-1 • • •  (1-mx}-1=� :O�"''x"-rn 

n•m 
lxl<m-1 

C. Closed form 
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II. Relations 

A. Recurrences 
g;(ml -m g; (m) + g: (m-ll 11"'11+1- r!'Jn 6'01• (m) 55�,.1 = � (n) r k•m-r k 

B. Checks 
n 

g; ( r) Cl:.(m-r) ll"'ll-J: PJ: 

:E (-1)"-"'m! ��"'1=1 
m-o 

�<"'>=�<-t>J: (n-t+k) ( 2n-m ) s<� ,. r-11 n-m+k n-m-k " m+.t 

C. Numerical analysis 
• ., �(m) tJ."'f(:z:)=m! :E -" j<"1(x) 

n-m n! if convergent 

Ill. Asymptotic!! and Special Val.oe11 

* lim m -" ,S�"'1 = (ml)-a n-+m 

m2" Q::(m) ,..,_ r!'Jn+m 2"n! 
Q: (m) lim �=m a:: (m) n-.• p,. 

a::( J )_ !:r ( •l-] ,.,.," - tJI::7 " -

24.2. Partitions 

for n=o(mt) 

24.2.1 Unrestricted Partitions 
). DeftnitiODII 

A. p(n) is the number of decompositions of n 
into integer summands without regard to order. 
E.g., 5=1 +4=2+3=1+1 +3=1+2+2=1+ 1+ 
1+2=1+1+1+1+1 so that p(5)=7. 

*See page 11. 

B. Generating function 

:E p(n)x"= IT (1-:z:")-1= :E (- 1)":z:_2_ 
CD .. { CD 3nY,n

} 
-1 

n._O f!.-1 n--co 

C. Closed form lxl<1 

p(n) =-1- i:, �kA,(n) �
sinh {i�R} 

1r{2 k•1 dn J 
n-J:._ 

where 
" 24 

s(h,k) �i((�)) 
((x))=:z:-[x] -l if x is not an integer 

=0 if x is an integer 

II. RelatioD.II 

A. Recurrence 

p(n) = :E ( -1 ).t-tp (n-3kZ2± 
k) 

1<3kl±k <n - 2 -

1 n =-"'5: 0'1 (k)p(n-k) nt='{ 
B .  Check 

p(O)=l 

3P±k ( 3k2±k) p(n)+ :E (-l)t --p n--- =0'1(n) 
1<8k'±k< 2 2 
- 2 _n 

Ill. A11ymptotiC11 

1 , ..f2i8 -1ft 
p(n) - r;; e 4nv3 

24.2.2 Partitions Into Distinct Parts 
1. DefinitioD.II 

A. q(n) is the number of decompositions of n 
into distinct integer summands without regard to 
order. E.g., 5=1+4=2+3 so that g(5)=3. 

B. Generating function 
CD CD <D 

:E q(n)x"= IT (l+:z:")= IT (1-x2"- 1)- 1 
n•O n-1 n-1 

C. Closed form 

l:z:J<t 

q(n) -�� A2t-t(n) fnJo (2kri 1ls�n+2�) 
where Jo(:z:) is the Bessel function of order 0 and 
Au-1(n) was defined in part LC. of the previous 
subsection. 
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11. Relations 

A. Recurrences 

� (-1)kq (n-3Jc2±k)=(-1)' ifn=3r±r 
3kl:t:k 2 0!>-2-!>n q(O) = 1 

=0 otherwise 

q(n) ��{ u1(k)-2u1 (�) }q(n-k) 
B. Check 

r-r � (-l)kq(n-(3k'±k))=1 ifn=-2-0!>Bk�:t::k!>n 

=0 otherwise. 

III. Asymptotics 

24.3. Number Theoretic Functioos 

24.3.1 The Mobius Function 
I. Definitions 

A. JL(n)=1 if n=l 
= ( -1)t if n is the product of k distinct 

primes 
=0 if n is divisible by a. square > 1. 

B. Generating functions 
• 
� Jt(n)n-'=1/r(s) JJ•l 

• Jt(n)�" �-- =X 
ft•l 1-� 

II. Relat.iona 

A. Recurrence 

Jt(mn)=p.(m)p.(n) if (m, n)=1 

B. Check 

=0 if (m, n)>1 

� JL(cl)=o,., 
din 

C. Numerical analysis 

g(n) = >: j(d) for all n if and only if am j(n) = � Jt(d)g(n/d) for all n 
din 

g(n) =ll j(cl) for all n if and only if 
din j(n) =ll g(n/d)'•<4> for all n 

din 
g(x) = f j(x/n) for all z>O if and only if 11•1 

j(x) = � Jt(n)g(x/n) for all x>O 
11•1 

"' 

g(z) = 2: j(nz) for all z >o if and only if 
11•1 • j(z)=2: Jt(n)g(nx) for all z>O 

n•1 
"' - .. 

and if � � IJ(mnz) I=� u0(n) lf(nx) 1 converges. 
m-l n•l n•l 

The cyclotomic polynomial of order n is 
n (zd-1)"<"'"' 
dJn 

ill. Asymptotics 

"£ Jt(n) =0 
n-1 n 

24.3.2 The Euler Totient Function 
I. Definitions 

A. rp(n) is the number of integers not exceeding 
and relatively prime to n. 

B. Generating functions 

"£ rp(n)n-• rcs-1) 
n-1 r(s) 

• rp(n)x" x � 1-x� (l-x)2 
C. Closed form 

l!'(n)=nn (1-.!.) 
pin P 

over distinct primes p dividing n. 
II. Relations 

A. Recurrence 

l!'(mn)=l!'(m)l!'(n) (m, n)=l 
B. Checks 

a"<•> = 1 (mod n) (a, n) = 1 
Jll. Asymptotics 

.!._ ± (k)=�+O (In n) 
n2 k•l ll' 11"2 n 
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24.3.3 Divisor Functions 

I. Definitions 

A. u1(n) is the sum of the k-th powers of the 
divisors of n. Often u0(n) is denoted by d(n), and 
u1(n) by u(n). 

B. Generating functions 

± u.t(n)n-•=r(s)f(s-k) £lls>k+l 
n-1 

C. Closed form 
1 p�<ai+l)_l 

u�:(n)= "); dk= n 1: 1 dJ;' 1-1 Pi-

O. Relations 

A. Recurrences 
O'.t(mn)=u.t(m)uA:{n) (m, n)= 1 
ut(np)=u.t(n)u.t(p)-p.tu�:(n/p) p prime 

01. Asymptotics 1 fl - � u0(m)=ln n+2-y-1+0(n-i) n m-1 
('Y=Euler's constant) 

1 n 11"2 (In n) 
2 � u1(m)=l2+0 -n m-1 n 

24.3.4 Primitive Roots 

I. Definitions 

The integers not exceeding and rela.tiyely prime 
to a. fixed integer n form a. group; the group is 
cyclic if and only if n=2, 4 or n is of the form pt or 
2p.t where p is a.n odd prime. Then g is a. primitive 
root of n if it generates that group; i.e.,  if g, g2, • • •  , 
g•<nl are distinct modulo n. There are <P(<P(n)) 
primitive roots of n. 

0. Relations 

A. Recurrences. If g is a. primitive root of a 
prime p and g1>-� ¢ 1(mod p2) then g is a. primitive 
root of p1 for all k. If g11-1 = l (mod p2) then g+p 
is a primitive root of p"' for all k. 

II g is a primitive root of pt then either g or 
g+p'\ whichever is odd, is a primitive root of 2pt. 

B. Checks. If g is a. primitive root of n then gil 
is a. primitive root of n if and.only if (k, <P(n))=l, 
and each primitive root of n is of this form. 

References 
Teate 

[24.1) L. Carlitz, Note on Norlunds polynomial B�'\ 
Proc. Amer. Math. Soc. ll, 452-455 (1960) . 

[24.2] T. Fort, Finite differences (Clarendon Press, 
Oxford, England, 1948). 

[24.3] H. W. Gould, Stirling number representation 
problems, Ptoc. Amer. Math. Soc. 11, 447-451 
(1960). 

[24.4] G. H. Hardy, Ramanujan (Chelsea Publishing Co., 
New York, N.Y., 1959). 

(24.5] G. H. Hardy and E. M. Wright, A.n introduction 
to the theory of numl;>ers, 4th ed. (Clarendon 
Press, Oxford, England, 1960). 

[24.6) L. K. Hua, On the number of partitions of a num
ber into unequal parts, Trans. Amer. Math. Soc. 
51, 194-201 (1942). 

[24. 7) C. Jordan, Calculus of finite differences, 2d ed. 
(Chelsea Publishing Co., New York, N.Y., 
1960). 

[24.8] K. Knopp, Theory and application of infinite 
series (Biackie and Son, Ltd., London, England, 
1951). 

[24.9) L. M. Milne-Thomson, The calculus of finite 
differences (Macmillan and Co., Ltd., London, 
England, 1951). 

[24.10] L. Moser at;�d M. Wyman, Stirling numbers of the 
second kind, Duke Math. J. 25, 29-43 (1958). 

[24.11] L. Moser and M. Wyman, Asymptotic develop
ment of the Stirling numbers of the first kind, 
J. London Math. Soc. 33, 133-146 (1958). 

[24.12) H. H. Ostmann, Additive Zablentheorie, vol. I 
(Springer-Verlag, Berlin, Germany, 1956). 

[24.13] H. Rademacher, On the partition function, Proc. 
London Math. Soc. 43, 241-254 (1937). 

[24.H] H. Rademacher and A. Whiteman, Theorems on 
Dedekind sums, Amer. J. Math. 63, 377-407 
(1941). 

[24.15) J. Riordan, An introduction to combinatorial 
analysis (John Wiley & Sons, Inc., New York, 
N.Y., 1958) . 

[24.16) J. V. Uspensky and M. A. Heaslet, Elementary 
number theory (McGraw-Hill Book Co., Inc., 
New York, N.Y., 1939). 

Tables 

[24.17] British Association for the Advancement of Science, 
Mathematical Tables, vol. VTII, Number-divisor 
tables (Cambridge Univ. Press, Cambridge, 
England, 1940). n �1()4. 

(24.18) H. Gupta, Tables of distributions, Res. Bull. East 
Panjab Univ. 13-44 (1950); 750 (1951). 

(24.19] H. Gupta, A table of partitions, Proc. London 
Math. Soc. 39, 142-149 (1935) and II. 4.2, 
546-549 (1937). p(n), n=l(l)300; p(n), n=301 
(1)600. 

(24.20] G. Kavan, Factor tables (Macmillan and Co., Ltd., 
London, England, 1937). n�256,000. 

[24.21) D. N. Lehmer, List of prime numbers fro� 1 to 
10,006,721, Carnegie Institution of Washmgton, 
Publication No. 165, Washington, D.C. (1914). 

[24.22] Royal Society Mathematical Tables, vol. 3, Table 
of binomial coefficients (Cambridge Univ. Press, 
Cambridge, England, 1954). (�).for r �tn � lOO. 

[24.23] G. N. Watson, Two tables of partitions, Proc. 
London Math. Soc. 42, 55Q-556 (1937). 





! 

25. Numerical lnterpolatipn, 
and lntegra,ion 

! 

Differe1,1ti�tiov� 

PHILIP J. DAVIs 1 AND lvA,N PoLoNsKY 2 

Contents � 
Formulas 

• : J 
r ·  

·I I - . .  P'fe 
Mi1 s7� " 25.1. Differences 

25.2. Interpolatioi). . 

25.3. Differentiation 
25.4. Integration . . 

'j 8.�� 
25.5. Ordinary Differential Equations . 

References . . . . . . . . . . . . . . . ;. . 

Table 25.1. n-Point Lagrangian Interpolation Coefficients (3 �n �8) . 

n=3, 4, p=-e� 2 
1] (.�1) [�} E3:act , 

n=5, 6, p=-[n 
2 
1] (.01) [�} 10D 

n=7, 8, p=-[n 
2 

1] (.1) [�} 10D 
I 

Table 25.2. n-Point Coefficients 

(1 �k�5) . . . . . . . . .  . 

for k-th 1 Order 
! 

k= 1, n=3(1)6, Exact 
k=2(1)5, n=k+ 1(1)6, Exact 

Table 25.3. n-Point Lagrangian Integr��qp_C9e:fficients (3 �n � 10) . 
n=3(1)10, Exact 

t .: 

I 
Table 25.4. Abscissas and Weight Factors {or Gaussian Integratioi). 

(2�n�96) . . . . . . . . . . . . . . .  \ . 
n=2(1) 10, 12, 15D 

· 

n= 16(4)24(8)48(16)96, 21D 

Table 25.5. Abscissas for Equal Weight . Chebyshev Integratio� 
(2�n�.9) . . . . . . . . . . . . . . .  , . . . . . . . . .  · ., 

n=2(1)7, 9, 10D 

Table 25.6. Abscissas and Weight Factors 
l
for Lobatto Integration 

(3 �n �10) . . . . . . . . . . . . . . .
. . . . . . . . . . .  : 

n=3(1)10, 8-lOD ! 
Table 25.7. Abscissas and Weight Factors for Gaussian Intagratio� 

for Integrands with a Logarithmic Singul�ty (2 �n �4) 
· 

n=2(1)4, 6D 

I National Bureau of Standards. , 
' National Bureau of Standards. (Presently, Beli Tel. Labs., Whippany, N.J.) 

r 

885 1 89.6 . 
� .... \ ·� . � ,, . \\ �oq 

; �� '\. . 

; . . ' 

... .. 

.,., 

�1.5 . 

. .. . 
916 ' 

' : 

92Q 
.... '\".: 

875 



25. Numerical Interpolation, Differentiation, and Integration 

Numerical analysts have a tendency to ac
cumulate a multiplicity of tools each designed for 
highly specialized operations and each requiring 
special knowledge to use properly. From the 
vast stock of formulas available we have culled 
the present selection. We hope that it will be 
useful. As with all such compendia, the reader 
may miss his favorites and find others whose 
utility he thinks is marginal. 

We would have liked to give examples to 
illuminate the formulas, but this has not been 
feasible. Numerical analysis is partially a science 
and partially an art, and short of writing a text
book on the subject it bas been impossible to 
indicate where and under what circumstances the 
various formulas· are useful or accurate, or to 
elucidate the numerical difficulties to which one 
might be led by uncritical use. The formulas are 
therefore issued together with a caveat against 
their blind application. 

Formulas 

Notation: Abscissas: Xo<xt< . . . ; functions: 
j, g1 • • •  ; values: j(z,) =f,, j' (x,) j;. f',J<2>, . . . 
indicate 1'', 2d, . . .  denvatives. tf abscissas 
are equally spaced, ZHt -x,=h and f, =f(Xo+ph) (p not necessarily integral) . R, R,. indicate re
mainders. 

25.1. Differences 

Forward Dift'erencee 
25.1.1 

25.1.2 
Central Differences 

o(f,.H)=o,.+t=o�H f,.+t-f,. 

o!=o�+�-o�-� f,.+t-2f,.1-f,.-1 

o!+t=o!+,-o; J,.+2-3f,.+t1-3f,.-f .. -t 

o:n=�<n-k> if n and k are of same parity. 

Forward Differencu Central Differencu 

Xo fo X-1 f-l 
Ao Lt 

Zt ]t � Xo fo oa - 0 
�� � ot 0� 

Xa j, �� z, ]t 0� 
�2 03J2 

Za fa Xa j, 

Mean Differences 

25.1.3 

Divided Di:fferencee 

25.1.4 

Divided Difl'erencee in Terms of Functional Values 

25.1.5 

877 
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25.1.6 where 1r,.(z)= (z-:z:o) (z-zt) . . .  (:z:-z,.) 
and 1r�(z) is its derivative: 

25.1.7 

(:Z:,t-:Z:,.) 
Let D be a simply connected domain with a 

piecewise smooth boundary 0 and contain the 
points z0, • • ., z,. in its interior. Let j(z) be 
a:q.alytic in D and continuous in D+O. Then, 

25.1.8 (Zo1ZIJ • • •  ,z,.]=2
1 . f n j(z) dz 
11"� Jc II (z-z1) 

25.1.9 
25.1.10 

25.1.11 

25.1.12 

t-o 

Reciprocal Differences 

p,. (Xo, x11 • • •  , z,.) :z:o-z,. 
Pn-t(Xo, • · .,:z:,._,)-p,._t(Zt, . . .  , X,.) 

+Pn-2(zh . . . , :z:,._,) 

25.2. Interpolation 

Lagrange Interpolation Formulae 

n 25.2.1 j(x)='22 l,(x)J,+R,.(x) 1•0 
25.2.2 
l (z)- 1r,.(:z:) 1 -(x-x,)1r�(x1) 

_ (x-:z:o) . . .  (x-x,_,) (x-xH,) . . .  (x-x,.) - (x,-:z:o) . . .  (x,-x,_J) (x,-x,+l) . . .  (x,-x,.) 

Remainder in Lagrange Interpolation Formula 

25.2.3 
R,.(z)=1r,.(z) · [Xo,Xt, . . . ,x,.,x] 

25.2.4 

25.2.5 

- j"+l (�) -1r"(x) · 
(n+1)1 

R"(z)=1r,.(Z) r j(t) dt 2ri Jc (t-z)(t-zo) . . .  (t-z,.) 

The conditions of 25.1.8 are assumed here. 

l..qrange Interpolation, Equally Spaced Aheciuu 

n Point Formula 

25.2.6 f (:z:o+ph) = � A:(p)f.t+ R,._t 

For n even, ( -� (n-2) �k� � n} 
For n odd, ( -� (n-l) �k� � (n-1)} 

25.2.7 

A:<p>=(n 1 ) (n 1 ) 
2 +k I 2 -k l (p-k) 

25.2.8 

n-l c n-1 ) II p+--t , t-0 2 

R .. -t=.!_t II (p-k)h"j<"> (�) n t 

�.!_ II (p-k)�� nl t 

k has the same range a.s in 25.2.6. 

n even. 

n odd. 

Lagrange Two Point Interpolation Fo.rmula 
(Linear Interpolation) 

25.2.9 j(-zo+ph) = (l-p)fo+Pft+Rt 

2s.2.1o Rt<P> �.125h2t<2>m � .12s�, 
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Lagrange Three Point Interpolation Formula 

25.2.11 
f(Xo+Ph)=A-d-1+A>1o+Ad1+R3 

�p(p;l) 1-t+(l-p2)1o+p(p:l) 11 
25.2.12 

R2(p) � .065h�18>W � .065A8 (jpj�l) 
Lagrange Four Point Interpolation Formula 

25.2.13 
1t:ro+ph)=A-d -1+A>1o+Adt+Ad3+Ra 

-p(p-I) (p-2) (p'-l) (p-2) � 6 1-t+ 2 1o 

p(p+I) (p-2)1 +p(y-l)j 2 1 6 3 

25.2.14 R8(p) ::::: 
.024h+j<•) W ::::: .024A* (O<P<l) � 
.042h7'<'>W �.042A' (-t<p<O, t<p<2) 

(x-l<t<:t:�) 
Lagrange Five Point Interpolation Formula 

25.2.15 
2 

1<:ro+ph)= ',E AJ,+R, f•-2 
(y-l)p(p-2) (p-1)p(p2-4) � 24 1-2 6 f-1 

+(p2-l) (p2-4) � (p+l)p(p2-4)1 4 JO 6 I 

+ (p2-l�(p+2) }2 
25.2.16 
.012h�<a>(t) ::::: .012A5 
.031h�<a>(t) �.031A6 

R,(p) � 
CIPI<t) 
(t<IPI<2) 

Lagrange Six Point Interpolation Formula 

25.2.17 
a 

f(Xo+ph)= '.E Ad,+Ra 1·-2 
� -p(p2-1) (p-2) (p-3)1 120 -2 

+p(p-1) (p2-4) (p-3)1 24 -1 
(p2-l) (p2-4) (p-3) � 

12 JO 
+p(p+l) (p2-4) (p-3)1 p(p2-1) (p+2)(p-3)j 12 1 24 2 

+p(p2-1) (y-4)1 120 3 

25.2.18 R6(p) � 
.0049h8j<8>(�) � .�049A8 (O<p<l) 
.0071h0j<8>(t) � .0071A8 (-l<p<O, t<p<2) 
.024h�<e>m � .024A8 (-2<P< -1, 2<p<3) 

(:z:-2<t<:ra) 
Lagrange Seven Point Interpolation Formula 

25.2.19 
25.2.20 { .0025h7j<7> Ct) � .0025A7 
Ra (p) � .0046h7j<71 (t) � .0046A7 

.019h7j<7> (t) � .Ol9A7 

CIPI<I) 
(l<IPI<2) 
C2<IPI<3) 
(:z:-a<t<:ta) 

Lagrange Eight Point Interpolation Formula 

25.2.21 

25.2.22 
(O<p<1) 
(-l<p<O) 
CI<P<2) 
(-2<P<-1) 
(2<p<3) 
(-3<p<-2) 
(3<p<4) 
(x-a<t<:z:,) 

Aitken's Iteration Method 

Let 1(x!Xo,x11 • • •  , :z:J denote the unique poly
nomial of ktb degree which coincides in value with 
j(x) at :z:o, . . . , xA:. 

j(xj:ro,:t:�)= X2 
1 xolj: :=: I 

I 1 '1(x!Xo,xl) x�-x I 1(:z: Xo, :Z:h :z:2)= X2-:Z:t f(xjXQ1 X2) X2-x 
1 'f<x!Xo,x1,xz) X2- x� j(XjXo,Xt,X:!, Xa) =� 1(xjXo,X11Xa) Xs-X 
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Taylor Expansion 

25.2.24 

j(x)=fo+(x-Xo)J�+ (x-;,�)
2 
}�2> + . . . 

25.2.25 

+ (x-Xo)" .t<">+R n! JO n 

Newton's Divided Dift'erence Interpolation Formula 

25.2.26 

Xo fo 
(Xo,Xd 

Zt it (Xo,Xt,.%2] [xll�] (X0,X1,X2,�3] 
Z2 12 [xlt�,Xa] 

[X2, Xa] 
xa fa 

25.2.27 

- - f"+l)(l;) R,.(x) -?r,.(x) [Xo, . . . ,x,.,x}-1r,.(x) (n+1)! 

(Xo<I;<x,.) 
(For 11',. see 25.1.6.) 

Newton's Forward Difference Formula 

25.2.28 

f(xo+ph) fo+PAo+(�)�+ . . .  +(!)d�+R,. 

Everett's Formula 

25.2.31 

f(xo+ph)=(1-p)fo+Pft-p(p-1�/p-2) 8� 

25.2.32 

+ (p+l)p(p-1) �il+ -(P+
. 

n-1) d" 31 111 • • • 2n+1 110 

+(J:."t�) �"+R2,. 

=(1-p)Jr>+Pft+E28�+F��+E,8� 
+F.ot+ . . .  +R2,. 

Xo f0 8� 8� 
o; 8� 

f1 o� of 

R2,.=h2"+2 (i:"t�)J<2,.+2l (/;) 

�(i:t�) [A:n,.:_�td:",.+2] 
Relation Between Everett and Lagrange Coefficients 

25.2.33 

Everett's Formula With Throwback 
(Modified Central Difference) 

25.2.34 

f<:z:o+ph) =(1-p)fo+Pft+E2o�.o+F2o�.t+R 
25.2.35 o�=82-.184o' 

25.2.36 

25.2.37 

R � .00045/�otl + .00061 /oi/ 

f(Xo+ ph)= (1-p)Jo+ Pit+ E��+ F �f 

25.2.38 

25.2.39 

+E,o�.o+F,�. t+R 

�=o•-.2070°+ . . .  

Relation Between Newton and Lagrange Coefficients 25.2.40 

25.2.30 

(�)=A�t(P) (�)=-:-A�t(P) (!)=A:(l-p) 

(�)=A:(2-p) 

f(Xo+ph)= (1 -p )fo+Pft + E2o�+ F2o� 
+E.�+ F.ot+ EeO:.. o+ FeO:., t + R 

25.2.41 O:.=o8- .218o8+.049o10+ . . .  

25.2.42 R � .ooooo37/�o:l + . . . 
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Simultaneous Throwback 25.2.54 m=2n+1 
25.2.43 

2 211 

f(Xo+ph)= (1-p)fo+Pft+E2�;.o+F2o;,l a1=2n+1 �j, cos kx,; 2 211 • b.�;=2 +1 �j, sm kx, n r-o 

+ EtO!a,o+ FtO!a. 1 + R' 
25.2.44 �;=�2-.01312�+ .0043�8-.0011510 
25.2.45 �!,=04-.27827�8+.0685�8-.016�10 
25.2.40 R � .oooooo83\JJ�\ + .ooooo94o7 

Bessel's Formula With Throwback 

25.2.47 

f(xo+Ph)=(1-p)Jo+Pft+B2(�;.o+�!t.t) 
+B �a+R B _p(p-1) B _p(p-1) (p-i) 

3 i ' 2 4 ' a 6 
25.2.48 

25.2.49 

25.2.50 

R�.00045I�I+.00087l�il 
Thiele's Interpolation Fonnula 

f(x) j(zt)+ 

p(Xt1�)+x-� ��������-P2(x1 1x2,xa)-j(xl)+x-Xa 
-:----:-"------:---:-(Ps(Xt,�.Za,Xt) ) 

-p(x,,x2) + . . .  
(For reciprocal differences, p, see 25.1.12.) 

Trigonometric Interpolation 

25.2.51 

25.2.52 

Gaul!ll!l' Fonnula 

211 
j(x) � 'EJ"'r"'(x)=t,.(x) 

k-0 

ft(X) 
sin !(x-:ro) . . .  sin t(x-x,._1) 

sin !(z.�;-Xo) . . .  ·sin !(x.�;-Xt-1) 
sin !(x-x.t-;-1) . . . sin Hz-�,.) 
sin !(x.�=-x.t+1) • • •  sin !(x"'-�") 

t,.(x) is a trigonometric polynomial of degree n. 
such that t,.(x.�;) jk (k=0,1, . . . ,2n) 

Harmonic Analysis 

Equally spaced abscissas 

Xo=O, 
25.2.53 

1 n 
f(x) �2-ao+ ::E (a�: cos kx+bk sin kx) l-1 

25.2.55 

1 211-l aJ:=- � f, cos k-xr; n r-o 
(k=0, 1 , . . .  ,n) 
b,. is arbitrary. 

(k=0,1, . . .  ,n) 
m=2n 

1 211-1 • b.�;=- :E j, Slll kx, n r-o 

(k=0,1, . . .  ,n-1) 

Sub tabulation 

Let j(x) be tabulated initially in interva.ls of 
width h. It· is de�:�ired to subtabulate j(x) in 
intervals of width h/m. Let A and � designate 
differences With respect to the original and the 

final intervals respectively. Thus Ao f ( :ro+ �) 
-f(Xo). Assuming that the original 5th order 
differences are zero, 

25.2.56 

Ao=_.!:_Ao+ 1-m Ag+ (1-m) (1-2m) Ag m 2m2 6m3 
(1-m)(1-2m)(l-3m) • 

+ 24m' � 

�=_!_�+1-m �+(1-m)(7-llm)� m2 m3 12mi 

From this information we ma.y construct the final 
tabulation by addition. For m=10, 
25.2.57 

25.2.58 

Ao= .lAo-.045�+ .0285�-.02066� 
�=.OlAg-.009�+.007725� 
Ag=.OOlAg-.00135� 
"3:=.0001� 

Linear Invene Interpolation 

Lin� 
p�j, fo 

/1-/o 
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25.2.59 
Quadratic fd{rerse Interpolation ' 

Inverse Interpolatidn by Revenion of Series 
Cl) 

25.2.60 Given f(Xo+Ph) j11= � a"p" 
, .t-o 

25.2.61 
" 

p=>-+c2>.2+c3>.a-+ . • .  , >.=(j'P-ao)fat 
' 25.2.62 

I 

c =-a&+�.+ 3a�_ 21�aa+ 14a� 6 llt af a� af af 
Inversion of Newto:r:•s Forward Di.ft'erence Formula 

·25.2.63 
ao=fo 

� � � a1=6() a +3 .... 4+ . . .  
� � lltJ 

�:'1!:2 - 2 + 24 + . . . 

A2 A� aa=6_.4+ . . . 

� a,=24+ · · · 

(Used in conjunctio� with !5.2.62.) 

25.2.64 

ao fo 

a -�+��-o�+�+ 3 6 . .  24 . . . 

� +  a,=24 · · · 

-�+� as 120 + · · · 

(Used in conjunctloh ivith 25.2.62,) 

Bivariate Interpolation 

Three Point Formula (Linear) 

25.2.65 

f(xo+Ph,y�+g_k)=(1-p-q)fo.o 
+Pft.o+qjo,1+0(h2) 

Four Point Form.ula 

25.2.66 

• 

f (xo+Ph,Yo+qk) = (1-p) (1-q)fo.o+P(1-q)J1,0 
+q(l-p)Jo,1+PqJ1,1+0(h2) 

Sill: Point Form.ula 

25.2.67 

• 

q(g_-1) p(p-1) f(xo+Ph,Yo+qk) 2 fo.-1+ 2 f-1.0 

25.3.1 

(See 25.2.1.) 

25.3.2 

+ (1 + pq-P2-fl)fo.o 

+p(p-2q+1)f 2 1,0 

+q(q-:p+1) fo. 1+Pqj1,1+0(h8) 

25.3. Dift'eren tiation 

Lagrange's Fo.rm.ula 
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25.3.3 

1 ) fn+tl ( ) 1 ( ) +  1r,.(x) d jl"+ tl(t) R,.(x =cn+l)! � 1r ,.  x (n+1) 1 dx '" 

�=Hx) (Xo<�<x,.) 

Equally Spaced Abscissas 

Three Points 

25.3.4 

25.3.10 h2.((2)= A2_A3+11 A4-�. A5+ JO '-'0 '"'0 12 '"'0 6 '-'0 • • • 

25.3.11 

25.3.12 

f� 11 (xo+ph) 25.3.13 

=� { (p-!)f-x-2Pfo+CP+!)fd +R� h6f65>=!lg-�A.g+ 2� �-3� �+ . . .  
Four Points 

25.3.5 

f�=f' (:z:o+ph)=�{ 3p2-:P+2 f-1 

3p2-4p-1 3p2-2p-2 + 2 fo- 2 fx 

+3p';1 !2 }+R� 

Five Pointe 
25.3.6 

f�=f'(Xo+ph)=�{�pa-3f;�p+l f-2 
4p3-3p2-8p+4 2p3-5p 

6 f -1 t 2 fo 
4p3+3P2-:-8p-4 - 6 ft 

+2pa+3f;-p-lj2 }+R� 

For numerical values of differentiation coeffi
cients see Table 25.2. 

Markoff's Formulas 

(Newton's Forward Difference Formula Differentiated) 

25.3.7 

}1 (ao+ph)=�[Ao+2P2 1 � 

+ 3p'-:p+2 �+ . . .  + d� (!) Ab' ]+R� 
25.3.8 

R' =h''jln+ll (�) � ( P )+h"+l ( P ).!!:... j<n+O(�) " � n+l n+1 � 
(ao<�<a..) 

25.3.9 hf�=Ao-��+��-��+ · .  · 

Everett's Formula 
25-.3.14 

hj' (:z:o+ph) �-Jo+ft-3p2-:P+2 ll�+ 3P� 1 8� 

5p4-20p3+15p2+10p-6 5,+5p4-15p2+4 64 120 ° 120 1 

Differences in Terms of Derivatives 

25.3.16 

A. -h·"'+hzj,<2>+ha +la>+h• .f C•>+h6 .f(&l '"'0 - �O 21 O 31JO . 41JO 5 1JO 

25.3.17 

25.3.18 

25.3.19 

25.3.20 

25.3.21 

��h3fd3>+� h"f6'>+�J66l 

��h"fg"'1+2h5fd6) 

Partial Derivatives 
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25.3.22 

25.3.23 

25.3.24 

• 

• 

• 

• 
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25.3.26 

• • 

• • 

25.3.27 

• 

25.3.28 

b'fo.o_ 1 
bx2 -12hi (-J2,o+16Ao-30fo.o b4j0 0 1 j ) O(h2) bx� = h4 <Jz.o-4ft.o+6fo.o-4f -t.o+ -2.o + 

+ 16j -1.0-J -2,0) +0(h4) 

25.3.25 25.3.29 

• • 

• • 

:J;;,if=� lft , l + j -1, 1 +ft. - 1  + j -l. - I  

-2ft, o-2f -t.o-2fo. t-2fo. -t+4fo.o) +O(h2) 
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Laplacian 

25.3.30 

(()2u ()2u) V2uo.o= C>r+C>y2 o.o 

=� (u,,o+Uo. 1+u-,,o+uo.-I-4Uo.o)+O(h2) 

25.3.31 

V2uo.o=1ih? [-60uo.o+16(ui.o+uo.I+u-l.o+Uo. -1) 
- (u2.0+uo.z+u-z.o+uo. -z) ]+O(h4) 

Biharmonic Operator 

25.3.32 

• • 

• • 

(C>4u C>4u C>'u) V'uo. o= C>x' + 2 ()x2C>y2 +by' o. o 
1 =h� [20uo.o-8(ul.O+uo. t+u-1, o+Uo. _ ,) 

+2(u�,1+u,, -1+u-1.1 +u-1. -1) 
+ (Uo,.:�+uz. o+u-2.0+Uo. -2) J+O(h2) 

25.3.33 

• • 

• • • • 

• • • • 

• • 

V'uo,o=6�, [- (uo. s+Uo.-a+ua.o+u-a.o) 
+ 14(Uo,2+uo. -z+uz.o+u-z.o) 
-77(uo,l +uo. -1 +u1.o+u-1.o) 
+ 184Uo.o+20( u1.1 +u,, -1 +u-1.1 +u-1. -1) -(u�,2+1t2 .. 1+u1, -2+1£2. -1 +u-t.2+u-2.1 

+u-1. -2+u-2. -1) J+O(h4) 
25.4. Integration 

Trapezoidal Rule 
25.4.1 

r z1f(x)dx - ; Uo+f,)-� fZt (t-xo) (X1-t)j"(t)dt J�o Jzo 

25.4.2 

=� <Jo+f1) -ha f" (�) (:co<�<xt) 2 12 . 
Extended Trapezoidal Rule 

Error Term in Trapezoidal Formula for Periodic 
Functions 

If j(x) is periodic and has a continuous kth 
derivative, and if the integral is taken over a 
period, then 

25.4.3 

25.4.4 

/Error/ <const
�
ant 

m 

Modified Trapezoidal Rule 

J::m J(x)dx=h B;+Jt+ . . · +fm-1+�m] 
+;4 [-f-l+ft+fm-l-fm+t]+��� h&J<'>(�) 
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Simpeon's Rule 

25.4.5 

+�i"z (x2-t)2(x1-t)j<31(t)dt "1 
=� lfo+4f1+J2]-��JC4l(�) 

Extended Simpeon's Rule 

25.4.6 

Euler-Maclaurin Summation Fonnula 

25.4.7 

.J::".t(x)dx=h�+J1+f2+ . . .  +f .. -1+{"] 

-B2 h2(j' --�') - -B21,N" [J<U-l) _.f(2.t-l) J+R 2J 11 JO . . .  • (2k) ! 11 JO � 

(-1.$8.$1) 

(For B21r., Bernoulli numbers, see chapter 23.) 
If j<2k+2>(x) and j<2k+•>(x) do not change sign for 

:to<x<x,. then IRnl is less than the first neglected 
term. If j<2k+2>(x) does not change sign for 
:to<x<xn, IR2tl is less than twice the first neglected 
term. 

Lagrange Formula 
25.4.8 

• 

fb j(x)dx='£ (L�">(b)-LS"> (a))J,+Rn Ja 1-o 

(See 25.2.1.) 
25.4.9 

LI"> (x)=-,--(
1 
) i"' 1rt ,. 

(t) dt=J:" l,(t)dt 'll"n x, "o x1 "o 

25.4.10 R,. (n�1)! ib '11"11(x)j<"+u\Hx))dx 
Equally Spaced Abscissas 

i" .. +t 
[i] 

25.4.12 f(x)dx=h � A,(m)f,+Rn * r.,. l•-(";1] 
(See Table 25.3 for A,(m).) 

Newton-Cotes Formulllll (Closed Type) 

(For Trapezoidal and Simpson's Rules see 25.4.1-
25.4.6.) 
25.4.13 {Simpson's � rule) 

i.,.. 3h 3f4>(�)h5 f(x)dx=s Uo+3ft+3f2+fa) 80 zo 

25.4.15 

25.4.16 

25�4.17 

f"7 7h Jro j(x)dx=17280 (751/0+3577ft+1323j2 

+2989fa+2989f4+1323fa+3577 fa 
+751f )-8183j<8l (f)h9 

1 518400 
25.4.18 ira 4h f(x)dx=14175 (989f0+5888j1-928j2 "o 

+ 10496j3-4540f4 + 10496j5-928fa+5888j7 

25.4.19 
+9894' )- 2368 j(lOl (�)hll 'JS 467775 

r"� 9h Jro j(x)dx=89600 {2857{fo+fu) 

+ 15741 (j1 +J8) + 1080(f2+f7) + 19344{fa+fa) 

+�778(f.+fs) } -1!��of00>(�)h11 
•see page n. 
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25.4.20 

r%10j(x)dx 29��76 { 16067(fo+flo) Jzo 
+ 106300(jl +fa) -48525(.fz+fs) +272400Cfa+J7) 
-260550(f,+fe)+427368fa} 

25.4.21 

25.4.22 

- 1346350 j02) (�)h,l3 326918592 
Newton-Cotes Formulas (Open Type) 

rztj(x)dx= 4h, (2j1-f2+2fa) + 28j<H (�)11,6 
Jz0 3 90 

25.4.23 

l:5f(x)dt=�� (llfl+Jz+Ja+llJ.)+ 95f�'�)h6 

25.4.25 

25.4.26 

rz· 8h 
Jzo f(x)dx=945 (460j.-954fz+2196j3-2459j, 

+2196fa-954f0+460j7)+ 3956 ps>(�)hg 14175 
Five Point Rule for Analytic Functions 

25.4.27 
Z0 + i h  

Zo + h 

f•o+ll h, •o-11 j(z}dz= 15 {24j(zo)+4[J(zo+h)+f(zo-h)] 

-[j(zo+ih)+f(zo-ih) ] ) +R 
jhj7 IRI s1890 ��x jj<0' (z) j , S designates the square 

with vertices z0+ith(k=O, 1,2, 3); h can be complex. 

Chebyshev's Equal Weight Integration Formula 

25.4.28 

Abscissas : x, is the itb zero of the polynomial part 
of " [ -n n n J x exp 2·3x2-4·5il-6·7x'- · · · 
(See Table 25.5 for X(.) 

For n=8 and n� 10 some of the zeros are 
complex. 
Remainder: 

2 n --,---,---:-: � x?+lj<"+11 (tt) n(n+l)! s-1 

where �=t(x) satisfies OStSX and Osk:;x, 
(i=l , . . .  , n) 

Integration Formulas of Gaussian Type 
(For Orthogonal Polynomials see chapter 22) 

Gauss' Formula 

25.4.29 J�J(x)dx=ti wd(x,)+R,. 
Related orthogonal polynomials: Legendre poly
nomials P,.(x), P11(1)=1 
Abscissas : x, is the it11 zero of P,.(x) 
Weights: w1=2/(l-x;) (P�(x1)]2 
(See Table 25.4 for x1 and wf.) 

Gaus.s' Formula, Arl:iitrary Interval f.b b a n 25.4.30 j(y)dy= 2 � wt}(y,)+R,. 
4 1=-l 

•see page n. 

* 



• 
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Related orthogonal polynomials: P,.(x), P,.(l)=l 
Abscissas: x1 is the itb zero of P ,.(x) 
Weights: w�=2/(l-it) {P�(xf)J2 

R 
(b-a)2"+1(n!)'j<2">(t) " (2n+l)[(2n)l]8 � 

Radau's Integration Fonnula 

25.4.31 

Related polynomials: 

P,._1(x)+P,.(z) 
z+1 

Abscissas: x1 is the itb zero of 

Weights: 

P,._t(z)+P,.(:z:) 
z+1 

1 1-:z:( 1 1 w,-n2 (P,._1(z1)]2 1-z, [P�-t(Zt)]2 

Remainder: 

Lobatto's Integration Formula 

25.4.32 

J�J(x)dx n(n=-1) [j(l)+J(-1)] 
n-1 +� wd(x�)+R,. 
i-2 

Related polynomials: P�_1 (z} 
Abscissas: x, is the (i-l)•t zero of P�_1(x) 

Weights: 
2 w, n(n- l) [P,._ 1 (Xt) ]2 

(See Table 25.6 for x, and w1:) 

Remainder: 

-n(n-1)822"- I[ (n-2) 1]4 
R

,. (2n- 1) [ (2n-2) !J3 . j<2ra-2) (�) 

•see page n. 
(- 1<�<1) 

25.4.33 J:1 'J!j(x)dx= t.t wd(x1) + R,. 

Related orthogonal polynomials: 

q,.(x)=.Jk+2n+ 1P��·0' (1-2x) 
(For the Jacobi polynomials P�t.o> see chapter 22·.) 
Abscissas: 

x1 is the itb zero of q,.(x) 
Weights: 

(See Table 25.8 for z, and w,.) 

Remainder: 

R _ ]<2"1W [n!(k+n)l]2 
,.- (k+2n+1) (2n) ! (k+2n) t 

25.4.34 

Rela�ed orthogonal polynomials: 

.J 1 X Pzn+l (.,jl- x), Pz..+t(l)=1 

Abscissas: x,=1 -�� where �� is the itb positive 
zero of P2,.+1(x}. 
Weights: w1=2��wf2"+11 where w�2"+1' are the 
Gaussian weights of order 2n+ 1 . 
Remainder: 

24"+3[ (2n+ 1) ']4 
R,. (2n.)!(4n+3)[(4n-f-2)l]zi<2"' (�) 

25.4.35 

ib 11 f(y) .,jb-ydy=(b-a)812 '5: wJ(y1) 
4 � 

y1=a+(b-a)x1 
Related orthogonal polynomials: 

1 1 P211+1 (.JI x), P2,.+1 (1) = 1 -v1-z 
Abscissas: :z:1= 1-� where �� is the ith positive 
zero of Pz,.+t(X). 
Weights: Wt=2��wP"+1> wh�re w�2"+1> are the 
Gaussian weights of order 2n+ 1. 
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25.4.36 

Related orthogonal polynomials: 

P2,. (../1-x), P2,.(l) =l 
2 h 

. h 'tb 't' Abscissas: x1= l -�1 w: ere �� 1s t e t post 1ve 
zero of P2,. (x). 
Weights: w1=2w�2">, wJ2"1 are the Gaussian weights 
of order Zn. 
RemaiLder : 

R = zin+t [(2n)!]a 
f2">W " 4n+l [(4n) !]2 

25.4.37 fo f<Y) dy=../b a ±  wJ(yt)+R .. J a vb-y iml 

Yt=a+(b-a)xt 
Related orthogonal polynomials: 

P2 .. (..j1 x),P2,.(1 )=1 
Abscissas: 
x1=1-�� where �� is the itb positive zero of P2,.(x) . 
Weights: w 1 = 2wf"l , w�2"1 are the Gaussian weights 
of order 2n. 

J+t f(x) " 25.4.38 ..j 2 dx=:E wtf(xt)+R,. -1 1-x 1-1 

Related orthogonal polynomials: Chebyshev Poly
nomials of First Kind 

1 T,.(x) ,T,.(1)=2,._1 
Abscissas: 

(2i-l)7r Xt=cos Zn 

Weights: 

Remainder: 

25.4.39 

R,.=(2n)�2n J<2nl(�) (-1<�<1) 

J.b j(y)dy n 

a ..j(y-a)(b-y) {;f wd(Yt)+R, 
b+a b-a 

1/;=-z-+-z-x, 
Related orthogonal polynomials: 

1 T,.(x) , T,.(1)=2,._1 

Abscissas: 

Weights: 

25.4.40 

(2i-l)7r Xt=COS Zn 

J_�1 
f(x) .J1 x2dx= t. wd(x1) + R,. 

Related orthogonal polynomials: Chebyshev Poly
nomials of Second Kind 

Abscissas: 

Weights: 

U,.(x) sin [(n+l) arccos x] 
sin (arccos x) 

11' • 2 ?, Wt= n+1 sm n+1 11' 

Remainder: 

R,. (Zn)�2n+t J<2nl(�) 
25.4.41 

* 

* 

* 

i& ../(y-a)(b-y)j(y)dy=C 2 ay � wd(yt) + R  .. 

b+a b-a 
y�=-2- + -2- xt 

Related ort-hqgonal polynomials: 

Abscissas: 

· Weights: 

U,(x) sin [(n+1) arccos x] 
sin (arccos x) 

11' • 2 i Wt-n+l sm 'n+l r 

Related orthogonal polynomials: 

.:X T2n+t(-./X) 
Abscissas: 

Weights: 

2i-1 1r x =cos2 -- · -1 2n+l 2 

* 

* 

* 
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Remainder: 

25.4.43 
R 

1r j<Znl (1:) 
" (2n) !24n+l � 

r' f(x) {x=:a dx=(b-a) ± wJ(y.)+R" J o "V b=X 1-1 

Related orthogonal polynomials: 

1 ..[X T2n+l ( ,fi) 
.Abscissas: 

Weights: 

25.4.44 

2i-1 7r 
x =cos2 -- · -� 2n+l 2 

y1=a+(b-a)x. 

Related orthogonal polynomials: polynomials or
thogonal with respect to the weight function -In x 
.Abscissas: See Table 25.7 
Weights: See Table 25.7 
25.4.45 

Related orthogonal polynomials: Laguerre poly
noinia1s Ln(x) . 
.Abscissas: xf is the itb zero of Ln(x) 
Weights: 

* w1 (n+l)2[L,.+t(xl))2 

(See Table 25.9 for Xt and Wt.) 
Remainder: 

25.4.46 

R = (n!)2 j<2",(t) " (2n)l CO<�< m ) 

J_"' ... e-z2J(x)dx=� wd(x�)+R,. 

Related orthogonal polynomials: Hermite poly
nomials H,.(x). 
.Abscissas: x1 is the itb zero of H,.(x) 
Weights: 

2"-ln!.;.; 
n2[H n-t (x1) )2 

(See Table 25.10 for x1 and w1.) 

Remainder: 

R = n! .J1r j<2nl (t) " 2"(2n)l � 

25.4.47 
Filon's Integration Formula 3 

L:"'j(x) cos tx dx=h [ a(th) (j2, sin tZ2n 

-fo sin tXo) +P(th) ·02n+r(th) · 02n-.1 

25.4.4.8 
n 

0211= � /21 COS (tZ2,)-![f2n COS tx,,.+fo COS tXo] 
i-O 

25.4.49 

25.4.50 

25.4.51 

25.4.52 

n 
02n-1=�/21-1 COS tXtl-1 i-1 

11 

Sl ""' JC3l • 2n-1 = .L.J 21-1 SID tZ21-1 1-1 

For small 8 we have 

25.4.53 

25.4.54 

28'1 284 281 a= 45 -315+ 4725- · ' · 
2 282 484 28° 

,9=3+15-105+567- . . .  
4 282 e• 8° 

-y=3-T5+210-li340+ . . .  

J.42n [ "'
o 
j(x) sin txdx=h a(th) (J0 cos t:co-f2,. cos tx2,.) 

+PS2nhS2 .. -1+ }5 th•O� .. -�]-R" 

25.4.55 

S2,.=tfu sin (tx�u)-� [f2n sin (tX2n)+fo sin (tXo)) 
1 For certain difficulties associated with this formula, 

see the article by J. W. Tukey, p. 400, "On Numerical 
Approximation," Ed. R. E. Langer, Madison, 1959. 
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25.4.56 

25.4.57 

(See Table 25.11 for a, fJ, -y.) 

25.4.58 
Iterated Integrals 

25.4.59 

Multidimensional Integrab""bn 

Circumference of Circle r: r+y2=h2• 

25.4.60 

1 i 
1 2m ( 1r11, 1r71.) -2 h f(x,y)ds=2- �f h cos -, h sin -1r r m n-1 m m 

Circle 0: x2+y2 � h2• 
25.4.61 

+O(h2m-2) 

(0,0) 

(±h, O), (O,±h) 

1/2 

1/8 

(0, 0) �i2 
(±h,O) 1/12 

• • 

I 

R=O(h') 

- - - -- :--+- - - - - -1 
I 
I 

• I • 
I 
I I 

891 
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(0,0) 

(0,0) 
(±h, O) 

1/6 
1/24 

(O,±h) 1/24 
( ±�,±�) 1/6 

(0, 0) 

( ±/a h,o) 
(±�h,±�{2) 

w, 

1/4 

1/8 

1/8 

1/9 
( /6--/6h 21rk /6--/6 h . 21rk) 16+-/6 -v lQ COS lQ ' -v ----w- SID 10 360 

(k=l, . . .  ,10) 

( 16+-/6 h cos 2-rrk, 16+-/6 h sin 21rk) -v· 10 10 -v· 10 10 16-.J6 
360 

R=O(h10) 

Square• 8: lxl :s;h,lyi5h 

25.4.62 

�2 J fJ(x, y)dxdy= i1 wJ(xc, y1) + R 
s -T 

I 
I 

�---_.., ___ "'1. 
I 
I 
I 

J. 

(0,0) 4/9 
(±h, ±h) 

(±h,O) 

(0, ±h) 

1/36 
1/9 
1/9 

(0,0) 

� 
e I e 

I 
----� -----1 

. : . 
I 

w, 

R=O(h*) 

16/81 
4 For regions, such a.s the square, cube, cylinder, etc., 

which are the Cartesian products of lower dimensional 
regions, one may always develop integration rules by 
"multiplying together" the lower dimensional rules. Thus 
if 

fat n 
f(x)dx"" � w;J(x;) 0 i-1 

is a one dimensional rule, then 

becomes a two dimensional rule. Such rules are not 
necessarily the most "economical". 
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( ±lsh,±/sh) 25/324 

(o,±/sh) 10/81 

· - ----(±1s 
h,o)-- 10i8C · · 

Equilateral Triangle T 

Radius of Circumscribed Circle=h 
25.4.63 

-3 
1 J'f f(x,y)dxdy='t wd(xt�y,)+R 

-..;3h2 J '1' •-1 
4 

(x,,y,) w, 

(0,0) 3/4 
(h,O) 1/12 

R=O(h&) 

· c h h ) -2'±� 1/12 

(x.,y,) w, 

(0,0) 27/60 
(h,O) 3/60 

( -�, ±� ..j'd) 3/60 R=O(h') 

( -�, o) 8/60 

(�,±� ..j'd) 8/60 

(0,0) 

((�+1) h,o) 

cc
-�+1) h, 

±(�4
+1)�) 

(( -�
-1)h,o) 

270/1200 

155-{[5 
1200 

155+-YTO 

((-v'IS-1) (
..ff5-1) ) 

1200 
14 h,± 14 ..j'dh 

Regular Hexagon H 

Radius of Circumscribed Circle=h 
25.4.64 

-3 
1 

JJi(x,y)dxdy=""b wJ(x,, y,)+R - ..j'dh2 H •-l 2 

(x,y,) w, 

(0,0) 21/36 

( ±�, ±� ..j'd) 5/72 R=0(h4) 

(±h,O) 5/72 

893 
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(x,,y,) Wt 

(0,0) 258/1008 

( ±1�{14, ± 1� �) 125/1008 

(±h �� o) 125/1008 

Surface of Sphere 2:: :t+y2+z2=h2 
25.4.65 

R=0(h8} 

�hz f:cfJ(x,y,z)da=ii wJ(x11y,,z,)+R 

(x11y,,z,) w, (±h,O,O) 1/6 
(O,±h,O) 1/6 

R=O(h') 

(0,0, ±h) 1/6 

(±�h,±�h,o) 
(±�h,O, ±�h) 
(o,±�h,±�h) 
(±h,O,O) 
(0, ±h,O) 
(O,O, ±h) 

1/15 

1/30 

( ± .J}, h, ± .J}, h, ± .J}, h) 27/840 

( ±�h, ±�h,o) 
(±�h,O,±�h) 32/840 R=O(hS) 

(o,±�h,±�h) 
(±h,O,O) 
(0, ±h,O) - 40/840 
(0,0, ±h) 

Sphere S: :t+y+z"�h2 
25.4.66 

� JJJi(x,y, z)d2Xlydz='5: wJ(x"y,,z,)+R 3""h8 8 t:i 
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25.4.67 

(zi,yi,zi) wi 
(0, 0, 0) 2/5 
(±k,O,O) 1/10 

R=O(k') 
(0, ±k,O) 1/10 
(0,0, ±k) 1/10 

Cube 6 C: lzl5k 
JyJ5k 
lzl5k 

8�8 JJJi(z,y,z)dzdydz=i;t wJ(zc,yt,z,)+R 
c 

25.4.68 

(±k,O,O) 1/6 

(0, ± k, 0) 1/6 
(0, 0, ± k) 1/6 

�/J J J j(z, y, z)dzdydz 
c 

R=O(k') 

1 =360 ( -496f,.+l28�fr+8�J1+5:EJ,]+O(he) 
25.4.69 

= 4!0 [91�j1-40�f,+ 16�J�.�J+O(he) 
where f,.=f(O, O,O). 

' See footnote to 25.4.62. 

L:fr=sum of values of J at the 6 points midway 
from the center of 0 to the 6 faces. 

:Bf1=sum of values of f at the 6 centers of the 
faces of C. 

L:f,=sum of values off at the 8 vertices of C. 

L:J.=sum of values of j at the 12 midpoints of 
edges of C. 

::EJ�.�=sum of values of J at the 4 points on the 
diagonals of each face at a distance of Van from the center of the face. 

Tetrahedron: ff 
25.4.70 

�JJJi(z,y, z)dzdydz=fo :Bf,+ 4� ::EJ1 
:T + terms of 4\b order 

+terms of 4 tb order 

where 
V: Volume of ff 

�f,: Sum of values of the function at the vertices 
of :T. 

�j.: Sum of values of the function at midpoints 
of the edges of fT. 

�f1: Sum of values of the function at the center 
of gravity of the faces of fT. 

j,.. : Value of function at center of gravity of ff. 
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25.5. Ordinary Differenti81 Equations a 25.5.9 

25.5.1 
25.5.2 

25.5.4 

25.5.5 

25.5.6 

25.5.7 

First Order: y' j(x, _y) 
Point Slope Formula 

Y .. +t=y,.+hy�+O(h2) 
Yn+t=Y .. -t+2hy�+O(h3) 

Trapezoidal Formula 

Adame' Extrapolation Formula 

Adame' Interpolation Formula 

Rtmge-Kutta Methods 
Second Order 

1 Yn+t=y,.+2 (kt+kz)+O(h3) 
kt=hf(x,.,y,.),kz=hf(x,.+h,y,.+kt) 

Yn+l =y,. +k2+ 0(h8) 
k,=hf(x,.,y,.) ,kz=hf( x,.+� h,y,.+� k,) 

Third Order 

25.5.8 
1 2 1 y,.+l=Yn+6 k1+3 k2+6 ka+O(h') 

kt=hj(x,.,.y,.),k2=hj ( X71+� h,y,.+� k,) 
ka=hf(x,.+h,y,.-k1+2k2) 

& T�e ree.�er is cautioned against possible instabilif 
especially m formulas 25.5.2 and 25 5 13 Q -

tes 

[25.11], [25.12]. 
' • • · ... ee, e.g. 

1 3 Yn+t=y,.+4 k,+4 ka+O(h') 

kt=hf(x,.,y .. ),kz=hf (x,.+� h,y,.+� k1) 
ka=hf (x,.+� h,y,.+� kz) 

Fourth Order 

25.5.10 
1 1 1 1 Yn+t=y,.+6 k,+3 ka+3 k3+'6 k,+O(h6) 

kt=hf(x,.,y,.) ,kz=hf (x��+� h,y,.+� k,) 
ka=hf ( x,.+� h,y,.+� ka} k,=hf(x,.+h,y,.+ka) 

25.5.11 
1 3 3 1 Yn+t=Y,.+g kt+g kz+g ka+g k,+O(h6) 

kt=hf(x,.,y,.) ,k2=hf ( x,.+� h,y,.+� k,) 
k =h"( +� 1 ) a '!.1 :�;,. 3 h,y,.-3 k1+k2 , 

k,=hf(x,.+h,y,.+k1-k2+k3) • 

Gill's Method 

25.5.12 
y,.+l=y .. +� (k,+2 (1-J) k2 

+2 (t+J) k3+k,)+O(h6) 

kz=hf ( x,.+� h, y,.+� k1) 
ka=hf(x,.+�h,y .. +( -�+l)k1 

+(t-J)k�) 

k,=hf(x,.+h,y,. -�� k2+(1+J) ka) 

Predictor-Corrector Methods 
Milne's Methods 

25.5.13 
P: y,.+t=Yn-a+ �h (2y�-Y�-t+2y�_z)+O(h6) 

C: y,.+t =Y .. - 1  +� (Y-�-1 +4y� +Y�+t) +O(h6) 
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25.5.14 

P: Yn+t=Yn-s+r� (lly�-14y�-� 
+26Y�-z-14y�-a+ 11y�-4)+0(h7) 

C: Yn+t=Yn-a+ !� (7Y�+t+32y� 
+12y�-1+32y�-z+7Y�-a)+O(h7) . 

Formulas Using Higher Derivatives 

25.5.15 

P: Yn+t =Yn-2+3(y,. -y,._.) +h2(y',; -y',;-1) +O(h�) 

C: Yn+t=Y .. +� (Y�+�+y�)-�; (y��+.-y',;) +O(h5) 
25.5.16 -
P: y,.+t=Yn-z+3(y,-y,._l) + �s (y',;1 +y',;�l) +O(h7) 

c +h ( I + I ) h2 ( If ") : y,.+t=Yn 2 y,.+l y,. -10 Yn+l-Yn 

Systems of Dift'erential Equations 

First Order: y' j(x,y,z), z'=g(x,y,z) . 
Second Order Runge-Kutta 

25.5.17 

y,.+t=Yn+� (kl +k2) +OW) 1 

ks=hf (x .. +� h,y .. +� kz, zn+� lz) 

la=hg( x,.+�'Yn+ �2, z,.+¥) 
k4=hf(x,.+h,y,.+ka,zn+la) 

25.5.19 

· l.=hg(x,.+h,y ... +ka, z,.+l,) 
Second Order: y" j(x, y, y') 

Milne's Method 

P: Y�+t=Y�-a+ 4; (2Y�-2-y',;""t+2y',.')+O(h5) 

C:  Y�+t=Y�-�+� (Y�-�+4y',;+y�1+t)+O(h�) 

25.5.20 
Runge-Kutta Method 

y,.+t=y,.+h [Y�+� (k1+kz+k3) ]+O(h5) 

Y�+1=Y�+� (k.+2k2+2k3+k4) 
kt=hf(x,.,y,.,y�) 
k2=hf ( x..+� h,y��+a Y�+� k.,y�+ ��) 

ka=hf ( x .. +� h,y,.+� y�+� k.,y�.+ �2) 

k,=hf ( x,.+h,y,.+hy�+� ka,Y��ka) 

Second Order: y"=f(x,y) 

ZHt=z,.+� (lt+lz)+0(h3) 25.5�21 
Milne's Method 

k.=hj(x,.,y,.,z,.), l1=hg(x,.,y,., z,.) 
k2=hj(x,.+h,y,.+k., z,.+l1), 

4=hg(x,.+h,yn+k11z,.+l1) 
Fourth Order Runge-Kutta 

25.5.18 
1 Yn+t=Yn+6 (kt +2kz+2ka+k4) +O(h5) 1 

1 Zn+t =z,.+6 Clt +2Z27-2Za+l,) +O(h5) 

+ :
2 
(5y',; +2y',;-1+5y',;_2)+0(h6) 

C:  y,.=�Yn-1-yn-2+:; (y',;+lOy',;-I+Y�1-2)+0(h5) 

Runge-Kutta Method 

25.5.22 Yn+t=y,.+h cY�+� (k1 +2k2) )+O(h') 

I l +1 k +2 k +I k Yn+t=Yn 6 I 3 2 6 3 

k1=hf(x,.,y,.) 

k2=hf ( x,.+�,y,.+a y�+� k1) 

ka=hf ( x,.+h,y,.+hy�+� k2). 

* 
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26. Probability Functions 

Mathematical Properties 3 

26.1. Probability Functions: Definitions and 
Properties 

Univariate Cumulative Distribution FunctiollB 

A real-valued function F(x) is termed a (uni
variate) cumulative distribution function (c.d.f.) 
or simply distribution function if 

i) F(x) is non-decreasing, i.e., F(x1) 5:.F(x2) for 
x1 5:.� 

ii) F(x) is everywhere continuous from the 
right, i.e., F(x) =lim F(x+E) 

HO+ 
iii) F(- co ) = O, F( co) = l. 

The function F(x) signifies the prob.ability of 
the event "X 5:. x" where X is a random variable, 
i.e., Pr { X  5:.x} =F(x), and thus describes the 
c.d.f. of X. The two principal types of distribu
tion functions are termed discrete an� continuous. 

Discrete Distributions: Discrete distributions are 
characterized by the random variable X taking 
on an enumerable number of values . . ., X-11 
x0, x1, with point probabilities 

p,.=Pr{X=x,.} � 0  

which need only be subject to the restriction 

�p .. = l . n 

The corresponding distribution function can 
then be written 

26.1.1 F(x) =Pr {X 5:. x}  = "5: p .. %�% 
a Comment on notation and conventions. 
a. We follow the cUBtomary convention of denoting a 

random variable by a capital letter, i.e., X, and using the 
corresponding lower case letter, i.e., :z:, for a particular 
value that the random variable assumes. 

b. For statisticaJ applications it is often convenient to 
have tabulated the "upper tail area," 1 - F(:z:), or the 
c.d.f. for lXI, F(x)- F(-:z:), instead of simply the c.d.f. 
F(x). We use the notation P to indicate the c.d.f. of 
X, Q = 1- P to indicate the "upper tail area" and A =  
P-Q to denote the c.d.f. of lXI. In particular we use 
P(x), Q(x), and A (:z:) to denote the corresponding functions 
for tho normal or Gaussian probability function, see 
26.2.2-26.2.4. When these di!'1tribution!'1 depend on other 
parameters, say 8, and 82, wo indicate this by " riting 
P(xl8,, 8,), Q(xl8,, 8,), or A (xl8,, 8.2). For example the chi
square distribution 26.4 depends on the parameter " and 
the tabulated function is written Q(x'l"). 

·��" page n. 

where the summation is over all values of x for 
which x,. � x. The set { x,.} of values for which 
p,.>O is termed the domain of the random variable 
X. A discrete distribution of a random variable 
is called a lattice distribution if then .. exist numbers 
a and b .C O  such that every possible value of X 
can be represented in the form a+ bn where n 
takes on only integral values. A summary of 
some properties of certain discrete distributions 
is presented in 26.1.19-26.1.24. 

Continuous Distributions. Continuous distri
butions are characterized by F(x) being absolutely 
continuous. Hence F(x) possesses a derivative 
F'(x) j(x) and the c.d.f. can be written 

26.1.2 F(x) =Pr{X �x}  =J�J(t)dt. 

The derivative j(x) is termed the probability 
density junction (p.d.f.) or frequency junction, and 
the values of X for which j(x) >O make up the 
domain of the random variable X. A summary 
of some properties of certain selected continuous 
distributions is presented in 26.1.25-26.1.34. 

Multivariate Probability Functions 

The real-valued function F(x" x2, . . . x .. ) 
defines an n-variate cumulative distribution func
tion if 

i) F(x11 �. • • •  z,.) is a non-decreasing func
tion for each x. 

ii) F(x1 1  x2, • • •  x,.) is continuous from the 
right in each x,; i.e., F(x11 x2, . . . x,.) 
=lim F(x11 • • •  , x,+E, . . .  , x,.) 

HO+ 
iii) F(x1, x2, • • •  z,.) =O when any x�=- co ;  

F( co ' co ' . . . ' co ) = 1.  

iv) F(x11  x2, • •  · ., z .. ) assigns nonnegative prob
ability to the event z1<X1$x1+hll  
X:!<X2$x2+� • . . .  , x .. <X .. 5:. x  .. +h .. for 
all xlt x2, • • •  , x,. and all nonnegative 
kt,  � . . . . , h,., e.g., for n=2, F(x1+h,, 
X2+�) -F(xlt x2+11-.!) -F(x1 +hl>  Z2) + 
F(x11 x2) �0 and in general for x1<X,$ 
x,+h, (i= 1, 2, . . .  , n), the kth order 
difference D.J'(xh � • . . .  , x,.)>O for 
k= l ,  2, . . . , n. 

927 



928 PROBABILITY FUNCTIONS 

The joint probability of the event X,::; x1, 
X2::;x2, . . .  , X,.::;x,. is F(x" � • . . .  x,.). Analo
gous to the one-dimensional case, discrete distribu
tions assign all probability to an enumerable set of 

vectors (x1, � • • • •  , x,.) and continuous distribu
tions are characterized by absolute continuity of 
F(x1, x2, . . .  , x,.). 

CAaraderiatiu of diatribution funaimLI: Momenta, cllaracl.eriatic fumtiona, cumulanta 

26.l.S "'� moment about orlsin 
26.1.41 me en 
26.1.$ variance 
26.1.6 "'� oentnl moment 
26.1.7 e1:ted value ope�tor ilr 

be function g�) 
26.1.8 cbaraeterlstlc function or X 

26.1.9 cbara(-terlattc g(X) function or 
26.1.10 Inversion formula 

Contlnaous distributions 

,.;.-f_-_ %"/�>= 

,..,.;. J• zf�)dz -· 
_..,.;-w-J_·,. tr-m)•/(z)d% 

,... f_·_ �-!11)·/�)d% 

E{g(X)J-s:� ,,%)/�)U 

•u>-E(e"%) -J_·_ •"·!�>= 

.,(t)•E(c"nZl)• J_·,. f'llhl /�)d% 

1�> • ..!.. J • r•-.u>��t 2r -• 

Relation or the Charaetemtie Funetion to Momenta 
About the Ori&in 

26.1.15 
26.1.ll 

26.1.12 

tP1">(0)= [d: tP(t)J =i"�A� dt c-o 

Cumulant Funetion 
26.1.16 

Dbc:rete diatrlbutlons 
. :E • -.- z.p • • 

m-,.;-:E z,p, 
I 

-'-,.;-m•-:E �.-m)tp, 
I 

llo• :E �,-III)"JJ, 
I 

Elf(X)J-:E .�.)p, • 
•<�> -E(c".r)-:E ,,,.,,, 

I 
.,co-E(e"•<Zl)-:E•'"''.> ,, 

' 
b fr/6 ,___ r•• .. (t)dt 2r -r/6 

(lattice dl6trlbutlon.s only) 

Coefliclente or Skewnea and Esceu 

(skewness) 

(excess) 

In tP(t)= ..;-., K,. (it)• ::0 nl 
"" is called the nt�� cumulant. 

Occasionally coefficients of 
cor kur.tosis) are given by 

skewness and excess 

26.1.13 1C1=m , 1C2=cr', tca=l/>31 �=�A,-3#4 
Relation or Central Momente to Momente About the 

Origin 
26.1.14 

26.1.17 

26.1.18 1-'4 �2='Y2+3=· (/' 

(skewness) 

(excess or kurtosis) 



Some one-dimennonal discrete distribution function& 

Name Domain Point Restrictions on Mean Vartanoe Skewness 'YI 
Probabilities Pvameters 

26.1.19 
Stngla point or 

derenerata 
:r-e (c a oonstant) p-1 -a><e<+ ... c . 0 ·---·----·--·---·------

26.1.20 (:) f)'(l-p) ..... Binomial :r,••. for •-0, 1, 2, • . .  , n o<P<t (g•l-p) np fiJI9 t-P 
.ffiiif : 

26.1.:11 t Hypergeometrkl z,-.,, for (�') (.�·.) N, and N1 Integers, np fiJI9 (�:':) .!=R. ( N-1) cN-2n) ••O, 1, . . . m1n (n, N,) aud �NJt..N• ..{riif N- N-'J. (N'!N') CN- }:/, � ' 
p-Na/ an g-1-p-NI/N) 

26.1.22 Pols:lon z. -·� tor , -o, 1, 2. . . .• CD .,---,.. O<m<• "' m m·l -.. -
26.L2S Nl!llaUva blnoml.al :r,.,, tor •-o, 1, 2-, • • •  , ao e+•-1

) n>O aud O<P<l nP nPQ Q+P ' p•(l-p)• {p-t/0 and ./nPQ t-p-Pto> 

.J.U Oeometrtc %,.,, for •-o, 1, 2, . . . , CD p(l-p)• O<P<l 1-p 1-p 2-p 
91 ..f1-:P p 

26 

Excess 'YI Cb81'8Cterlstlo 
function 

-----···---- ,o.. 

1-6pq Co+Pc'')• 
fiJI9 

Compll· 
cated �5 •<-. -No; No-a+ I; •") 

m-• 1m(e"-l) 

1+6PQ (Q-Pc<')-. 
nPQ 

pi 6+ 1-p 
p(l-(I-p)c<l)-1 

Cumulants 

.,-)., er-O tor r>1 

••-nP d�:, to � ••+•-P9 dp r r 1 

Compllcated 

«r-na 
for r-1, 2, • . .  

e-t•n.P 
lk. c.+a•PQ dO 

for r�1 

1-p .. --. p 
,., ...... --(1-p) di? 

r�l 



Some one-dimensional continuous diatrilmtion functiona 

Name 

26.1.25 Error !unction 

26.1.26 Normal 

26.1.27 Cauchy 

26.1.28 Exponential 

26.1.29 Lnpluet>, or double 
exponential 

26.1.30 Extreme-Value, • 
(Fisher-'Nppott Type t or doubly 
exponential) 

26.l.3l PciiNOn Type In 

26.l.S2 Oamma distribution 

26.l.S3 Dcta distribution 

26.1.34 Rectangular, or 
un1rorm 

Domain 

-oo<r<"' 

-a>q<oo 

-oo<:.:<oo 

a:Sr<"' 

-oo<z<OD 

-oo<r<oo 

a:Sr<oo 

O:Sz<.., 

0;5z;51 

m-�<r<m+� 2- - 2 

I "f (Euler'S CODSIIInL)-.6772L 66649 , . , , 

Probability Deoslty 
Function /(r) 

.!.. e-At� 
.[; 

l -!(!::!!)1 -- e  • 
.. .fi; 
I 1 

rP e-ay l+ T 

I -(,...� - t � 
8 

I -1.!::!1 - e ' 
2P 

.! ezp ( -r-r•) 
8 

r-a wHbv*T 

_l_ ,,...,r• 
81'{p) 

r-a wltbr-71 
I I 

l'(p) :r-r ro 

I 
B(a, b) ro-1(1-r)>-1 

I 
li 

I -_ /a+b+l {3(a+b+J)[2(a+b)l+ab(a+b-6)) J}· ..,, 'V ab ab!a+b+2){a+b+3) 

Restrictions I Skewness 
on Mean Variance "1', Excess "Ys 

Parameters 

I O<II<CD 0 211' 0 0 

-<�><m<oo m .. , 0 0 
O<.-<"' 

-m<a<"' not de- not delloed not de- not delloed 
O<P<ao ll.ned fined 

-oo<a<ao 
0<8<oo 

a+P fJ' 2 6 

' 
_..,<.,<oo 

O<P<oo 
a 211' 0 3 

-"'<"<"' 
O<P< .. 

a+7� (rrp)t 
-6- 1.3 2.4 

-oo<a<<D a+¢ p/J' 
2 

6/p 
O<P< .. ..fi 
O<t><"" 

O<p<CD 2 
6/p p Jl ..fi ' 

l:Sa<"' 
a ab 2(a-b) See footnote 5. 

I:Sb<<D O+b (a+b)l(a+b+t) (a+b+2) 

-oo<m<"' Ill 0 -1.2 m i2 O<II<CD 

Characteristic 
IWlctlon 

-I' 
e•A• 

.. ,, IMI--
e • 

e�«•-o!l•l 

el•'(l-1,81)-1 

e�«•ct+IJ't')-1 

1'(1-I,BI)tlot 

, .... (1-f,llt)-• 

(l-il)"'1' 

M(a, a+b, it) 

2 l (Ill) ;,., iii sn '2 e 

CwnulanLs 

I 
"' -o . .,_. 2h• 
•·=0 lor n>2 

«1-m, «t•cr', ..... o COT n>2 

not defined 

••-a+8, •·-8•1'(n) Cor n>l 

C't-a, •a-2/P 
(2'11)! ChH-0, .Ch---;-/Jh 

for 11-1, 2, .. . .  

(rr8)1 
«1-..,, «t• -6-

.. l •• -p•r(n)�- for n>2 r• 
,_ 

••-a+IJp, •• -IJ•pr(n) 
lor n>l 

••-P• c.=pl'(n) lor n>l 

.-,-.m, a:�aH-0 
ht•B•• 

... ---2n * 
Bs. (Bcrnoulll numbers), 

Bo=l• B•=-:lo• . . .  

•see page u . 
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Inequalities for distribution fu.ncticms 
(F�) denotes the c.d.f. oftberandom variable X and I denotes 11 positive constant; further m Is always assumed to be finite and all e.tpectatlons are assumed to e.rlst.) 

Inequality 

26.1.35 Pr{g(X) �t] 5E[g(X)}/t 
26.1.36 Pr{X ;::.t ] 5m.'t 

m F(t) �1-T 
26.1.37 PriJX -ml �ta ] 5 1/P 

1 F(m+tcr) -F(m-tcr) ;:::. 1-P 
26.1.38 

Pr1 lX-ml �G J 5  n�, 

26.1.39 

1+ --{ (m-:z;0)1} 
Pr{]X-m] ;::.ta] 5� (t- I�IY 

1 +  --{ (m-:z:o)2} 
F(m+ttT) - F(m-ta) ;:::. 1-; (t- I�IY 
26.1.40 Pr{ IX -ml ��"'} 54/9t2 

26.1.41 

4 F(m+tcr) -F(m-ttT) � 1- 9(' 

•ro Is such l.hat F'(ro)>F'(r) for r,.ro. 
26.2. Normal or Gaussian Probability Function 

26.2.1 Z(x)=-1- e-z'/2 ..j2; 
26.2.2 P(x) ;._Jz e-1212dt=J"' Z(t)dt 

-y2Jr -.. -.. 

26.2.3 Q(x) }z; i .. e-12'2dt= i .. Z(t)dt 

26.2.4 A(x) �Jr e-1112dt=J" Z(t)dt 
-y211'" -2: -r 

26.2.5 P(x)+Q(x)=l 
26.2.6 P(-x)=Q(x) 
26.2.7 A(x)=2P(x)-1 

ProbabiUty Integral with Mean m and Varia.nce crZ 
A random variable X is said to be normally 

distributed with meo.n m and variance il if the 
probability that X is less than or equnl to x is 
given by 

Conditions 

(i) g(X) �0 
(i) Prl X<O J =0 

(ii) E(X) =m 

(i) E{X)= m • 
(ii) E(X- m)2=a2 

(i) E(X;) =m; 
(ii) E(X;-m;)2=cr1 

(iii) E([X,-m;][X;-m;D=O(i;a!J) 
- �X· (iv) X= £....J�' 

1=1 n 

- � m; - [�" a!(]! m= £....J_, a= -
1=1 n -1 n 

(i) E(X -m)2=a2 
(ii) F(x) is a. continuous c.d.f. 

(iii) F(:z:) is unirooda.l a.t :z:08 

(i) E(X -m)l=� 
(ii) F(z) is a. continuous c.d.f. (iii) F(z) is unimodal at :toe 

{iv) m=:to 
(i) E(X -m)2=a2 

(ii) E(X-m)•=�o�1 

26.2.8 
1 J:r (t-m)' Pr {X=::; x} = ,- e ---z;;-dt 

u-y27r -.. 
=- e • dt=P -- · 

1 J(%-lll)/ .. - '12 cx-m) .[2; -... (f 

The corresponding probability density function 
is 
26.2.9 

(l:-m)2 �pcx-m)=! z(x-m)= 1 e-� 
bx u l1 l1 u..J21r 

and is symmetric around m, i.e. 

The inflexion points of the probability density 
function are at m± u. 
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26.2.10 

26.2.11 

26.2.12 

Power Series (s ;:::_ 0) 

1 .., XZ11+l 
P(x)=2+Z(x) � 1 . 3 . 5 . . .  (2n+ 1) 

A..ymptotic Exparudona (s >O) 

Q( )_Z(x) { 1_2:_
+

�+ X --X- X2 x' . . .  

+ (-1)"1 · �;,.· . (2n-1) }+R,. 

where 

R"=(-1)"+11 - 3  . . .  (2n+1)iCD ��!� dt 

which is less in absolute value than the first 
neglected term. 

26.2.13 

Z(x) { at az Q(x) '"'V-x- 1-x2+2 + (x2+2) (x2+4) 

(x2+2) (x2�4) (x2+6) 
+ · · ·} 

where a1=1 ,  a2= l ,  aa=5, a.=9, a6=129 and the 
general term is 

�=eol · 3 . . .  (2n-1)+2c11 ·  3 . . .  (2n-3) 
+22�1 · 3 . . .  (2n-5)+ . . .  +2"-1c,._t 

and c, is the coefficient of t"-' in the expansion of 
ttt-l) . . .  (t-n+1). 

Continued Fraction Expansions 

26.2.14 

Polynomial and Rational Approxim.ations7 for P(x) 
and Z(x) 

O�x<m 
26.2.16 

P(x)= l-Z(x) (att+azt'+aat3) +E(x) , 1 t=--
l+pz 

26.2.17 

IE(x) l<t X to-a 

p=.33267 at=.43618 36 
a2=-.12016 76 
aa=.93729 80 

P(x)= 1-Z(x) (b1t+b2f"+bat8+M'+b6t6) +E(x), 

IE(x) I<7.5X 10-s 

p=.23164 19 

1 
t=1+pz 

b,= .31938 1530 b,=- 1.82125 5978 
h2=-.35656 3782 b6= 1 .33027 4429 
ba= 1.78147· 7937 

26.2.18 

1 P(x)=l-2 (1 +ctx+czz2+csr+c,x4) -•+E(x) 

26.2.19 

jE(X) I<2.5X IO-· 
Ct=.196854 
Cz=.l15194 

C3=.000344 
c,=.019527 

1 
P(x)=l-2 (l+dtx+�+c4:z:3 

+d4x'+d�5+dr:x5)-15+t(x) 

l�(x) l<L5X 10-7 
dt=.04986 73470 d,=.00003 80036 
dz=.021 14 10061 d6=.00004 88906 
d3=.00327 76263 d0=.00000 53830 

26.2.20 Z(x)= (a0+azx2+a.x'+a,;x6)-1+E(x) 
jE(x) I<2.7X 10-3 

a0=2.490895 
a2= 1.466003 

a,=-.024393 
a0= .178257 

7 Based on approximations in C. Hastings, Jr., Approxi
mations for digital computers. Princeton Univ. Press, 
Princeton, N.J., 1955 (with permission). 



PROBABILITY FUNCTIONS 933 

26.2.21 

7-(z) = (b0+b�+b.a;4+b&t+b�+btoZ10)-l+E(X) 
IE(z)j<2.3X 10-• 

b0=2.50523 67 
b2= 1 .28312 04 

b.= .22647 18 

ba= .13064 69 

b8=-.02024 90 

hto= .00391 32 

Rational Approximations 7 fol" Zp where Q(:Jep)=p 

26.2.22 

26.2.23 

ao+a1t 
1 +b1t+b2t2+E(p) 1 

jE(p) I<3XlO-a 

ao=2.30753 
a1= .27061 

c0=2.515517 
Ct= .802853 
C2= .010328 

ht=.99229 
b2=.04481 

dt=l.432788 
d,= .189269 
ds= .001308 

Bounds Useful all Approximations to the Nol"mal 
Distribution Function 

26.2.24 

P(x)� 
1 1 P1(x)=2"+2" (1-e-2ztfr)i 

P2(x)=l (4+;)•-x 
(Zr) -ie-�'2 

(x> 1 .4) 

26.2.25 

P(x) � 

a(.t)=-+- 1-e-2r2fr- z4e-z2f2 P 1 1 ( 2(,--3) )t 
2 2 3,-2 

(x>O) 

(x>2 .2) 

See Figure 26.1 for error curves. 

.006 

.00� 

.002 
0������--,�������r

- .002 
.� 3.2 

- .004 
- .006 

- .008 

FroUBE 26.1. Error curves for bounds on normal 
distrilndion. 

Derivatives of the Normal Probability Density Function 

26.2.26 d:" z<m>(x)=- Z(x) d:rf" 

Differential Equation 

26.2.27 zcm+2> (x) +xz<m+l> (x) +(m+l)Z<"'> (x)=O 
Value at z=O 

26.2.28 

(-1)"'12ml 
fiL.2"''2 (m

2 )'· z<m>(O)= "VVK 

0 

for m=2r, r=O, 1, . . .  

for odd m>O 
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Relation of P(:c) and Z(m)(:c) to Other Functions 

Function Relation 

26.2.29 Error function ed x=2P(x..f2)-1 

26.2.30 Incomplete gamma function (special case) �c�� x) r(D -[2P (v'2z) -l] 

26.2.31 Hermite polynomial Z'"1 (x) He,.(x) =(-1)" Z(x) 

26.2.32 

26.2.33 Hh function 

26.2.34 

H (x)= (-1)"2"'2 zcn>(x..fi) " Z(x-J2) 
HL,.(x)= ( -1)"-1-v'2;Z<"-1> (x) 

Hh,.(x) =( 
nil

) "Hh-t(x) d:: (��:D * 

26.2.35 Tetrachoric function T,.(X) c-z-1 zctl-l) (X) 
n. 

26.2.36 Confluent hypergeometric function (special 
case) 

M (!, ��-�= ${P(x)-!} 2 2 2) X 2 

26.2.37 

26.2.38 

26.2.39 

M (1, �� x�=-1 {P(x) _!} 2 2) z.Z(x) 2 

M (2m+ I , !,_z2\ zc��rt>(x) 
2 2 2) zc2M1 (0) 

M (2m+2, �,-:t) zc�-n (x) 
2 2 2 xz<2Ml (O) 

26.2.40 Parabolic cylinder function U -n--, x =e-l�(-1)" ---="'� ( 1 ) Z'"1(z) 
2 Z(z) 

•Ser pagr n. 

Repeated Integrals of the Nonnal Probability Integral 

26.2.41 I .. (x)= i"' !,._1(t)dt (n� O) 

where I _1 (x)=Z(x) 
26.2.42 

( d)"-1 L,.(x)= -dx Z(x)= (-1)"-1Z<"-1l (x) 

26.2.43 (
d�+x: -n )l,.(x)=O 

26.2.44 

(n� -1) 

(n+ 1)/ n+t (x) +xl,.(x) -1,._1 (z) =0 (n>-1) 

(z�O) 

(z�O) 

(x>O) 

{z�O) 

(z�O) 
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26.2.45 

I,.(x)=J."' (t-�)" Z(t)dt=e-z2/2 f"' t� Z(t)dt ., n Jo n. 

26.2.46 
1 f11(0)=J _,.(0) ( ) n+2 � 12 2 2 . 

(n>-1) 
(n even) 

A&ynJptotic Expansions of an Arbitrary Probability 
Density Fun�tion and Distribution Function 

Let Y1 (i=1,2, . . .  , n) be n 

independent random variables with mean m1, 
variance a{, and higher cumulants "•· I· Then 
asymptotic expansions with respect to n for the 
probability density and cumulative distribution 
function of 

26.2.47 

j(x) ,...,Z(x)-[2! zca> (x)]+['Y2 Z"1 (x)+ 'Y� zce> (x)J 6 24 72 

-[..1!_ z<a> (x) + 'Yt'Y2 zm (x) + 'Y� zcv> (x)J 120 144 1296 

+[___!!_ z<&>(x)+ 'Y� z<s> (x)+ 'Yt'Ya zcs>(x) 720 1152 720 

+ j�� zoo) (x) + 31�� zcu> (x) ]+ . . .  
26.2.48 

F(x) ,..,P(x)-['Yt Z<2> (x)]+['Y2 Z<3>(x)+ 'Y� zca> (x)J 6 24 72 

-[..1!_ zw (x) + 'YJ'Y2 zce> (x)+--.!.L zcs>(x)J 120 144 1296 

+[....!!.. zca>(x) + 'Y� zm(x)+ 'YJ'Ya zc7l(x) 720 1152 720 . 

where 

+ �'Y2 zce> ( ) + 'Yt zcw ( >]+ 1728 X 31104 X ' ' ' 

Terms in brackets are terms of the same order 
with respect to n. When the Y, have the same 
distribution, then m1=m, o{=a-2, "•· 1=K., and 

Asymptotic Expansion for the Inverse Function of an 
Arbitrary Distribution Function 

Let the cumulative distribution function of 
n 

Y = :E Y, be denoted by F(y). Then the (Cornish-
i•l 

Fisher) Mymptotic expansion wit-h respect to n for 
the value of y11 such that F(y11)=1-p is 
26.2.49 Y11"'m+aw 
where 

W=x+ ['Ythl (x)] 
+h2hz(x) +1{h11 (x)] 
+haha(x) +'YI'Y2ht2(x) +Ythm (x)] 
+['Y,h,(x) +y,h,2(x) +'Yt'Yahts(x) +'YhJI.m(x) 

and 
+'Ythtm(x)J+ . , . 

Q(x)=p, r=3, 4, . . .  
26.2.50 

1 h1(x)=6 He2(x) 

1 hz(x)=24 He8(x) 

1 hu(x)=-36 [2Hea(x) +He1(x)] 

1· ha(x)=120 [He,(x) ] 

1 hu(�)= -24 [He,(x) +Hez(x)] 

1 hm(x)=324 [12He4(x)+19He2(x)] 

1 h4(x) =720 He3(x) 

1 h,2(x) =-384 [3H ea{x) +6H e8(x) +2H e1 (x)] 

1 hts(x) = -180 [2He6(x)+3He3(x)] 

1 hm(x)=288 [14Hea(x) +37He3(x) +8Het(x)] 

1 huu(x)=-7776 [252He6(x)+S32He8(x) 
+227Het(X}] 

Terms in brackets in 26.2.49 are terms of the 
same order with respect ton. The He,.(x) are the 
Hermite polynomials. (See chapter 22.) 
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26.2.51 - n zc .. > (x) m ( -1)"' n-:lm 
Hen(X)-(-1) -Z( )  =nl E ?"' I( _2 )I  X x m=O .. m. n m . 

In the following auxiliary table, the polynomial functions h1(x), �(x) . . .  h1111(x) are tabulated for 

p=.25, . 1 ,  .05, .025, .01 , .005, .0025, .001, .0005. 
Auxiliary coefficients8 for use with Cornish-.Fisher asymptotic expansion. 26.2.49 

.25 .10 .05 .025 .01 .006 .0025 .001 .0005 

:r .67«9 1.28155 1.64485 1. 95996 2.3263S 2.61583 2.80703 3.09022 3.29053 ll·r� -.09084 . 10706 . 28(26 . 4'1358 . 73S32 . 93915 1. 14&7 1.42491 1.63793 b, J: -.07153 -.07249 -.02018 .06872 . 23379 .39012 . 6_7070 . 84331 1.07320 hu J:) .07663 .06106 -.01878 -. 14607 -. 37634 -. 59171 -.83890 -1. 21025 -I. 62234 hay> .00398 -. 03464 -.04928 -. 04{10 -. 00152 .06010 . 14841 .307f6 .f6059 hu .1:) .00282 . 14644 • 17532 . 10210 -. 17621 -. 53531 -1.02868 -1.89355 -2.71243 bn·r� -.01428 -. 11629 -. 11900 -.02937 . 2.�195 . 69757 1. 06301 1.86787 2.62337 
h. :r . 00998 . 00227 -.01082 -.02357 -.03176 -.02621 -. 00666 .04591 . 10950 hu :r� -.03285 .00776 .05985 . 09659  .07888 -.01226 -. 19116 -. 59060 -1. 03555 

h,�:r -.05126 .01086 .09f62 .16106 . 16058 . 05366 -. 174118 -. 70464 -1. 30531 hua :z:) . 14764 -.10858 -. 89517 -. 5:1856 -.32621 .35696 1. 60445 .. 29304 7. 23307 huu :z:) -.06898 .09585 .2562J .31624 .07286 -.46534 -1.39199 -3. 32708 -5. 40702 

• From R. A. Fisher, Contributions to mathematleal statistics, Paper 30 {with E. A. Cornish) Extralt de Ia Revue de 
!'Institute International de Statlstlque 4. 1-14 (1937) (with :permission)·. 

26.3. Bivariate Normal Probability l'unction 

26.3.1 

_ 1 cx2-2pxy+y� g(x,y, p)=[27r.y'l-p2]-1 exp-2 l-p2 -) 
26.3.2 g(x, y, p)= ( 1-p2)-+ Z(x)Z (J1 P;2) 
26.3.3 

L(h, k, p)= i"' dxi"' g(x,y, p)dy 
= i"' Z(x)dx J�"' Z(w)dw, w=(:l P;z) 

26.3.4 L(-h, -k, p)= J�.,dxJ�., g(x, y, p)dy 
26.3.5 L(-h, k, -p)= J�.,dxiCDg(x, y, p)dy 
26.3.6 L(h, -k, - p)= iCD dx J�CD g(x, y, p)dy 
26.3.7 L(h, k, p) =L(k, h, p) 
26.3.8 L(-h,k, p)+L(h, k, -p)=Q(k) 
26.3.9 L(-h, -k, p)-L(h, k, p)=P(k)-Q(h) 
26.3.10 

* 2[L(h, k, P)+L(h, k, -p)+P(h)-Q(k)]-1 
= J�11dx J�1 g(x, y, p)dy 

Probability Function With Means m_., m�, Variances 
cr!, u�, and Correlation p 

The random variables X, Y are said to be dis-. , ,  

means and variances (m.,, mu) and (a{, oi) and 
correlation p if the joint probability that X is 
less than or equal to h and Y less than or equal to 
k is given by 

26.3.ll 

h-m, t-m, 

Pr{X�h, Y::;k}=-1 f-;;-f-;;- g(s, t ,  p)ds dt 
(/%(1V - CD  - CD  

( (h-m.,) ck-mv) ) =L - --;;-- , - ------;;- , P 
The probability density function is 

26.3.12 

1 exp -Q 
2rq.,q11..jl p2 2(1-p2) 
where 

1 cx-m., y-mll ) g --, --, p 
(/Z(/11 q., (/II 

Q (x-m.,)2 2p(x-m,) (y-m11) + (y-r:11)2 
� �:11u Uv 

Circular Normal Probability DeWiity Function 

26.3.13 

I (x-m., y-m11 o),2 g -,- , -(1- , -
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Special Values of L(h, k, p} 

26.3.14 L(h1 k10)=Q(h)Q(k) 

26.3.15 L(h1k, -1)=0 (h+k�O) 

26.3.16 L(h1 k, -1)=P(h)-Q(k) (h+k�O) 

26.3.17 L(h, k, 1)=Q(h) (k�h) 

26.3.18 L(h, k, 1)=Q(k) (k�h) 

26.3.19 
p 

.24 

L(o 0 ) =!__L 
a.rc sin p 

I , p 4' 2r 

.22 .20 .18 
0 / 1/ I / II 

L_ / v / f 
� I v v v / / I 

-.1 

v v / v 
v / / / I 

-.2 

/ / / / / / / v / 
-.3 

1/ v v v / / / / v v / / / / 
-.4 

v / v / / / /_ v v v � / 
-.5 

v v / 'I' / v ./ 

.16 

J " 

/ 
/ / 
v 

/ 
/ 

/ v 
v v / / / / 

L(h, k, p) aa a Function o£ L(h, 0, p} 

26.3.20 
L(h k ) =L (h 0 

(ph,-k) (sgn h)) ' , p I , ../h2-2phlc+P 

+L(k 0 (pk-h)(sgn k)) 
' ' ../h2-2phlc+P 

if hk> 0 or hk=O 
and h+k�O 
otherwise 

where sgn h=l if h�O and � h=-1 if.h<O. 

.14 .12 .10 .09 .08 

1/ v / I I/ v // 1/ I V. 
v v / v / / 

/ L .07 / /_ v v 1/ L / / /if' v / v / / 
.06 v / v v / lL / / v / v / 1/ / / / ,OS / v / / v / / v v / / I/ / v / / 

/ v / /v // v .04 / 
/ � v � � v / L / v v / v / / .03 

/ / / v v v v v / ./ v v v / v / / ""v v / / ,/ .oz ./ / / / 
-.6 

v / v v v ,/" v "' v v / v 1 / ./ / / / ;' '/ v v v / ,/" v / / / v v / / ./ ../ / ./ L .01 

-.7 

1'/ v / / v ,/ v / v / / � / / / ./ / / ./ ,....,.. / / "' / v / "' v / v ............. V" / / ..;' / / """' v _..... 
-.8 

/ � � v � / v ............. - � � / v / v � 
� � � v v ..... � ...... v --v --v --v 

-.9 

-:::::::; ;-;::::: ----� � � -
� -1.0 h 
0 .05 .10 .15 .20 .25 .30 .35 .40 .45 .50 .55 .60 .65 .70 .75 .80 .85 .90 ,95 1.00 

FxouBE 26.2. L(h1 01 p) for 0 Sh S 1 and - 1  SP SO. 
ValWIII fer A<O CU1 be obtained uatnc L()&, 0, -p)-j-L(-A, 0, p). 
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Integral Over an Ellipse With Center at (m,., m») 

26.3.21 

II (rr%rrv)-'g (X-mz, y-mv, p) dxdy=l-e-a2t2 
A r1z rr� 

where A is the area enclosed by the ellipse 

(x rr�%y 2p(x-::�.,(y-mv) 

+(y rr�"Y =a2(1-p2) 

lntqral Over an Arbitrary Region 

26.3.22 

f'f (rrt:rr.,)-'g (x-mt:, y-m.,, P) dxdy J A (%, r> O't: O'v 
=J'f g(8, t, o)dsdt JA'( I, I) 

where A *(8, t) is the transformed region'obtained 
from the transformation 

1 cx-m,.+y m.,) 
8= .V2+2p --;;- (1'11 

Integral of the Circular Normal Probability Function 
With Parameters m,.=mw=O, cr=l Over the Triangle 
Bounded by y=O, y=ox, x=h 

26.3.23 

V(h, ah)=_!_ f11 f(J% e-tc�+v2>dzdy 2r Jo Jo 

where 

1 1 =4 +L(h, 0, p)-L(O, 0, p)- 2 Q(h) 

a p=-...}1+a2 
Integral of Circular Nonnal Diatribution Over an Oft'eet 

Circle With Radius Rcr and Center a Distance rcr From 
(mn mw) 

26.3.24 

L f (1-2g (X (fmz, y (fm.,, 0) dxdy=P(R'I2, r) 

where P(Wj2, r2) is the c.d.f. of the non-central 
x2 distribution (see 26.4.25) with v=2 degrees of 

Approximation to P(.R'I2, r2) 
26.3.25 

A pprozimation Condition 

2R2 2r2 
4+R2 exp-4+R2 R<l 

26.3.26 P(x1) R>l 
26.3.27 P(x2) R>5 

R, r both large • 

26.3.28 
Inequality 

1-p2 [ (h- pk)J Q(h)--h k Z(k) Q --;= <L(h, k, p)<Q(h) p - ...J1-p2 
where 

26.3.29 
Series Expanaion 

L(h, k, p)=Q(h)Q(k)+ "£ zc"'(h)Z(";(k) p"+' 
,..o (n+1). 

26.4. Chi-Square Probability Function 
26.4.1 

P(x2jv)=[2•12r (�)]-'J:x2 (t)-i-'e -�dt 
(O�x2< oo) 

26.4.2 

Q(x2j,.)=1-P{x2jv) (O�x2< oo) 

=[2''2 r (�)]-'.(: (t)-i-1e -� dt 
Relation to Normal Distribution 

Let X" X2, • • •  , X, be independent and identi
cally distributed random variables each following 
a. normal distribution with mean zero and unit 

variance. Then X'=� Xl is said to follow the 
1•1 

chi-square distribution with v degrees of freedom 
and the probability that X'2�x2 is given by P(x2jv). 

Cumulanta 

freedom and noncentra.lity parameter r. 26.4.3 (n=O, 1 ,  . . . ) 
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Seriee Expansion& 
26.4.4 

·-1 
2 :x2f-l Q(:x2/v)=2Q(:x) +2Z(:x)f; 1 ·  3 · 5 . . .  (2r-l) 

(v odd) &.nd x=.JX2 
26.4,5 

·-2 

Q(:x2/v)=.fi;Z(:x){ l+� 2 ·4 .�2� (2r)} 
(v even) 

26.4.6 

P(x'I•)�G x•)'" r (�) 
26.4.7 

26.4.8 

26.4.9 

26.4.10 

26.4.12 

{ I+ :E X2t } 
r-1 (r+2) (v+4) · · · (v+2r) 

P(X2 / v)=-l- :E (-l)"(X2/2)� 
r (�) n-o n! (�+n) 

Recurrence and Di1f'erential Relatioaa 

Continued Fraction 

Asymptotic Dietribution for Large " 

AaymptOtic Expanaione for Large x' 

Approximation& to the Chi-Square Dietribution for 
Lal'le .,  

26.4.13 
Approximation 

Q(X2/v) �Q(xJ), x1=/ii!--�2v 1 

26.4.14 

Q(X2/v) �Q(�), 
26.4.15 

Q(X2/v) �Q(x2+h.) ,  

z "'" 

-3.6 -.0118 
-3.0 -.0067 
-2.5 -. 0033 
-2.0 -.0010 
-1.5 +.0001 

60 h,=-hoo Jl 

V alueB of h., 
z /1., 

-1.0 +.0006 
-. 6 .0006 

.o +. 0002 
+.5 -. 0003 1.0 -.0006 

z 

+1.6 
2.0 
2.6 
3.0 
3.6 

Condition 

(v>lOO) 

(v>30) 

-
Ate 

-. 0005 
+.0002 

.0017 

.0043 .0082 

Approximation& for the lnveree Function for Large v 

If Q(x�/v)=p and Q(x,.)=l-P(x,)=p, then 

26.4.16 

26.4.17 

26.4.18 

Approximation 

1 { } 2 x; �2 x,+..J2v 1 

:x2 ��� { 1-_!+z �} 3 " 9v " 9v 
{ 2 -�2}3 x;�v. l�+(x,-h.) 9v 

Condilion 

(v>IOO) 

(v>30) 

(v>30) 

where h. is given by 26.4.15. 

Relation to Other Function& 

26.4.19 Incomplete gamma. function 'Y�a(a�) =P(X2/v), · v=2a, :X2�2z 

r(a, x) =Q( 21 ) r(a) x 11 

26.4.20 Pea.r;:�on's incomplete gamma function 

l(u,p) r(p�l) iu·h+1t"e-'dt=P(x2/v) 

v=2(p+l), :X2=2u�p+1 
26.4.21 Poisson distribution 

Jl :x2 c=-, m=-• (v even) 2 2 
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26.4.22 Pearson Type III 

[a:JaJ�/ l+�Ja e-6'dt=P(x2lv) 
v=2ab+2, X2=2b(x+a) 

26.4.23 Incomplete moments of Normal distribu
tion 

X2=x', v=n+I 
26.4.24 Generalized Laguerre Polynomials 

� (-l)"+J (n�l) Q(x2lv+2-2J) !L<"'> ( ) - f;:6 .1 n " x - 2"[Q(X21,+2)-Q(x'lv)] 

Non-Central xt Distribution Function 

26.4.25 

P(X'2Iv, X)=:E e->J2 (X/?)1 P(x'2lv+2J) 
J-O Jf 

where X�O is termed the non-centrality param
eter. 

Relation of Non-Central xt Distribution With v=2 to the 
lntegJ'al of Circular Normal Distribution (a2= 1) Over 
an Oft'eet Circle Having Radius R and Center a Dis
tance r=...[).. From the Origin. (See 26.3.24-26.3.27.) 

26.4.26 

Approxim.ationa to the Non-Central xt Distribution 

Approzimating Function 

26.4.27 x2 distribution 

26.4.28 Normal distribution 

26.4.29 Normal distribution 

Appro:x:imation 
-

P(X'2I,, X) �P (1 �bl,•} 

Approdmationa to the lnvene Function of Non-Central 
XS Dietribution 

If Q(x�2j,, X)=p, Q(x�lv*)=p, and Q(x,)-p then 

Appro:x:imating Variabl6 Approzimation to the Inverae Function 

26.4.30 x2 ���CI+b)� 

26.4.31 Normal �2�1tb [ x,+�l�b-lJ 

26.4.32 Normal �2�a [ x,��C!b)+l-� C!b) J 



Propertiee o( Chi-Square, Non-Central Chi-Square, and Related Quantitiee 

26.4.33 x' 

26.4.34 ..ji;} 

1 2 I 80 I 0{� 81; Sf .. 

26.4.36 ID {x'M • (i) -ID en ---;-b-o{ri) 

26.4.37 x!1 • 

26.4.38 � 

2· 

1 1 I 6 O(..-f) ... .... 6f;l 

#I (!) • .2... [·1--1-]+o«·-1)-•> 2 ·-1 8(;-1)1 

24{1+b) 

{1-tb)-"".1 (8b+{l+b) {1-7b)J+O(rt) 

� [ t+f; 1� .. ]+0(r111) 

�It 
[ 

8 ] I 11-"' 1� +0(..-11) 

#I' G) fT [ 1 J 
• #I G)'" --�;=t 1-2<•-t>• +0((..-1) ... 11) 

C�) 111 {t+26)a-l 

• -t{l-b) (1+1b) I O(crl) 2i(l+b)llt 

u..-• 

_.! r1�1+0(.,-l) II• II; 

.(t) (!) 
( .. )

2 
t -.. �1 [ 1'a( .. �l)t]+0((.-1) ... ) 

•. -2 
12 (1+Bb) 
0 (l+b)J 



944 PROBABILITY FUNCTIONS 

26.5. Incomplete Beta Function 

26.5.1 

(O�x� 1) 

26.5.2 

l.,(a ,b)=1-[1_.,(b,a) 
Relation to the Chi-Square Distribution 

If X� and X� are independent random variables 
following chi-square distributions 26.4.1 with 111 
and 112 degrees of freedom respectively, then x�!�x� is said to follow a beta distribution with 

111 and 112 degrees of freedom and has the distribu
tion function 

26.5.3 

p{xi!!�� x} = B(�,b) izta- 1 ( 1-t)•-'at 

=lz(a,b) a=�, b=� 
Series Expansions (O<z<I) 

26.5.4 

• 1 ( b) r'(l-x)b { t+� B(a+1, n+l) ..... +1} "' a, a B(a, b) f.:-6 B(a+b, n+ 1) "' 

26.5.5 

r'(l - x)b- 1 
lz(a, b) aB(a, b) 

26.5.6 

{ I +:t B(a+1, n+1) ( x )"+1} n-o B(b-n-1, n+1) 1-x 
r'{l -x)b- 1 

aB(a, b) 
{ 1+ � B(a+1 ,  n+l) (--=--)"+1} n-o B(b-n-1 , n+I)  1-x 

+Iz(a+s, b-s) 

1 -/>:(a, b)=l1-z(b, a) 
_ (1-x)b a-1 1 ca-l) (l -x) 1 • 
-B(a,b) ,f; (-1) .i b+C (mleger n) 

26.5.7 

1-I .. (a, b)=/1-z(b,a) 
a-1 (a+b- 1) ( .r )' = ( 1-x)a+b- 1 L; . - (integer a) 1-o t 1-x 

Continued Fractions 
26.5.8 

r'(l-x)b{ 1 d1 d2 } * l.,(a, b) aB(a,b) 1 + 1+ 1+ · · ·  
_ (a+m)(a+9+m) 

c4m+1- - (a+2m)(a+2m+l) X 

m(b-m) 
d2"' (a+2m-1) (a+2m) x 

a-1 Best results are obtained when x<a+b-z· 
Also the 4m and 4m+ 1 convergents are less than 
l.,(a, b) and the 4m+2, 4m+3 convergents are 
greater than /.,(a, b). 
26.5.9 

26.5.10 

• x < 1 e1=1 
(a+m-1) (b-m) x e2m=- (a+2m-2) (a+2m-l) 1-x 

m(a+b-I+m) x e2,.+1= (a+2m-l) (a+2m) 1-x 
Recurrence Relatione 

lr(a, b) =xl.,(a-1 ,b) + (1-x)l.,(a, b-1) 
26.5.11 

I .. (a, b)=!{  I,.( a+ 1 ,b)- (1-x)/.,(a+ 1 , b-1 ) }  X 

26.5.12 

� .. (a, b)=1( 1-�)+b{ blz(a,b+l) * 

+a(l-x)J.z(a+l,b-1 ) }  
26.5.13 

1 l .. (a,b) =a+b { a/z(a+ 1 ,b)+blz(a,b+ l ) }  

26.5.14 

26.5.15 

/,.(a, b)= r(����)tb) 1"'(1-x)b- 1+/.,(a+ 1 ,  b-1) 
26.5.16 

r(a+b) 0 lz(a., b)=r(a+l)f(b) .r"(l-x) +l .. (a+1 ,b) 
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Asymptotic Expansions 

26.5.18 

l (  b)--r(a,w)+e-"'�{ (a-1-w) z a, r(a) r(a) 2b 
+-1- (a3 -� a2+� a-!-w [·� a2_g a+!] (2b)2 2 3 2 3 2 6 3 

+� (�a-�)-� ut)} 
w=b (-x ) 1-x 

d . k . h 
a-1 

an y IS ta en negative w en x< a+b-2 

Approximations 

26.5.20 If (a+b- 1)(1-x)�.S 
lz(a, b)=Q(X2/v)+t, 
/t/<5X w-3 if a+b>6 
X2= (a+b-1) (1-x) (3-x)- (1-x) (b-1), 
v=2b 

26.5.21 If (a+b-1) (1-x) � .8 

Ir(a, b)=P(y)+t, 
/t/<5X I0-3 if a+b>6 

3 [w� (1-�)-w2(t-§a)] 
y 

[�+:�! I 

945 

W1= (bx)113, W2=[a(l-x)] ll3 

Approximation to the lnvene Function 

26.5.22 If lr�(a, b)=p and Q(y�)=p then 

a x, �a-+7""b�e=2to 

( 1 1 )-l h=2 2a-1 +2b-l 1 X=�-3 
6 

Function 
Relation.e to Other Functioru and Distributions 

Relation 
26.5.23 Hypergeometric function 

26.5.24 Binomial distribution 

1 :rf 
B(a, b) a F(a, 1-b; a+1; x)=l:(a, b) 

± (n)p'(1-p)"-'=l�(a, n-'a+1) 
••CI 8 

26.5.25 " (:)pCI(l-p)"-CI=J�(a, n-a+1)-l�(a+ 1, n-a) * 

26.5.26 Negative binomial distribution 

26.5.27 Student's distribution 

26.5.28 F-(variance-ratio) distribution 

± cn+s-1) p"(=IQ(a, n) t•a 8 

! [1-A(t/v))=! 1 c�,!)� 2 2 t: 2 2 

·S�e DO� II. 

" x=v+t2 • 
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26.6. F-(Variance-Ratio) Distribution Function 

26.6.1 

where 

X Vz 
v2+ v1 F 

Relation to the Chi-Square Dietribudon 

If � and x: are independent random variables 
following chi-square distributions 26.4.1 with v1 
a.nd v2 degrees of freedom respectively, then the 

distribution of F= Jfll1
v1 is said to follow the A2 J12 

variance ratio or F-distribution with '1 and v2 
�egre� of freedom. The corresponding distribu
tion function is P(F/vh v2). 

26.6.3 

mean: 

variance: 

Statistical Properties 

�- 2i{(v1+v2-2) -Vt(v2-2)2(v2-4) 
third central moment: 

-("2)3 8v1(v1+v2-2) (2v1+v2-2) Jla- - -
Vt (v2-2)3(v2-4) (v2-6) 

moments about the origin: 

" r  ("t+2n) r ("1-2n) 
I ("2) 2 2 

Jln= � r (�) r (f) 
characteristic function! 

4>(t)=E(e'�'')=M (�, -�, -� it) 2 2 "• 
Seriea Expanaione 

26.6.4 

,.. Q(F/vt, v2)=x'112[I+f (l-x)+"2�2.�2)(1-x)2+ . . .  

(v1 even) 

•o-- ---- ..... 

26.6.5 

Q(F/vt, v2)=1-(l-x)'•'2 [1+� x+"1<;1.!2) :z:2+ . . .  

+vt(v,+2) . . .  (v2+v1-4) x'22
-2] 

2·4 . . .  (v2-2) 
26.6.6 

••+•,-2 [ v1 +v2-2 (1-x) Q(F/v11 v2)=x 2 1+ 
2 -x-

(v2 even) 

+(vt+v2-2) (vt+v2-4) (1-x)2+ 2·4 X • • •  

+ (v1+v2-2) . . .  (v2+2) (1-x)'•;2] (v1 even) 2 ·4 . . .  (v1-2) x 

26.6.8 

Q(F/viJ 112) =1-A(t jv2)+.B(vh v2) 

where 

0 for "• = 1 • 

Reftexive Relation 

If F,(v1 , v2) and F1_,(v2, v1) satisfy 

Q(F,(v1 1 v2)/v1, v2)=p 
Q(Ft-11(v2, v1) lv2, v,)=l-p 

(v2 even) 

for v2>1 
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26.6.9 then 26.6.15 
1 

Relation to Student's t-Distribution Function (See 26.7) 

Limiting Forms 

26.6.ll 

26.6.12 

lim Q(FJv11 v2)=P(X2[v2), 
,,�CD 

Approximation& 

26.6.13 

Q(Ffvll  vz) �Q(x), 
(v1 and v2 large) 

26.6.14 

t=../F 
Approximation to the Inverse Function 

26.6.16 If Q(F11[v11 v2)=p, then 

F11 :::::: e2tD where w is given by 26.5.22, with 

vt=2b, v2=2a 

Non-Central F-Distrihution Function 

26.6.17 

where 

947 

•t+2J-2 -<•t+2J+•,)/2 
Xt 2 [v2 + tvt+2j)t] 

a.nd �� 0 is termed the non-centrality parameter. 

Relation of Non-Central F-Distrihutio.n Function to Other Functions 

Function 

26.6,18 F-distribution 

26.6.19 Non-central t-distribution 

26.6.20 Incomplete Beta function 

26.6.21 Confluent hypergeometric function 

•&.e page u. 

Relation 

P (F'[v" v2, �)= � e-)J2 ("h/�)1 P(F'[vt+2j,v2) 
J-0 J· 

P(F'[v" v2,�=0)=P(F'Ivt, v2) 

P(F'Ivt= l, 112, "h)=P(t'Jv, o) I t' =.JF', v=v2, o=..JX 

P(F'I ) =� -xt2 (X/2)1 I c�+ . �) 
"t• v2 f='o e j! "' 2 J' 2 ' 

v1F' 
X F'-L * VJ "<rl'2 

xi+\1-x)�-i-IM ("tt"2, �+i+1, �X) 
(v2 even a.nd x 

,1//+v) 



948 PROBABIL.ITY FUNCTIONS 

26.6.22 

where 

T0=1 

Series Expansion 

1 1-x T1=2 (v1+v2-2+Xx) -x-

(v2 even) 

T1=1 2t [ (v1+v2-2i+Xx)Tr-t+M1-x)TI-2] 

Limiting Fonna 
26.6.23 
lim P(F'Iv�>v2, X)=P(X'2Iv,X), 

� .. 
26.6.24 

lim P(F'Iv11v2,X)=Q().:2Iv), 
�� ..... CD 

Apprmdmations to the Non-Cent.ral F-Distribution 

26.6.25 P(F' Iv�t v2, X) <==:P(x1) , 
wher<' 

26.6.26 
P(F'Ivh �'21 X) ""'P(FI.vt,v2) , 

26.6.27 
P(F'Iv11 v2, X) ,..,p(�) , 

26.7. Student's tMDistribution 

If X is a random variable following a normal 
distribution with mean zero and variance unity, 
and X2 is a random variable following an inde
pendent chi-square distribution with " degrees of 

freedom, then the distribution of the ratio X 
.Vxz;, 

is called Student's t-distribution with v degrees of 

freedom. The probability that 1 X 
will be less -v X2/v 

in absolute value than a fixed constant t is 

where 

26.7.2 

mean: 

varinn<'e: 

=1-1 (�, !), z 2 2 
Jl x=v+t2 

Sta I is tical Properties 

m=O 
il=-vv-2 

skewness: 'Y1 =0 
6 E\xcess: ')'·=-- v-4 

moments: 
1 · 3 . . .  (2n-l)v" 

�'-2" (v-2) (:v-4) . . .  (:v-2n) 
S£2 .. +1=0 

(v>2n) 

t�haracteristic function:  

ct>(t)=E [ exp (it .V�/) J ( I t ! )"'2 2{;, y ·(1!1) 7rr(v/2) 2 {; 

26.7.3 • 

A(ti,)= 

26.7.4 

Series Expansions (e=arcta.n �) 
2{ [ 2 
; e+sin 8 cos 8+'3 cos3 8+ . . .  

+ 2 · 4 . . . (v-3) 
cos•-2 e]} * 

1 · 3 . . .  (v-2) 
(:v > 1 and odd) 

� 8  (v= 1) 'II' 

{ 1 1 3 A(tlv)=sin 8 1 +2 cos2 8+2: 4 <"OS4 8+ . . .  

+ 1 · 3 · 5 · · · (v-a) cos•-2 8} (v even) * 
2 · 4 · 6  . . .  (v-2) ----

•see page n. 
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Asymptotic Exparuion for the lnvene Function 

If A(t,lv)=l-2p and Q(x,)=p, then 

26.1.5 

t +g1(x,)+g2(x,)+ga(x,)+ ,-x, 2 _.a • • • Jl Jl ,-
1 g1(x)=4 (x'+x) 
1 g2(x)=96 (5:t+16z3+3x) 
1 g3(z)=384 (3x7+19:t+17z3-15x) 

g.(x)=92�60 (79x0+ 776x7 + 1482:t- 1920z3-945z) 

26.7.6 
Limiting Dietri�ution 

1 J' 
lim A(t/v)=- e-r'l2dx=A(t) ,.-+CD .J2; -I 

Approximation for Larp Values of t and ,.$5 

26.7.7 A(t/v) =d-2{�:+t���} . 
,. 1 t s 4 5 
a. 
b. 

.3183 

.0000 
.4991 
.0518 

1.1094 3.0941 
-.0460 -2.756 

9.948 
-14.05 

Approximation for Larse ,. 

26.7.8 A(tjv) =:::2P(z)-1, 

26.7.9 

P(t'lv, 8)= 

Non-Central t-Distribution 

1 J'' ( v )"1'1 
1 ""' ( -8x ) .J;B(�' ;) -CD v+z2 e -2 •+r' Hh. ../v+z2 dx 

=1--£ e-•2t2 (82�2)1 I'll (�,!+j), x= .. +vt'2 * 
J•O 2J! 2 2 " 

where 8 is termed the non-centrality parameter. 

Approximation to the Non-Central t-Dietribution 

26.7.10 

t '(1-i)-/j 
where x= ( t'J' 

1+-2v 
Numerical Methods 

26.8. Methods of Generating Random Numbers and Their Applications 0 
Random digits are digits generated by repeated 

independent drawings from the population 0, 1 ,  
2, . . . , 9 where the probability of selecting ariy 
digit is one-tenth. This is equivalent to putting 
10 balls, numbered from 0 to 9, into an urn and 
drawing one ball at a time, replacing the ball 
after each drawing. The recorded set of numbers 
fonns a collection of random digits. Any group of 
n successive random digits is known as a random 
number. 

Several lengthy tables of random digits are 
available (see references). However, the use of 
random numbers in electronic computers has re
sulted in a. need for random numbers to be gen
erated in a completely deterministic way. The 
numbers so generated are termed pseudo-random 
numbers. The quality of pseudo-random num
bers is determined by subjecting the numbers to 
several statistical tests, see [26.55], [26.56]. The 
purpose of these statistical tests is to detect any 
properties of the pseudo-random ..numbers which 
are different from the (conceptual) properties of 
random numbers. 

0 The nuthors wish to express their appreciation to 
Professor .J. W. Tukey who mnde many penetrating and 
helpful suggestiOns in this section. 

Experience has shown that the congruence 
method is the most preferable device for geners.ting 
random numbers on a computer. Let the sequence 
of pseudo-rand.om numbers be denoted by {X" } ,  
n=O, 1 ,  2, . . . . Then the congruence method 
of generating pseudo-random numbers is 

X"+t=aX,.+b(mod T) 
where b and T are relatively prime. The choice 
of T is determined by the capacity and base of the 
computer; a and b are chosen so that: (t) the re
sulting sequence {X,.} possesses the desired sta
tistical properties of random nwnbers, (2) the 
period of the sequence is as long as possible, and 
(3) the speed of generatiOn is fast. A guide for 
choosing a and b is to make the correlation 
between the numbers be near zero, e.g., the correla-
tion between X,. and X,.+, is 

. 

1-6 b'(l-b') 
p,= T T + e  

a, 

where 
a,=a' (mod T) 
h,= (1 +a+a2+ . . . +a•-• )b (mod T) 
le l<a,/T 

•see pace u. 
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which occur in 

X.+,=a,X,.+b, (mod T) 
When a is chosen so that a �  T-12, the correhttion 
P• � r-•'2• 

The sequence defined by the multiplicative 
congruence method will huve a full period of T 
numbers if 

(i) b is relatively prime t.o T 
(ii) a=l (mod p) if p is  a prime factor of T 
(iii) a= 1 (mod 4) if 4 is a factor of T. 

Consequently if T=2', b need only be odd, and 

a=I (mod 4). When T=IO', b need only be not 
divisible by 2 or 5, and a= 1 (mod 20). The 
most convenient choices for a are of the form 
a=2'+1 (for binary computers) und a=10'+1 
(for decimal computers). This results in the 
fastest generation of random numbers as the 
operations only require a shift operation plus 
two additions. Also any number can serve as 
the starting point to generate a sequence of 
random digits .. A good summary of generating 
pseudo-random numbers is [26.51]. 

Below are listed various congruence schemes 
and their properties. 

Congrtunce method' for generating random number& 
X .. l•oX.+b(mod T), Tandb relatively prime 

a· b T Period x. Special cues for wblcb random number.; have pasaed statistical tests for randomness" 

26.8.1 !+I' odd T•h " OSXe<T T•21M, Xe unlmown; o•2'+1. b•l; T-2'1, a:=21+1. 
b•29741 OG6'25 8473. Xo•76293 94631 25. 

26.8.2 r2'± 1 (r odd, 0 T•t• tr-• relatively T•2*, 2'•, Xo•l; o•61'(••2) ·�2) . Prime to T•2tt, Xe•1; T•21'(l Xo•1-:rP, .11478126193; a•6U(••2) 
T T•21M, Xo•1; a-au 1•2) 

26.8.3 r2•::1::1 (r odd, 0 T•lt::1::1 (varies) relatively T•2"+1, Xo•10,987,8&4,821; o•23; perlod.,.IO' 1�2) prime to T•lOl+l, �o-47,694,118; o•23; period ,.,�.8XlOI T 
26.8.4 71<+1 0 T•10• 6·10r-l relatively T•lO", Xe•li 11•7 

Prime to T•10", Xe•1; o •711 
T 

26.8.5 3'-+1 0 T•10t 6·10r-t relatively 
(1•0, 2, 3, 4) prime to 

T 
. 

to Xo given II the starling point for random numbers when slatistlcal tests were made. 

When the numbers are generated using a con
gruence scheme, the least significant digits have 
short periods. Hence the entire word length can
not be used. If on-e desired randop1 numbers with 
as many digits as possible, one would have to 
modify the congr\,lence schemes. One way is to 
generate the numbers mod T± 1 .  This unfor
tunately reduces the period. 

Generation of Random Deviates 

Let {X} be a generated sequence of independent 
random numbers having the doma.j.n · (o, T). 
Then [ U} = { r-•x} is a sequence of rand,om 
deviates (numbers) from a uniform distribution 
on the interval (0, 1 ) .  This is usually a necessary 
preliminary step in the generation of random 
deviates having a given cumulative distribution 
function F(y) or probability density function j(y). 
Below are summarized some general techniques 

'See page D. 

for producing arbitrary random deviates. (In 
what follows { U} will always denot.e a sequence of 
random deviates from a uniform 'distribution on 
the interval (0, 1) .) 

1. lnvene Method 

The solutions { y} of the equations { u=F(y) } 
form a sequence of independent random deviates 
with cumulative distribution function F(y) . (If F(y) has a discontinuity at y=y0, then whenever u 
is such that F(y0-0)<u<F(yo) , select Yo as the 
corresponding deviate.) Generally the inverse 
method is not practical unless the inverse function y=F-1(u) can be obtained explicitly or can be 
conveniently approximated. 

2. Generating a Discrete Random Variable 

Let Y be 11 discrete random variable with point 
probabilities p1=Pr{ Y=y1} for i=l, 2, . . . .  
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The direct way to generate Y is to generate { U} 
and put Y=y, if 

Pt+P2+ · · · +P1-t< U<P1+P2+ · · · +p,. 
However, this method requires complicated ma
chine programs that take too long. 

An alternative way due to Marsa.glia [26.53] 
is simple, fast, and seems to be well suited to high
speed computations. Let p, for i= 1 , 2, . . .  , n 
be expressed by k decimal digits as Pt= .out5:it . . . 
ok, where the o's are the decimal digits. (11 the 
domain of the random variable is infinite, it is 
necessary to truncate the probability distribu
tion at p .. . ) Define 

" 
P0=0, P,=to-r "'5: o,, for r= l, 2, . . .  , k, and j.;{ 

• 
11,="'5: 10'P,, 8=1, 2, . . . , k. 

:=o 

Number the computer memory locations by 0, 
1 ,  2, . . .  , ll1-l. The memory locations are 
divided into k mutually exclusive sets such that 
the sth set consists ·o f memory locations 11,_11 
n,_1+ 1 , . . .  , II,-1. The information stored 
in the memory locations of the sth set consists of 
1/1 in od locations, Y2 in o,2 locations, . . . , y .. 
in o,,. locations. 

Denote the decimal expansion of the uniform 
deviates generated by the computer by u 
= ·d,d2da . . . and finally let a { m}  be the con
tents of memory location m. Then if 

put 
y=a d1<h . . .  d,+ll,-t-10' � P, · { •-1 } 

1-l 
This method is perhaps the best aJ-around 

method for generating random deviates from a 
discrete distribution. In order to illustrate this 
method consider the problem of generating 
deviates from the oinomial distribution with point 
probabilities 

for n=5 and p=.20. The point probabilities to 
4 D are 

Value of 
Random Variable 

0 
1 
2 
3 
4 
5 

Point ProbabiUtie.r; 
Po=0.3277 
P1= .4096 
P2= .2048 
J>a= .0512 
p,= .0064 
Ps= .0003 

and thus Po=O, P1=.9, P2=.07, P8=.027, 
P.=.0030 from which ll0=0, ll1=9, ll2=16, 
Ila=43, I4=73. The 73 memory locations are 
divided into 4 mutua.lly exclusive sets such that 

Set Memory Locatiort.S 
1 0, 1, . . .  ' 8 
2 9, 10, . . .  ' 15 
3 16, . . .  ' 42 
4 43, . . . , 72 

Among the nine memory locations of set 1 ,  zero 
is stored o10= 3 times, 1 is stored o11 =4 times, 2 is 
stored o,2=2 times; the seven locations of set 2 
store 0 o2o=2 times and 3 �=5 times ; etc. 
A summary of the memory locations is set out 
below: 

Frequency (set 1) 
Frequency (set 2) 
Frequency (set 3) 
Frequency (set 4) 

V a.lue of Random V a.ria.ble 
0 1 2 3. 4 5 
3 4 2 0 0 0 
2 0 0 5 0 0 
7 9 4 1 6 0 
7 6 8 2 4 3 

Then to generate the random variables if 

O �u<.9 
.9 =:;u<.97 
.97 =:;u<.997 
.997 =:;u<I .OOO 

put v=a{dd 
y=a { d��-81 } 
y=afd,<4da-954} 
y= a { d1d2dad,-9927} 

3. Generating a Continuous Random_Variable 

The method for generating deviates from a. 
discrete distribution can be adapted to random 
variables having a continuous distribution. Let 
F(y) be the cumulative distribution function and 
assume that the domain of the random variable 
is (a,b) where the interval is finite. (If the 
domain is infinite, it must be truncated at (say) 
the points a and b.) Divide the interval (b-a) 
into n sub-intervals of length fl (nll=b-a) such 
that the boundary of the ith interval is (Yt-t1 y,) 
where y,=a+ill for i=O, 1, . . .  , n. Now 
define a discrete distribution having domain 

{ Zc Yc+
2
Yt-t} 

with point probabilities p(=F(y,)-F(Yt-1). 
Finally, let W be a random variable ha. ving a. 

if d. .b . ( ll ll) Thi b un orm lStn ut10n on -2, 2 · s can e 

done by setting W=ll( U-�} Then random 
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deviates from the distribution function F(y), can 
be generated (approximately) by setting y=z+w 

=z+il ( u-�} This is simply an approximate 

decomposition of the continuous random variable 
into the sum of a discrete.and continuous random 
variable. The discrete variable can be generated 
quickly by the method described previously. 
The smaller the value of Ll the better will be the 
approximation. Each number can be generated 
by using the leading digits of U to generate the 
discrete random variable Z and the remaining 
digits forming a uniformly distributed deviate 
having (0,1) domain. 

4. Acceptance-Rejection Methods 

In what follows the random variable Y will be 
assumed to have finite domain (a, b). If the 
domain is infinite, it must be truncated for com
putational purposes at (say) the points a and b. 
Then the resulting random deviates will only have 
this truncated domain. 

a) Let j be the maximum of j(y). Then the 
procedure for generating random deviates is: 
(1) generate a pair of uniform deviates u" u2 ; 
(2) compute a point y=a+ (b-a)'U2 in (a, b) ; 
(3)· if u�<f(y)/j accept y as the random deviate, 
otherwl.se reject the pair (u11 'U2) and start again. 
The acceptance ratio of deviates actually produced 
is [(b-a)j]-1 . Hence the acceptance ratio de
creases as the domain increases. One way to 
increase the acceptance ratio is to divide the 
interval (a, b) into mutually exclusive sub
intervals and then carry out the acceptance
rejection process. For this purpose let the interval 
(a, b) be divided into k sub-intervals such that the 
end points of the jth interval are (�1- 11 �1) with 

�0=a, h=b and f€t j(y)dy=p1; further let the J fj-1 
maximum ofj(y) in thejth interval bej1. Then to 
generate random deviates from j(y), generate 
n pairs of deviates (u1., 'U2.)s= 1, 2, . . .  , n. 
Assign [np1] such pairs to the jth interval and 
compute Yt=�i-1 + C�t-�t-J)'U2.. If uh<fCYt)fft 
accept y1 as a. deviate. The acceptance ratio of 
thl.s method is 

b) Let F(y) be such that j(y) f1(y)j2(y) 
where the domain of y is (a, b). Let j1 and fz be 
the maximum of J1 (y) and fz(Y) respectively. 
Then the procedure for generating random de-

viates having the probability density function 
j(y) is: Cll generate ul, u2, Ua; (2) define Z=a 
+ Cb-a)ua; (3) if both u1< ���) and �< j�:Y , 
take z as the random deviate i otherwise take 
another sample of three uniform deviates. The 
acceptance ratio of this method is [ (b-a)fd2]-1 
and can be increased by dividing (a, b) into sub
intervals as in the previous case. 

c) Let the probability density function of Y be 

j(y) = ill g(y, t)dt, (a�t�P) , (a�y�b). 

Let g be the maximum of g(y, t). Then ·the pro
cedure for generating random deviates having the 
probability density function j(y) is: (1) generate 
ul, u2, Ua; (2) define S=a+ (.8-a)'U2; z=a+ 
(b-a)U;I; (3) if ur< g(z, s) , take z as the random 

g 
deviate ; otherwise take another sample of three. 
The acceptance ratio for this method is [ (b-a)g]-1 
and can be increased by dividing the domain of 
t and y into sub-domains. 

5. Composition Method 

Let g.(y) be a probability density function 
which depends on the parameter z; furthel' let 
H(z) be the cumulative distribution function for z. 
In order to generate random deviates Y -having 
the frequency function 

. - j(y)= J: g,(y)dH(z) 

one draws a deviate having the cumulative distri
bution function H(z); then draws a second sample 
having the probability density function g,(y). 

6. Generation of Random Deviates From Well Known 
Distributions 

a. Normal distribution 

(1) Inverse method: The inverse method depends 
on having a convenient approximation to the 
inverse function x=P-1(u) where 

'!£= (211-) -l/2 J: e-'2'2dt. 

Two ways of performing this opera.tion are to (i) 

use 26.2.23 with t=(ln �2}12 or (ii) approximate 

x==P-1(u) piecewise using Chebyshev polyno
mials, see [26.54]. 

(2) Sum of uniform de-viates: Let U1, U2, . . .  , 
U,. be a sequence . of n uniform deviates. Then 
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will be distributed asymptotically as a normal 
random deviate. When n=12, the maximum 
errors made in the normal deviate are 9 X 1 o-a 
for 1XI<2, 9X10-1 for 2<1XI<3. An improve
ment can be made by taking a polynomial function 
of X,. (say) k 

x:=x .. � a2rX!' •-O 
a.s the normal deviate where �. are suitable 
coefficients. These coefficients may be cS\lculated 
using (say) Chebyshev polynomials or simply by 
making the asymptotic random deviate agree 
with the correc normal deviate at certain specified 
points. When n= 12, the maximum error in the 
normal deviate is 8X 10-4 using the coefficients 

* ao=9.8746 * as=(-7)-5.102 
* a2= (-3)3.9439 * as= (-7)1.141 
* ao�= (-5)7.474 • 

(3) Direct method: Generate a pair of uniform 
deviates (UIJ U2) . Then 

X1=(-2 ln U1)112 cos 2rU2, 
X2= ( -2 In U1)112 sin 2rU2 will be a pair of 
independent normal random deviates with mean 
zero and unit variance. This procedure can be 
modified by calculating cos 2rU and sin 2rU 
using an acceptance rejection method ; e.g., 
(1) generate CU11 U2) i (2) if (2Ut-1)2+ (2 U2- 1)� � 1 
generate a third uniform deviate U3, otherwise 
reject the pair and start over; (3) calculate 

u2-'14 u u. Yt=(-ln tLa) 112 ;+ 2'y2=±2(-ln u3)112 2+
1 \ (± u, u2 u1 u; 

random). Both y1 and Y2 are the desired random 
deviates. 

(4) Acceptame-rejection method: l) Generate a 
pair of uniform deviates (UIJ U2) ;  2) compute 

• x =  -ln u1; 3) if ru<s-u2 �'llz (or equivalently 
(x-1)2� -2 (ln Uz) accept x, otherwise reject the 

pair and start over. The quantity will be the 
required normal deviate with mean zero and unit 
variance. 

b. Bivariate nonnal distribution 

Let {Xt, X2} be a pair of independent normal 
deviates with mean zero and unit variance. Then 
{X,, pX,+ (l-l)112X�} represent a pair of devi
ates from a. bivariate normal distribution with 
zero means, unit variances, and correlation 
coefficient p. 
c. Exponential distribution 

(1) Inverse method: Since F(x)=e-::11, X= 
-8 ln U will be a deviate from the exponential 
distribution with parameter 8. 

(2) Acceptame-rejection method: 1) Generate a 
pair of independent uniform deviates ( U0, U,) ; 
2) if Ut<Uo generate a third value U2; 3) if 
U, + U2< U0 generate a fourth value U3, etc.; 
4) continue generating uniform deviates until an 
n · i.s obtained such that U1+U2+ . . .  + U,._1 
< U0<U1 + . . . + U,.; 5) if n is even reject the 
procedure and start a fresh trial with a new value 
of U0, otherwise if n is odd take X=8U0 a.s the 
desired deviate ; 6) in general if t is the number of 
trials until an acceptable sequence is obtained 
X=tl(t+ U0). The random deviates produced in 
this way follow an exponential distribution with 
parameter 8. One can expect to generate approxi
mately six uniform deviates for every exponential 
deviate. 

(3). Discrete Distribution Method: Let Y and n 
be discrete random variables with point probabili
ties 
* Pr{ Y =r} = (e-1) e-<r+Il r=O, 1, 2, . .  . 

Pr{n=s}=fs/(e-l)j-1 s=1, 2, 3, . . . . 
Then X=Y+min(U1, U,, . .  , U,.) will follow 
an exponential distribution. The average value 
of n is 1.58 so that one needs, on the average, only 
1.58 u's from which the minimum is selected. 

26.9. Uee and Extension of the Tables 
Use or ProbabiUty Function lnequaUtiee 

Example 1. Let X be a random variable with 
finite mean and variance equal to m and t?, 
respectively. Use the inequalities for probability 
functions 26.1.37, 40, 41 to place lower bounds 
on 

Lower bounds on A(t)=F(t)-F( -t) 

A(t)=F(t)-F( -t)=P{ IX-:-ml � t} 

for t= 1 (1)4. 
• See oa2e u. 

t=1 
0 

.5556 

0 

f 3 
.7500 .8889 

.8889 .9506 

.8182 .9697 

4 Remarks 

.9375 no knowledge of 
F(t); 26.1.37 

.9722 F(t) is unimodal and 
continuous; 26.1.40 

.9912 F(t) is such that 
1-'4=3; 26.1.41 
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It is of interest to note that the standard normal 
distribution is unimodal, has mean zero, unit 
variance �4=3, is continuous, and such that 

A(t)=P(t)-P(-t) 
=.6827, .9545, .9973, and .9999 

for t=l ,  2, 3 and 4 respectively. 

Interpolation for P(%) in Table 26.1 

Example 2. Compute P(x) for x=2.576 to 
fifteen decimal places using a Taylor expansion. 

Writing x=x0+8 we have 
(J2 

P(x)=P(Xo) +Z(xo)o+zw (Xo) 21 
+Z<zl (Xo) �

a
!+z<a> (Xo) �+ . . .  

Taking Xo=2.58 and 9=-4Xlo-a we cAlculate 
the successive terms to 16D 

+.99505 99842 42230 
5 72204 35976 6 

2952 57449 6 
8 63097 8 

1439 4 
9 

.99500 24676 84265 7 
The result correct to 17D is 

P(2.576)=.99500 24676 84264 98 
Calculation for Arbitrary Mean and Variance 

Example 3. Find the value to 5D of 

P {X < .50} = 1 s·6 e-1t2(';1)2
dt - 2.../21f' - CD 

using 26.2.8 and Table 26.1. 
This represents the probability of the random 

variable being less than or equal to .5 for a riorp:�.al 
distribution with mean m= 1 and variance �=4. 
Using 26.2.8 we have 

P{'X�.5 } =P (5
2 

1)=P(-.25) 

Since P(-x)=l-P(x), we have 

P( -.25)=1-P(.25)=1-.59871=.40129 
where a two-term Taylor series was used for inter
polation. Note that when interpolating for P(x) 
for a value of x midway between the tabulated 

values we can write X=Xo+.Ol and a two-term 
Taylor series is P(x)=P(Xo)+Z(x0)10-2• Thus one 
need only multiply Z(Xo) by 10-2 and add the 
result to P(xo). 

Calculation of P(%) for " Approximate. 

Example 4. Using Table 26.1, find P(x) for 
x=1 .96, when there is a possible error in x of 
±5Xlo-s. 

This is an example where the argument is only 
known approximately. The question arises as to 
how many decimal places one should retain in 
P(x). If Ax and AP(x) denote the error in x and 
the resulting error in P(x), respectively, then 

t:J>(x) �z(x)!:lx 

Hence AP(1.960)=3XlO-! which indicates that. 
P(l.960) need only be calculated to 4D. There
fore P(1.960)=.9750. 

Inverse Interpolation for P(x) 

Example 5. Find the value of x for which 
P(x)=.97500 00000 00000 using Table 26.1 and 
determining as many decimal places as is consistent 
with the tabulated function. 

For inverse interpolation the tabulated function 
P(x) may be regarded as having a possible error 
of .5 X 10-15• Hence 

A AP(x) .sx l0-16 x� Z(x) Z(x) 
Let P(Xo) correspond to the closest tabulated 

value of P(x) . Then a convenient formula for 
inverse interpolation is 

where 

t P(x) -P(x0) 
Z(Xo) 

If only the first two terms (i.e., x=Xo+t) are used, 

the error in x will be bounded by � XI0-4 and the 

true value will always be greater than the value 
thus calculated. 

With respect to this example, Ax � 10-14 and 
thus the interpolated value of x may be in error 
by one unit in the fourteenth place. The closest 
value to P(x) = .97500 00000 00000 is P(x0) = .97500 
21048 51780 with x0=1.96. Hence using the 
preceding inverse interpolation formulas with 
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t=-.00003 60167 31 129 
and carrying fifteen decimals we have the succes
sive terms 

+ 1 .  96000 00000 00000 
.00003 60167 31129 

+ 12 71261 
68 
0 

+ 1 .95996 39845 40064 
Edgeworth Asymptotic Expansion 

Example 6. Find the Edgeworth asymptotic 
expansion 26.2.49 for the c.d.f. of chi-square. 

Method 1 .  Expansion for x2 

Let 

where 

Since the values of 'Y1 and 'Y2 26.4.33 are 

-y1=2{2jvl 
-y2=12/v, 

we obtain, by using the first two bracketed terms 
of 26.2.49 

F(t) -P(t) _!._ [.../2 Z(2) (t)J vl 3 

The Edgeworth expansion is an asymptotic 
expansion in terms of derivatives of the normal 
distribution function. It is often possible to 
transform a random variable so that the distribu
tion of the transformed random variable more 
closely· approx:iinates the normal distribution 
function than does the distribution of the original 
random variable. Hence for the same number of 
terms, greater accuracy may be achieved by using 
the transformed variable in the expansion. Since 
the distribution of � is more closely approxi
mated by a normal distribution than X2 itself 
(as judged by a comparison of the values of -y1 
and 'Y2), we would expect that the Edgeworth 
asymptotic expansion of �2x.2 would be superior 
to that of x2• 

Method 2. Expansion for �- Let 

Q (x'l•l �I -F(t) � I - F((���)' I )') 
where (2v-l)l and 1-L are the mean and vari

ance to terms of order v-2 of ...f2i(2 (see 26.4.34). 
The values of -y1 'and 'Y2 for ...f2X2 are 

'Yl � $[1+:11] 

Thus we obtain 

F(t) "'P(t) _!._ [.../2 (1 +�) z<z> (t)J vl 12 811 

+! [-1 z<a> (t)�(1+�)2 Z<51 (t)J 11 32v 144 811 
For numerical examples using these expansions 

see Example 12. 

Calculation of L(h, k, p) 

Example 7. Find L(.5, .4, .8). Using 26.3.20 

�h2-2phk+k2= lli9= .3 
L(.5, .4, .8) =L(.5, 0, 0) + L(.4, 0, -.6) 

Reference to Figure 26.2 yields 
L(.5, 0, O)+L(.4, 0, -.6)=.16+.08=.24 

The answer to 3D is L(.5, .4, .8) =.250. 
Calculation of the Bivariate Normal Probability 

Function 

Example 8. Let X and Y follow a. bivariate 
normal distribution with parameters m.,=3, 
mv=2, u.,=4, u11=21 and p=-.125. Find tbe 
value of P,(X�2, Y�4} using 26.3.20 and 
Figures 26.2, 26.3. 

Since P, {X�h, Y�k}=L (h u�"', k u�", p) we 
have P{X�2, Y�4} =L(-.25, 1, -.125). Using 
26.�.20 

L(-.25, 1, -.125)=L(-.25, 0, .969) 
1 +L(1 , 0, .125)-2 

Figure 26.2 only gives values for h>o, however, 
using the relationship 26.3.8 with k=O, L( -h, 0, p) 
=!-L(h, 0, -p) and thus L(-.25, 0, .969) 
=!-L(.25, 0, -.969). Therefore L(-.25, 1 ,-.125) 
=-L(.25, o,-.969)+L(l, 0, .125)=-.01+.09=.08. 

The answer to 3D is L(-.25, 1. , -.125)=.080. 
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Approximating Q(Fjv,, ,,) 
Example 23. Calculate Q(1.714j10, 40) using 

26.6.15. 
The approximation given by 26.6.15 will result 

in a maximum error of .0005. For this example 
we have 

(1.714)1'3 ( 1-9(!o))-(t-9(�o)) x= 1.2222 
[9(�0) + (1 .714)2/3 9(!o)] i 

Interpolating in Table 26.1 results in 

Q(1.714j10, 40) �Q(1.2222)= 1-P(1.2222) =.1 108 
The correct value to 5D is Q(l.714llO, 40) =.11108. 

On the other hand the approximation given by 
26.6.14 which is usually less accurate results in 

[2(40)-1] (!�) (1.714)-.J2(10)-1 
:z:=-=-----;:::=:�===--_:_�.:___ = 1 .2210 

· I 10 'V 1 + 40 (1.714) 

and interpolating in Table 26.1 gives 

Q(1.714l10, 40) �Q(1.2210)=1-P(1.2210) =.1 1 12 
Calculation ofF Outside the Range of Table 26.9 

Example 24. Find the value of F for which 
Q(FI10, 20) � .0001 using 26.6.16 and 26.5.22. 

·For this problem we have a=i=10, b=�=5, 
p=.0001. The value of the normal deviate which 
cuts off .0001 in the tail of the distribution is 

y=3.7190 (i.e., Q(3.7190)=.0001). Hence sub
stituting in 26.5.22 gives 

[ 
1 1

]
-1 h=2 19 +-g =12.2143 

'X-=3.719
:

-3 1.8052 

=3 7190 (12.2143+1.8052)1 w ' 12.2143 
-(�-1

1
9) [1 .8052+ .8333-3(12.�143) J 
W=.9889 

and thus F�e21/)=7.23. The correct answer is 
F=7.180. 

Approximating the Non-Central F-Distribution 

Example 25. Compute P(3.71j3, 10, 4) using 
the approximation 26.6.27 to the non-central F
distribu tion. 

Using 26.6.27 with v1=3, v2=10, X=4, F'=3.71 
we have 

:z:= 

[( 3 ) ]
1/3
[ 

2 J [ 2 (3+8)
] m (3.71) 1-9(TO) - 1-9 t3+4)2 

[
2 3+8 2 

[( 
3 ) ]2'31! 

9 (3+4)2+ 9(10) 3+4 <3·71) J 
and interpolating in Table 26.1 gives 

P(3.7ll3, 10,4) �P(.675)=.750 
The exact answer is P(3.7ll3, 10,4)=.745. 

=.675 
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[ 26.441 E. T. Federighi, Extended tables of the percentage 
points of Student

'
s t.-distribution, J. Amer. 

Statist. Assoc. 54, 683-688 (1959.) Values of 
1 t for which Q(tiv)= 2 (l- A{tlv) ]=.25XIO-.. , 

. 1  X IO-n, n=0(1)6, .05X 10-", n=0(1)5, 11= 
1 (1)30(5)60(10)100, 200, 500, 1000, 2000, 10000, 
co ;  3D. 

[26.45] Table III of [26.7]. Values oft for which A (ti11)= 
. 1 (.1) .9, .95, .98, .99, .999 and ., = 1(1)30, 40, 
60, 120, co ;  3D. 

[26.46] N. L. Johnson and B. L. Welch, Applications of 
the noncentral t-distribution, Biometrika 31, 
362-389 (1939). Tabulates an auxiliary func
tion which enables calculation of � for given 
t' andp, ort' for given a and pwhere P(t'lv,o) =p= 
.005, .01, .025, .05, .1(.1).9, .95, .975, .99, .995. 

[26.47] J. Neyman and B. Tokarska, Errors of the second 
kind in testing Student's hypothesis, J. Amer. 
Statist. Assoc. 31, 318-326 (1936). Tabulates a 
for P(t'lv,6)=.01, .05, .1(.1).9; 11 = 1(1)30, "" ;  
Q(t'iv) = .01, .05. 

1 [26.48] Table 9 of [26.ll].P(t!v) =z [l+A(tlv)] for t= 

0(.1)4(.2)8; v=1(1)20, 5D; t=0(.05)2(.1)4, 5;  
v=20(1)24, 30, 40 ,  60, 120, co ,  5D. 

(26.49] G. S. Resnikoff and G. J. Lieberman, Tables of the 
noncentral t-distribution (Stanford Univ. Press, 
Stanford, Calif., 1957). oP(t' lv I 6) /Ot' and P(t' I v ,a) 
for v=2(1)24(5)49, o =  ....;;+i x11 where Q(:r,)= 
p= .25, .15, .1, .065, .04, .025, .01, .004, .0025, 
.001 al'ld t'/....j; covers the range of values such 
that throughout most of the table the entries lie 
between 0 and 1, 4D. 

Randon1 N�Xm.ben and Norm.al DeYiate. 

[26.50] E. C. Fieller, T. Lewis and E. S. Pearson, Cor
related random normal deviates, Tracts for 
Computers 26 (Cambridge Univ. Press, Cam
bridge, England, 1955). 

[26.51] T. E. Hull and A. R. Dobell, Random number 
generators, Soc. Ind. App. Math. 4, 23Q-254 
(1962). 

[26.52] M .  G. Kendall and B. Babington Smith, Random 
sampling numbers (Cambridge Univ. Press, 
Cambridge, England, 1939). 



964 PROBABU..ITY FUNCTIONS 

[26.53] G. Marsaglia, Random variables and computers, 
Proc. Third Prague Conference in Probability 
Theory 1962. (Also as Math. Note No. 260, 
Boeing Scientific Research Laboratories, 1962). 

[26.54] M. E. Muller, An inverse method for the genera
tion of random normal deviates on large scale 
computers, Math. Tables Aids Comp. 63. 167-
174 (1958). 

[26.55) Rand Corporation, A million random digits with 
100,000 normal deviates (The Free Preas, 
Glencoe, Ill. 1955). 

[26.56] H. Wold, Random normal deviates, Tracts for 
Computers 25 (Cambridge Univ. Pr8$8, Cam
bridge, England, 1948). 
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o e -

n=1(1)4, x=0(.1) 1.4.(.2)5(.5)10, 6D 
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z=0(.01).5, 9D 

27.8. Clausen's Integral and Related Summations 

}(8)=- f' In (2 sin �2) dt= '£ sin 
2
n8 

Jo 
n-1 n 

j(8)+8 ln 9, 8=0°(1°)15° 
j(8), 8=15°(1°)30°(�)90°(5°)180°, 6D 

27.9. Vector-Addition Coefficients 0ai2m1m2lid2jm) 
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27. Miscellaneous Functions 

27.1.1 

27.1. Debye Functions 

Series Representations 

r� t"dt 1 X .. Baxu 
Jo e'-1 =x"[n 2(n+l) + t; (2k+nJ (2k)!] 

(lxl<27r,n2::: 1) 
(For Bernoulli numbers B2�, see chapter 23.) 

27.1.2 

f"' t"dt .. -a x" nx"-1 (n) (n-1)x"-2 
J�: e'-l=tj e [k+----v-+ lcB 

n! 
+ . . .  +k"H](x>O,n2::: i) 

Relation to Riemann Zeta Function (see chapter 23) i .. t"dt 
27.1.3 -,-1=n!t(n+1). o e -
[27.1] J. A. Beattie, Six-place tables of the Debye energy 

and specific heat functions, J. Math. Phys. 6, 
1-32 (1926). 
3 r· "'dy 12 r· fldy &e ,XiJ0 e11-1' :c' [Jo e•- 1 -e•- 11, :�:=0(.01)24, 68. 

[27 .2) E. Griineisen, Die Abhingigkeit des elektrischen 
Widersta.ndes reiner Met aile von der Temperatur, 
Ann. Physik. (5) 16, 53G-540 (1933). 
20 r· t!dt 4z 
z'Jo e'-1 -e•-1' 

:�:=0(.1) 13(.2)18(1)20(2)52(4)80. 48. 
Table 27.1 Debye Functions 

X lf' tdt 
z o e1- 1 

21• t'dt 
Xi (I e'-1 

3l" t3dt 
Xi o e•-1 

4L" f.4dt 
x4 o e•-1 

o. o 1. 000000 1. 000000 1. 000000 1. 000000 
o. 1 o. 975278 0. 967083 o. 963000 0. 960555 
o. 2 o. 951111 0. 934999 o. 926999 0. 922221 
o. 3 o. 927498" 0. 903746 o. 891995 o. 884994 
o. 4 o. 904437 o. 873322 o. 857985 0. 848871 
·o. 5 0. 881927 0. 843721 o. 824963 0. 813846 
0. 6 o. 859964 o. 814940 0. 792924 o. 779911 
0. 7 o. 838545 0. 786973 o. 761859 o. 747057 
0. 8 o. 817665 o. 759813 0. 731759 0. 715275 
0. 9 o. 797320 o. 7334.'>1 o. 702615 o. 684551 
l. O o. 777505 0. 707878 0. 674416 0. 654874 
1. 1 0. 758213' 0. 683086 o. 647148 o. 626228 
1. 2 o. 739438 0. 659064 0. 620798 0. 598598 
1. 3 o. 721173 0. 635800 0. 595351 o. 571967 
1. 4 o. 703412 o. 613281 0. 570793 o. 546317 
1. 6 o. 669366 o. 570431 o. 524275 0. 497882 
1. 8 o. 637235 0. 530404 0. 481103 0. 453131 
-2. 0 0. 606947 0. 493083 o. 441129 o. 411893 
2. 2 o. 578427 o. 458343 0. 404194 o. 373984 
2. 4 o. 551596 0. 426057 0. 370137 0. 339218 
2. 6 o. 526375 o. 396095 o. 338793 o. 307405 
2. 8 0. 502682 o. 368324 o. 309995 o. 278355 
3. 0 o. 480435 o. 342614 0. 283580 0. 2518� 
3. 2 0. 459555 o. 318834 0. 259385 o. 2277 
3. 4 o. 439962 o. 296859 o. 237252 o. 205915 
3. 6 0. 421580 o. 276565 o. 217030 0. 186075 
3. 8 0. 404332 o. 257835 o. 198571 o. 168107 
4.0 0. 388148 0. 240554 o. 181737 0. 151855 
4. 2 o. 372958 o. 224615 0. 166396 0. 137169 
4. 4 0. 358696 0. 209916 0. 152424 o. 123913 
4. 6  o. 345301 0. 196361 0. 139704'- o. 11 1957 
4. 8 o. 332713 o. 183860 o. 128129 0. 101180 
5. 0 o. 320876 0. 172329 o. 117597 0. 091471 
5. 5 0. 294240 o. 147243 0. 095241 0. 071228 
6. 0 o. 271260 o. 126669 0. 077581 0. 055677 
6. 5 o. 251331 o. 109727 0. 063604 0. 043730 
7. 0 0. 233948 0. 095707 0. 052506 0. 034541 
7. 5 0. 218698 0. 084039 0. 043655 0. 027453 
8. 0 o. 205239 o. 074269 0. 036560 0. 021968 
8. 5 o. 193294 0. 066036 0. 030840 0.017702 
9. 0 o. 182633 0. 059053 0. 026200 0. 014368 
9. 5 0. 173068 o. 053092 o. 022411 o. 011747 

10. 0 o. 164443 o. 047971 0. 019296 0. 009674 

998 
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Planck's Radiation Function 
/(�) =:ra(ell•-1)-1 

Table 27.2 

:z: 

0. 050 
0. 055 
0. 060 
0. 065 
0. 070 

0. 075 
0. 080 
0. 085 
0. 090 
0. 095 
0. 100 

/(:z:) :z: /(�) 

0. 007 0. 10 4. 540 
0. 025 0. 1 1  6. 998 
0. 074 0. 12 9. 662 
0. 179 0. 13 12. 296 
0. 372 0. 14 14. 710 

0. 682 0. 15 16. 780 
1. 137 0. 16 18. 446 
1. 752 0. 17 19. 692 
2. 531 0. 18 20. 539 
3. 466 o. 19 21. 025 
4, 540 0. 20 21. 199 [<-;>2] · [<-l)

5] 

:r; 

0. 20 
0. 22 
0. 24 
0. 26 
0. 28 
0.30 
0. 32 
0. 34 
0. 36 
0.38 
0.40 

:z;..,.,. = .20140 52363 f(:z:..,.,.)=21.20143 58. 

[27.3] Miscellaneous Physical Tables, Planck's radiation 
functions and electronic functions, MT 17 (U.S. 
Government Printing Office, Washington, D.C., 
1941). 

RA=ctx-•(e•u>.r_t)-1, Ro-�= £ R�dx, 

N�=2�X-.(e•st>.r -1)-t, No->.= s: N�d). 

f(:r;) 

21. 199 
20. 819 
19. 777 
18. 372 
16. 809 

15. 224 
13. 696 
12. 270 
10. 965 

9. 787 
8. 733 

:z: /(:z:) :r; f(:z:) 

0.40 8. 733 0. 9 0. 831 
0. 45 6. 586 1. 0 0. 582 
0. 50 5. 009 1. 1 0. 419 
0. 55 3. 850 1. 2 0. 309 
0. 60 2. 995 1. 3 0. 233 
0. 65 2. 356 1. 4 0. 178 
0. 70 1. 875 1. 5 0. 139 
0. 75 1. 508 2. 0 0. 048 
0.80 1. 225 2. 5 0. 021 
0.85 1. 005 3. 0 0.010 
0.90 0. 831 3. 5 0. 006 

'"ftb'- I.· R>. Ro->. N� No-� f � .. .., --, --, --, -- or 
R>. maa Ro-oo NA maz No-oo 

>..T=[:05(.001) .1 (.005) .4(.01) .6(.02) 1 (.05)2]cm K0• 
Table II: R>., Ro-A, N>., No->. (T= 1000° K) 

for X=[.5(.01) 1 (.05) 4(.1)6(.2) 10(.5)20] microns. 

Table III: N>. for X=[.25(.05) 1.6(.2)3(1) 10] 
microns, T=[l000°(500°)3500° K and 6000° K]. 

Einstein Functions Table 27.3 

:e•e• % 
:r; (e•-:-1)1 e•-1 

o. oo 1. 00000 1. 00000 
0.05 0. 99979 0. 97521 
o. 10 0. 99917 o. 96083 
0. 15 0. 99813 o. 92687 
0. 20 o. 99667 0. 90833 

o. 25 o. 99481 0.88020 
o. ao 0. 99253 o. 85749 
0. 35 0. 98985 0. 83519 
o. 40 0. 98677 0. 81330 
o. 45 0. 98329 o. 79182 

0. 50 o. 97942 0. 77076 
0. 55 0. 97517 o. 75008 
0. 60 0. 97053 0. 72982 
0. 65 o. 96552 o. 70996 
0. 70 0. 96015 0. 69060 
o. 75 0. 95441 o. 67144 
0. 80 0. 94833 0. 65277 
o. 85 ():' 94191 0. 63460 
0. 90 0. 93515 0. 61661 
0. 95 0. 92807 0. 59910 

1. 00 0. 92067 0. 58198 
l. 05 0. 91298 o. 56523 
1. 10 0. 90499 0. 54886 
1. 1 5  0. 89671 0. 53285 
1. 20 0. 88817 o. 51722 
1. 25 0. 87937 0. 60194 
1. 30 0. 87031 0. 48702 
1. 35 o. 86102 o. 47245 
1. 40 o. 85161 0. 45824 
1. 45 0. 84178 o. 44436 
1. 60 o. 83185 0. 43083 

ln (1-e-•) 

- 00 
-3. 02063 
-2. 35217 
- 1. 97118 
-1. 70777 
-1. 50869 
-1. 35023 
-1. 21972 
-1. 10963 
-1. 01508 
-0. 93275 
-0. 86026 
-0. 79587 
-0. 73824 
-0. 68634 
-0. 63935 
-0. 59662 
-0. 55759 
-0. 52184 
-o. 48897 
-0. 45868 
-0. 43069 
-0. 40477 
-0. 38073 
-0. 35838 
-0. 33758 
-o. 31818 
-0. 30008 
-0. 28315 
-0. 26732 
-0. 25248 

:r; 
e•-1 

- ln  (1- e-•) 

00 
3. 99584 
3. 30300 
2. 89806 
2. 61110 

2. 38888 
2. 20771 
2. 05491 
1. 92293 
l. 80690 
1. 70350 
1. 61035 
1. 52569 
1. 44820 
1. 37684 
1. 31079 
1. 24939 
1. 19209 
1. 13844 
1. 08809 
1. 04065 
0. 99592 
0. 95363 
0.91358 
0. 87560 
o. 83952 
0. 80520 
0. 77253 
0. 74139 
0. 71168 
0. 68331 
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Table 27.3 Einstein Functions 

z'e" % % 
(e•-1)1 e•-1 

1. 6 o. 81143 0. 40475 
1. 7 o. 79035 o. 37998 
1. 8 0. 76869 0. 35646 
1. 9 0. 74657 0. 33416 
2. 0 o. 72406 o. 31304 

2. 1 o. 70127 0. 29304 
2. 2 o. 67827 0. 27414 
2. 3 0. 65515 o. 25629 
2. 4 o. 63200 o. 23945 
2. 5 o. 60889 o. 22356 

2. 6 0. 58589 0. 20861 
2. 7 o. 56307 o. 19453 
2. 8 0. 54049 o. 18129 
2. 9 o. 51820 0. 16886 
3. 0 o. 49627 0. 15719 

3. 2 0. 45363 o. 13598 
3. 4 o. 41289 o. 11739 
3. 6 o. 37429 o. 10113 
3. 8 0. 33799 . 0. 08695 
4. 0 0. 30409 0. 07463 

4. 2 o. 27264 0. 06394 
4. 4 o. 24363 0. 05469 
4. 6 o. 21704 0. 04671 
4. 8 o. 19277 0. 03983 
5. 0 o. 17074 0. 03392 

5. 2 o. 15083 0. 02885 
5. 4 o. 13290 0. 02450 
5. 6 0. 11683 0. 02078 
5. 8 0. 10247 0. 01761 
6. 0 0. 08968 0. 01491 

[27.4) H. L. Johnston, L. Savedoff and J. Belzer, Contri

butions to the thermodynamic functions by a 

Planck-Einstein oscillator in one degree of free
dom, NAVEXOS p. 646, Office of Naval Re

search, Department of the Navy, Washington, 

D.C. (1949). Values of :tle•(e•- 1)-t, .z(e"-1)-1, 

-ln (1 -e-•) and :z:(e•-1)-1-ln (1-e--) for 

.z=0(.001)3(.01) 14.99, 5D with first differences. 

27 .4. Sievert Integral 

Relation to the Error Fun.etion 

27.4.1 

J:' e-ueo •<Lp-� e-% err ( Je) (z�oo) 
(For erf, see chapter 7.) 

% 
ln (1-e-•) e•-1 

-ln (1-e-•) 

-0. 22552 0. 63027 
-0. 20173 o. 58171 
-0. 18068 o. 53714 
-0. 16201 0. 49617 
-0. 14541 0. 45845 

-0. 13063 0. 42367 
-0. 11744 o. 39158 
-0. 10565 0. 36194 
-0. 09510 o. 33455 
-0. 08565 0. 30921 

-0. 07718 0. 28578 
-0. 06957 o. 26410 
-0. 06274 0. 24403 
-0. 05659 0. 22545 
-0. 05107 0. 20826 

-0. 04162 0. 17760 
-0. 03394 0. 15133 
_:o. 02110 o. 12883 
-0. 02262 o. 10958 
-0. 01849 o. 09311 

-0. 01511 0. 07905 
-0. 01235 0. 06705 
-0. 01010 0. 05681 
-0. 00826 0. 04809 
-o. 00676 0. 04068 

-0. 00553 0. 03438 
-o. 00453 0. 02003 
-0. 00370 0. 02449 
-0. 00303 0. 02065 
-0. 00248 0. 01'139 

Repreaentaiion in Terms of Exponential Integrals 

27.4.2 .. i' e-% eeo •<Lp= i'i e-fl 800 •dq, 

-� a.t;(COS 8)2H1Eu+2 (_!_e) t=O cos (z�o,o<e<�) 
1 . 3 . 5 . . . (2k-1) 

�=l , a.t 
2 . 4 .  6 . . .  (2k) 

(For Eu+J(z), see chapter 5.) 

Relation to the Integral of the Bessel Function Ko(:t) 

27.4.3 
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(27.5) National Bureau of Standards, Table of the Sievert 
integral, Applied Math. Series- (U.S. Government 
Printing Office, Wl!.Bhington, D.C. In press}. 

[27.6) R. M. Sievert, Die v-Strahlungsintensitat a.n der 
Oberfl.ii.che und in der nii.chsten Umgebung von 
Radiumnadeln, Acta Radiologies. 11, 239-301 
(1930). 

x\8 

0. 0 
0. 1 
0. 2 
0. 3 
0. 4 

0. 5 
0. 6 
0. 7 
0. 8 
0. 9 

1. 0 
1. 2 
1. 4 
1. 6 
1. 8 

2. 0 
2. 2 
2. 4 
2. 6 
2. 8 

3. 0 
3. 5 
4. 0 
4. 5 
5. 0 

5. 5 
6. 0 
6. 5 
7. 0 
7. 5 

8. 0 
8. 5 
9. 0 
9. 5 

10. 0 

27.5.1 

27.5.2 

:r:=0(.01)2(.02)5(.05)10, 8=0°(10}90°, 9D. J:• 
e-A ••• •d<t>, </>=30°(1°}90°, A=0(.01).5, 3D. 

Sievert Integral .(' e -z sea • dtp Table 27.4 

100 20° 30° 

0. 174.533 0. 349066 0. 523599 
0. '157843 0. 315187 0. 471456 
0. 142749 0. 284598 0. 424515 
0. 129099 o. 256978 0. 382255 
0. 1 16754 0. 232040 0. 344209 

0. 105589 0. 209522 0. 309957 
0. 095492 0. 189191 0. 279118 
0. 086361 0. 170833 0. 251353 
0. 078103 0. 154256 0. 226354 
0. 070634 0. 139289 0. 203845 

0. 063880 0. 125775 0. 183579 
0. 052247 0. 102553 0.1.48899 
o. 042733 0. 083620 0. 120780 
0. 034951 o. 068183 . 0. 097979 
0. 028587 0. 055597 0. 079488 

0. 023381 0. 045335 0. 064492 
0. 019123 0. 036967 0. 052329 
0. 015641 0. 030145 0. 042463 
0. 012793 0. 024582 0. 034460 
0. 010463 0. 020045 0. 027968 

0. 008558 0. 016347 0. 022700 
0. 005178 0. 009817 0. 013477 
0. 003132 0. 005896 0. 008005 
0. 001895 0. 003542 0. 004756 
0. 001147 0. 002127 0. 002828 

0. 000694 0. 001278 0. 001682 
0. 0004-20 0. 000768 0. 001001 
0. 000254 0. 000461 0. 000596 
0. 000154 0. 000277 0. 000355 
0. 000093 0. 000167 0. 000211 

0. 000056 0. 000100 0. 000126 
0. 000034 0. 000060 0. 000075 
0. 000021 0. 000036 0. 000045 
0. 000012 0. 000022 0. 000027 
0. 000008 0. 000013 0. 000016 

27.5. fm(x)= J:"' t"'e_'Lfdt and 

Related Integrals 
m=O, 1 , 2  . . .  

Differential Equations 

xf':.'-(m-l)f':. +2fm=O 
J:..=-Jm-1 (m=l, 2, . . .  ) 

Recurrence Relation 

40° 50° 60° 75° goo 

0. 698132 0. 872665 1. 047198 1. 308997 1 .  570796 
0. 625886 0. 777323 0. 923778 1. 123611 1. 228632 
0. 561159 0. 692565 0. 815477 0. 968414 1. 023680 
0. 503165 0. 617194 0. 720366 0. 837712 0. 868832 
0. 451198 0. 550154 0. 636769 0. 727031 0. 745203 

0. 404629 0. 490508 o. 563236 0. 632830 0. 643694 
0. 362893 0. 437428 0. 498504 0. 552287 0. 558890 
0. 325486 0. 390178 0. 441478 0. 483134 0. 487198 
0. 291957 0. 348109 0. 391204 0. 423535 0. 426062 
0. 261901 0. 310642 0. 346851 0. 371996 0. 373579 

0. 234956 0. 277267 0. 307694 0. 327288 0. 328286 
0. 189138 0.221027 0. 242523 0. 254485 0. 254889 
0. 152298 0. 176336 0. 191533 0. 198885 0. 199051 
0. 122667 0. 140792 0. 151541 0. 156087 0. 156156 
0. 098829 0. 112497 0. 120105 0. 122932 0. 122961 

0. 079644 0. 089954 0. 095342 0. 097108 0. 097121 
0. 064201 0. 071979 0. 075797 0. 076905 0. 076911 
0. 051766 0. 057635 0. 060342 0. 061040 0. 061043 
0. 041750 0. 046179 0. 048100 0. 048541 0. 048542 

. 0. 033680 0. 037024 0. 038387 0. 038667 0. 038668 

0. 027177 0. 029702 0. 030670 0. 030848 0. 030848 
0. 015912 0. 017164 0. 017576 0. 017634 0.017634 
0. 009330 0. 009951 0. 010128 0. 010147 0.010147 
0. 005478 0. 005787 0. 005862 0. 005869 0. 005869 
0. 003221 0. 003374 0. 003407 0. 003409 0. 003409 

0. 001896 0. 001972 0. 001986 0. 001987 0. 001987 
0. 001117 0. 001155 0. 001162 0. 001162 0. 001162 
0. 000659 0. 000678 0. 000681 0. 000681 0. 000681 
0. 000389 0. 000399 0. 000400 0. 000400 0. 000400 
0. 000230 0. 000235 0. 000235 0. 000235 0. 000235 

0. 000136 0. 000139 0. 000139 0. 000139 0. 000139 
0. 000081 0. 000082 0. 000082 0. 000082 0. 000082 
0. 000048 0. 000048 0. 000048 0. 000048 o. 00(1048 
0. 000028 0. 000029 0. 000029 0. 000029 0. 000029 
0. 000017 0. 000017 0. 000017 0. 000017 0. 000017 

Power Series Representatioll.ll 

CD 

27.5.4 2j1(x)=2: (adn x+b.�:):t' 
k•O 

a" k(k-1) (k-2) 
ao=a1.=0 

b0=1 

b -2b.�:-2-(3k�-6k+2)at 
.t k(k-l)(k-2) 
�L:�=-bo 

27.5.3 2j,.=(m-1)fm-2+xfm-a (m�3) (For 'Y, see chapter 6.) 
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27.5.5 

2ft(X) = 1 -.y'?rx+ .6342z2+ .5908z3-.1431z4 

-.01968x'l+ .00324z6+ .000188x7 • • •  

-x2 ln x(l-.08333x2+ .001389:t-.0000083z&+ . . .  ) 

27.5.6 

2j2(x)= � -x+ � x2- .3225z3-.1477x'+.03195x6 

+.00328xe-.000491x7-.0000235t' . .  . 

+x3 ln x(!-.01667z2+.000198x'- . . .  ) 

27.5.7 

..fK x2 . 
2fa(x) =l-2 x+2-.2954r+ .1014x4+.02954x5 

- .00578x6- .00047x7+.000064x8 • • •  

-x4 ln x(.0833-.00278z2+ .000025x'- . . .  ) 

Asyntptotic Representation ., 

27.5.8 

j,.(x)"'�i 3 ; v� e-• ( ao+ :1+ �+ . . .  + �+ . .  .
) 

(x)2'a 
v=3 -

2 

1 
ao=l,  a1=12 

(3m2+3m-1) 

(x�oo) 

12(k+2)aH2=-(12P+36k-3m2-3m+25)aH1 

+i(m-2k} (2k+3-m) (2k+3+2m)a1 

(k=O, 1 ,  2 . . .  ) 

27.5.9 

27.5.10 

gl (x) = g-Jfa( ix) gz(x) =-Jfa(ix) 

Asyntptotic Representation 
27.5.11 (11')1/2 :r [ 3 (x)2'a] 
Ut(x) = 3 2 exp -2 2 (A sin 8+B cos 8) 

27.5.12 (11')1'2x [ 3 (x)2'a] . 
g2

(x) =- 3 2exp -2 2 (A. cos 8-B sm 8) 

3 r;; (x)21a 8=--v3 -
2 2 

-a, - +a& - - . . .  
(2)8/8 (2)10/3 J X X 

../3 [ (2)213 (2)''3 (2)8/3 
B"' - at - +� - -a, -

2 X X X (2)10/3 J -a& z + . . .  
ao= l  a1 =.972222 <Z2=.148534 

aa=-.017�79 a,=.004594 a6= - .000762 

[27.7] M. Abramowitz, Evaluation of the integral J: .. e-u2-u�>du, J. Math. Phys. 32, 188-192 (1953). 

[27 .8] H. Faxen, Expansion in series of the integral J."' exp [-:&(t±r")]t2dt, Ark. Mat., Astr., Fys. 

15, 13, 1-57 (1921). 
[27.9] J. E. Kilpatrick and M. F. Kilpatrick, Discrete 

energy levels associated with the Leonard
Jones potential, J. Chern. Phys. 19, 7, 93G-933 
(1951). 

[27.10] U. E. Kruse and N. F. Ramsey, The integral J: .. 1t exp ( -y'+i �) dy, J. Math. Phys. 30, 

40 (1951). 
[27.11] 0. Laporte, Absorption coefficients for thermal 

neutrons, Phys. Rev. 52, 72-74 (1937). 
[27.12] H. C. Torrey, Notes on intensities of radio frP ·  

quency spectra, Phys. Rev. 59, 293 (1941). 
[27.13] C. T. Zahn, Absorption coefficients for theriJ'It' 

neutrons, Phys. Rev. 52, 67-71 (1937) . . J: .. y"e-r-:/..[rdy f.or n=O, i, 1 ;  :�:=0(.01).1(.1)1. 
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Table 27.5 

X /l(x) fa(x) /s(x) X f,(z) j,(x) /s(x) X /l(x} ft(x) fa(x) 

0. 00 o. 5000 o. 4431 o. 5000 0. 1 o. 4263 o. 3970 0. 4580 o. 6 o. 2255 o. 2415 o. 3025 
0. 01 o. 4914 0. 4382 o. 4956 o. 2 0. 3697 o. 3573 0. 4204 o. 7 o. 2015 o. 2202 o. 2793 
0.02 0. 4832 o. 4333 o. 4912 o. 3 o. 3238 o. 3227 o. 3864 0. 8 0. 1807 o. 2011 o. 2584 
0. 03 0. 4753 o. 4285 o. 4869 0. 4 o. 2855 0. 2923 o. 3557 0. 9 0. 1626 o. 1839 o. 2392 
0.04 o. 4676 o. 4238 o. 4826 o. 5 o. 2531 o. 2654 o. 3278 1. 0 o. 1466 o. 1685 0. 2215 
0. 05 0. 4602 o. 4191 o. 4784 . 

X &lfa(-ix) - f/s(ix) X &lfs(ix) - ffa(ix) •x· &lta(ix) -f/s(ix) 

o. o 0. 50000 0. 00000 4. 0 -0. 2626 0. 0430 8. 0 0. 06078 -0. 09808 
0. 2 0. 49019 0. 08754 4. 2 -0. 2552 +O. 0094 8. 5 0. 07562 -0.07131 
0. 4 0. 46229 o. 16933 4. 4 -0. 2441 -0. 0214 9. 0 0. 08221 -0. 04496 
0. 6 0. 41950 0. 24139 4. 6 -0. 2299 -0. 0490 9. 5 0. 08191 -0. 02082 
0. 8 0. 36543 0. 30136 4. 8 -0. 2132 -0. 0734 10. 0 0. 07626 -0. 00010 

1. 0 0. 30366 o. 34805 5. 0 -0. 1945 -0. 0944 10. 5 0. 06684 +O. 01654 
1. 2 0. 23746 0. 38122 5. 2 -0. 1745 -0. 1120 11. 0 0. 05507 0. 02889 
1. 4 0. 16972 o. 40127 5. 4 -0. 1536 -o. 1263 11. 5 0. 04224 0. 03707 
1. 6 0. 10288 o. 40910 t 5. 6 -0. 1322 -0. 1374 12. 0 0. 02937 0. 04146 
1. 8 :+0. 03892 o. 40592 5. 8 -0. 1108 -o. 1455 12. 5 0. 01727 o. 04259 

2. 0 -0. 02062 0. 39314 6. 0 -0. 0896 -0. 1507 13. 0 +O. 00650 o. 04109 
2. 2 -0. 0746 o. 3722 6. 2 -0. 0691 -0. 1533 13. 5 -0. 00259 o. 03758 
2. 4 -0. 1221 0. 3448 6. 4 -0. 0493 -0. 1535 14. 0 -0. 00982 0. 03268 
2. 6 -0. 1629 0. 3122 6. 6 -0. 0307 -0. 1515 14. 5 -0.01517 0. 02696 
2. 8 -0. 1966 0. 2759 6. 8 -0. 0132 -0. 1476 15. 0 -0. 01872 o. 02089 -
3. 0 -0. 2233 o. 2371 7. 0 +O. 00286 -0. 14211 16. 0 -0.02118 +O. 00921 
3. 2 -0. 2432 0. 1971 7. 2 0. 01749 -0. 13518 17. 0 -0. 01906 -0. 00022 
3. 4 -0. 2565 o. 1569 7. 4 0. 03061 -0. 12709 18. 0 -0. 01435 -0. 00650 
3. 6 -0. 2639 o. 1173 7. 6 0. 04220 -0. 11805 19. 0 -0. 00879 -0. 00965 
3. 8 -0. 2657 o. 0792 7. 8 0. 05224 -0. 10830 20. 0 -0. 00360 -0. 01021 

CompUed trom U. E. Kruse and N. F. Ramsey, Tbe !nUgralJ: 11' exp ( -V'·H;) dv, 1. Math. Phys. 30, 40 (1961) (With pertlllSS!on). 

27.6. j(x)= J:CD ::: dt 

27.6.1 
Power Series Representation 

_.,2 -� CD x�' j(x)=-e In x+e [..J; � k!(2k+1) 
.. x2.t 'Y 

27.6.2 
-2: -· --] 

.t-1 k!2k 2 

=-e-� ln x+! ± (-1)1Y,(k+l)x2-t 
2 .t-o k! ..;; CD ( -2)kz2.t+1 + � 1 · 3 · 5  . . .  (2k+1) 

(For 'Y and the diga.mma. function Y,(x) , see chap
ter 6.) 

Relation to the Exponenti .. Integral 

27.6.3 J(x)=-� e-"'2 Ei (x2)+..j;e-z2 J:" e'2dt 
(Fot: Ei (x) see chapter 5; e-:2 J:" e'2 dt, see chapter 
7. 

As}'Dlptotic Representation 

27.6.4 

� 1 1 1 · 3 1 · 3 · 5  f(x)"'2 [;+2za+ 4x5+�+ · · .] 
1 1 1 21 31 -2-h+-.+-e+ ...s+ . . .  ] X X X ;c� 

(X-'Jo c:o )  

[27.14] A. Erd�lyi, Note on the paper "On a. definite inte
gral" by R. H. Ritchie, Math. Ta.bl� Aids 
Comp. 4, 31, 179 (1950). 

[27.151 E. T. Goodwin and J. Staton, Te.ble of L"' :-;: du, 

Quart. J. Mech. Appl. Math. 1, 319 (1948). 
z=0(.02)2(.05)3(.1)10. Auxiliary function for 
x=O(.Ol) l .  

[27.16] R. H. Ritchie, On a definite integral, Me.th. Tables 
Aids Comp. 4, 30, 75 (1950). 
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Table 27.6 
r· e-'� 

/(z)=Jo Hz dt 

X /(z) +Inz z f(z) +lnz z f(x) X f(x) X f(x) 

0. 00 -0. 2886 0. 50 0. 2704 1. 0 0. 6051 2. 0 0. 3543 3. 0 0. 2519 
0. 05 -0. 2081 0. 55 0. 3100 1. 1 0. 5644 2. 1 0. 3404 3. 5 0. 2203 
0. 10 -0. 1375 0. 60 0. 3479 1. 2 0.5291 2. 2 o. 3276 4. 0 0. 1958 
0. 15 -0. 0735 0. 65 0. 3842 1. 3 0. 4980 2. 3 0. 3157 4. 5 0. 1762 
0.20 -0. 0146 0. 70 0. 4192 1. 4 0. 4705 2. 4 0. 3046 5. 0 0. 1602 

0. 25 +O. 0402 0.75 0. 4529 1. 5 0. 4460 2. 5 0. 2944 5. 5 0. 1468 
0. 30 0.0915 0. 80 0. 4854 1. 6 0. 4239 2. 6 0. 2848 6. 0 0 .. 1356 
0.35 0. 1398 0. 85 0. 5168 1. 7 0. 4040 2. 7 0. 2758 6. 5 0. 1259 
0. 40 0. 1856 0. 90 0. 547.2 1. 8 0. 3860 2. 8 0. 2673 7. 0 0. 1175 
0.45 0. 2290 0. 95 0. 5766 1. 9 0. 3695 2. 9 0. 2594 7. 5 o. 1102 

0. 50 0. 2704 1. 00 0. 6051 2. 0 0. 3543 3. 0 0. 2519 8. 0 o. 1037 

f"' r"' CompUed from E. T. Goodwin and 1. Staton, Table of Jo u+%du, Qaart. 1. Mecb: Appl. Mat.h. l,81D (1D48) (wtt.h permlssion). 

27.7.1 

27.7. Dilogarithm 

(Spence'• Integral for n=2) 

rz In t 
j(z) =-J � t .1 dt 

Serie8 Expanaion 

27.7.2 j(z)=tt (-1)� (z-,))� 
Functional Relationships 

27.7.3 
� 

j(z) +J(l-z)=-ln x ln (1-z)+tf (l�z�O) 

27.7.4 1 
j(l-z)+ J(l+z)=2f(l-z2) (l�z>O) 

27.7.5 j(z) + j (�)=-� (ln z)2 (O�z�l) 

27.7.6 

j(z+l)-j(z)= -ln z ln (z+l)-�-�j(z2) 

(2�z�O) 

Relation to Debye Functions 

27.7.7 t2 i' tdt 
f(e-')=-j(e')--= -2 0 e'-1 

[27.171 L. Lewin, Dilogarithms and associated functioDS 
(Macdonald, London, England, 1958). fcz -log 11-yj [27 .18] K. Mitchell, Tables of the function ely, 

0 y 
with an account of some properties of this and 

_ related functions, Phil. Mag. 40, 351-868 (1949). 
z= - 1 (.01)1; z=0(.001).5, 9D. 

[27.19] E. 0. Powell, An integral related to the radiation 
integrals, Phil. Mag. 7, 34, 600-607 (1943). J::�: log 11 

--1 ely, x =0(.01)2(.02)6, 7D. 1 y-

[27.20] A. van Wijngaarden, Polyloga.rithms, by the Staff 
of the Computation Department, Report R24, 
Mathematisch Centrum, Amsterdam, Holland 

... 
(1954). F,.(z)=� h-nzA for z=z=-1(.01)1; � . 
z=i:&, for :�:=0(.01)1 ;  z=e•••ll for a=0(.01)2, 
lOD. 
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Dilogarithm 

f(x)=- ra ln t dt 
Jl t-1  

Table 27.7 

X f(x) :z; f(x) :z; f(x) :z; f(x) :z; f(x) 

0.00 1. 64493 4067 0. 10 1. 29971 4723 0. 20 1. 07479 4600 0. 30 0. 88937 7624 0.40 0. 72758 6308 
0. 01 1. 58862 5448 0. 11  1. 27452 9160 0. 21 1. 05485 9830 0. 31 0. 87229 1733 0.41 0. 71239 5042 
0. 02 1. 54579 9712 0. 12 1. 25008 7584 0. 22 1. 03527 7934 0. 32 0. 85542 7404 0. 42 0. 69736 1058 
0. 03 1. 50789 9041 0. 13 1. 22632 0101 0. 23 1. 01603 0062 0. 33 0. 83877 6261 0. 43 0. 68247 9725 
0. 04 1. 47312 5860 0. 14 1. 20316 7961 0. 24 0. 99709 9088 0. 34 0. 82233 0471 o. 44 0. 66774 6644 

0. 05 1. 44063 3797 0. 15 1. 18058 1124 0. 25 0. 97846 9393 0. 35 0. 80608 2689 0.45 0. 65315 7631 
0. 06 1. 40992 8300 0. 16 1. 15851 6487 0. 26 0. 96012 6675 0. 36 o. 79002 6024 o. 46 0. 63870 8705 
0. 07 1. 38068 5041 0. 17 1. 13693 6560 0.27 0. 94205 7798 0.37 0. 77415 3992 0.47 0. 62439 6071 
0. 08 1. 35267 5161 0. 18 1. 11580 8451 0. 28 0. 92425 0654 0. 38 0. 75846 0483 0. 48 0. 61021 6108 
0. 09 1. 32572 8728 0. 19 1. 09510 3088 0. 29 0. 90669 4053 0. 39 0. 74293 9737 0. 49 0. 59616 5361 

0. 10 1. 29971 4 723 0. 20 1. 07 4 79 4600 0. 30 0. 88937 7624 0. 40 0. 72758 6308 0. 50 0. 58224 0526 

From X. Mitchell, Tables or the function fZ-Jog 11-rrldv, wttb an aCOOWit or some pro�rtles or this and related ftmctlons, Pbll. Mac. 40,861-.368 (19f9) Jo , 
(wtth pum!Bslon). • 

27.8. Clausen's Integral and Related 
Summations 

27.8.1 

f' ( t) "' sin k8 j(8)=- J o
In 2 sin 2 dt-{:j Jr 

Series Representation 

27.8.2 

CD (-l)J:-1 f12.1:+1 j(8)=-8 ln 181+8+ t.;t (2k)l B2t 2k(2k+l) 

27.8.3 

FunctionaJ Relatiomhip 

1 
27.8.4 j(7r-8) j(8)-2j(28) 

Relation to Spence's Integral 

27.8.5 

(o�8<�) 

Summable Series 
27.8.6 

.. cos n8 ( . 8) � --=-In 2 sm -
n-1 n 2 

... cos n8 7r4 r82 1f83 tr � --:rT=oo -12+12-48 (0�8�27r) 

'£ sin n8 =! (7r-8) (0<8<2?r) 
n-1 n 2 

[27 .21] A. Ashour and A. Sabri, Tabulation of the function � sio 118 . 
'f(8) = 4-.J -,- , Math. Tables Aids Comp. 10, 

n-1 n 
54, 57-65 (1956). 

[27.22) T. Clausen, tiber die Zerlegungreeller gebrochener 
Funktionen, J. Reine Angew. Math. 8, 298-300 
(1832). x=0°(1°)l80°, 16D. 

[27.23) L. B. W. Jolley, Summation of series (Chapman 
Publishing Co., London, England, 1925). 

{27 .24] A. D. Wheelon, A short table of summable series, 
Report No. SM-14642, Douglas Aircraft Co., 
Inc., Santa Monica, Calif. (1953). 
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Table 27.8 Clausen's Integral 

eo f(e) +e In e eo /(e) 

0 0. 000000 15 0. 612906 
1 0. 017453 16 0. 635781 
2 0. 034908 17 0. 657571 
3 0. 052362 18 0. 678341 
4 0. 069818 19 0. 698149 
5 0. 087276 20 0. 717047 

6 0. 104735 21 0. 735080 
7 0. 122199 22 0. 752292 
8 o. 139664 23 0. 768719 
9 0. 157133 24 0. 784398 

10 0. 174607 25 0. 799360 

11  0. 192084 26 0. 813635 
12 0. 209567 27 0. 827249 
13 0. 227055 28 0. 840230 
14 0. 244549 29 0. 852599 
15 0. 262049 30 0. 864379 

f ' t 
j(e) =-Jo In (2 sin 2) dt 

eo f(e) 

30 0. 864379 
32 0. 886253 
34 0. 906001 
36 0. 923755 
38 0. 939633 
40 0. 953741 

42 0. 966174 
44 0. 977020 
46 0. 986357 
48 0. 994258 
50 1. 000791 

52 1. 006016 
54 1. 009992 
56 1. 012773 
,')8 1. 014407 
60 1. 014942 

eo 

60 
62 
64 
66 
68 
70 

72 
74 
76 
78 
80 
82 
84 
86 
88 
90 

f(e) eo f(e) 

1. 014942 90 0. 915966 
1. 014421 95 0. 883872 
1. 012886 100 0. 848287 
1. 010376 105 0. 809505 
1. 006928 110 0. 767800 
1. 002576 115 0. 723427 

0. 997355 120 0. 676628 
0. 991294 125 0. 627629 
0. 984425 130 0. 576647 
0. 976776 135 0. 523889 
0. 968375 140 0. 469554 

0. 959247 145 0. 413831 
0. 949419 150 0. 356908 
0. 938914 r60 0. 240176 
0. 927755 170 0. 120755 
0. 915966 180 0. 000000 

CompUed lrom A. Aabour and A. 8abr1, Tabulatlon or tile tunctlon o/1(8)- .t slnnl 118 ,  Math. Tables Aids Comp. 10, 54. 67� (11166) (w:lth permlaslon). 
n-1 

27.9.2 

27.9.3 

27.9.4 

27.9.5 

27.9.6 

27.9.7 

27.9. Vector-Addition Coefficients 

(Wigner coefficients or Clebsch-Gorda.n coefficients) 

Definition 

Conditions 27.9.8 JmtJ �jt, Jm2J�j2, JmJ�j 

j11 j2, i=+n or+i (n=integer) 
27.9.9 0d2mt m� JjJdm)=O �+��m 

i1+i2+i=n 
Special V aloes 

j,+j,-j} 
it-i2+i � 0  

27.9.10 (jtOmtO)jtOjm)=cS(j�, j)cS(mt, m) 

-it+i2+j 
27.9.ll <iJ200 JjJJO) =0 j1 +i�+i=2n+ 1 

n 
m11 m2, m= ±n or ±2 

27.9.12 (jJtmtmt liJtjm) =0 2jt+j=2n+ l 
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Sym.m.etry Relations 27.9.17 

27.9.13 

(j1j2m1 m2iid2jm) 
27.9.18 = ( -l)Mis-i(jd2-mt-m21idd-m) 

27.9.14 
27.9.19 

27.9.15 

27.9.16 27.9.20 

Table 27.9.1 

j= 

Table 27.9.2 

i= tnt= I m2=0 ?'lli= - 1  

is+ I .J0s+m) 0s+m+ 1) 
(2is+ 1) (2js+2) 

.J(j,-m+ 1)  0s+m+ 1)  
(2j,+ 1) (j,+ 1) 

-J(j,-m) (j,-m+ 1) 
(2j, + 1) (2j, + 2) 

j, --J0s+m)(j,-m+ 1) m -J(j,-m) (j,+ m+ 1) 
2j,(j.+l) -./j,(j,+ 1) 2j, (j,+l) 

j,-1 .J(j,-m) (j,-m+ 1) --J(j,-m)(j,+m) j(j,+m+ l) (j,+m) 
2j,(2j,+ l) }L(2j,+ 1) 2j,(2j,+ l) 
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Table 27 .9.3 

i= 

i·+* 

i·+* 

j.-1/J, 

;.-�� 

j= 

i·+* 

i·+'A 

;.-� 

j,-, 

MISCELLANEOUS FUNCTIONS 

m,=� 

.J<i•+m-�)(j,+m+l/J.)(j,+m+�) 
(2j.+ 1) (2j.+2) (2j.+3) 

-.J3(j,+m-l/J.)(j,+m+l/J.)(j,-m+�) 
2j,(2j.+ 1) (2j.+3) 

.J3(j.+m-l/J,)(j,-m+ *)(j.-m+Ys) 
(2j,- 1)(2j.+ 1) (2j,+2) 

-.J(j,-m-1/J.)(j,-m+�)(j,-m+��) 
2j.(2j,- l) (2j,+ 1) 

m,= - 'h 

.J3(j,+m+Ys)(j,-m+l/J.)(j,- m+") 
(2j, + 1) (2j, + 2) (2j. + 3) 

(j +3m+Ys>,j i·-m+� I 2j,(2j.+1) (2j,+3) 

(j 3 'A>,j j,+m+'A. 
- ·- m- (2j,-1)(2j,+1) (2j,+2) 

-.J3(j,+m-1/J,) (j,+m+ �) (j,-m-1/J.) 
2j,(2j,- l) (2j,+ 1) 

m,=}2 

.J3(j.+m+*)(j,+m+�){jJ-m+*) 
(2j.+ 1) (2j.+2) (2j.+3) 

{j 3m+Ys)-J j,+m+� 
- .- 2j.(2j.+ 1)(2j.+3) 

(j +3 'h),j j.-m+l/J. - ' m- (2j.- 1) (2j.+l)(2j,+2) 
.J3(j,+m-'h)(j,-m-'h) {j;�.- m+�) 

2j, (2j,- 1) (2j, + 1) 

m,= -� 

.J�-m-��-m+��-m+Ys) 
(2j,+ 1) (2j.+2) (2j,+3) 

..J3(j,+m+*) (j,-m-l/J.) (j,-m+� 
2j.(2j,+l)(2j.+3) 

._J3CJ..+m+�)(j,+m+*)(j,-m-l/J.) 
(2j,- 1)(2j,+ 1)(2j.+2) 

..J<i•+m-�)(j,+m+'A.)(j,+m+�) 
2j,(2j,- 1) (2j,+l) 



Table 27.9.4 

j= 

;.+2 

.ia + l  

j, 

j,-1 

j,-2 

i= 

;,+2 

ia+l 

;. 

j,-1 

j,-2 

ma=-2 

.Jua+m- 1)(j,+m)(ja+m+ l)(j,+m+2) 
(2ja+ 1) (2j,+2) (2.ia+ 3) (2j,+4) 

--Ju•+m-I)(j,+m)(j,+m+l)(j,-m+2) 
2j,(j,+ 1)(j.+2) (2j,+ 1) -J3(j,+m-l)(j,+m)(j,-m+1) (j,- m+2) 

{2j,- 1)2j,(j.+ 1) {2j,+3) 

--J(j,+m-1)(j,-m)(j,-m+ 1)(j,-m+2) 
2(j,- l)j,(j.+ 1)(2j.+ 1) -J(j_,-m- 1)(j,-m)(j,-m+ 1) (j,-m+2) 

(2j,-2)(2j,-1)2j,(2j.+1) 

ma= - 1  

�-m+��-m+Q�-��+m+� 
{2j,+ 1)(j,+ 1) (2ja+3){ja+2) 

(j +2m+2).J (j,-m+ 1)(j,-m) I 
j,(2j,+ I){2j.+2)(j.+2) 

(Zm+ l)-J 3(j,-m) (j,+m+ 1) 
(2j,- 1)j, (2j, + 2) (2j, + 3) 

-(j,-2m- 1)-J (j,+m+1)(j,+m) 
(j,- 1)j,(2j,+ 1) {2j,+2) 

--J(j,-m- 1)(j,+m+ 1) {ja+,tn)(j,+m-1) 
(j,- 1) (2j,- l)j,(2j,+ 1) 

Ut 2 m, ma l.it 2 j  m) 

ma= l 

-J(j,-m+2)(j,+m+2)(j,+m+ 1) (j,+m) 
(2j,+ 1) (j, + 1) (2ja+3) (j,+2) 

(j 2 +2>-J (j,+m+ 1) (j,+m) - ,- m 2j,(2ja+ 1) (j1+1)(j1+2) 

(1_ 2m)-J 3(j,-m+1)(j,+m) 
{2j,- 1)j, (2j, + 2) {2j, + 3) 

' 

(j +2 l)-J (j,-m+ l)(j,-m) 
' m- (j,- l)j,(2j,+ 1) (2j,+2) 

--J<:i..•-m+ 1) (j,-m} (j,-m-1)(j,+m-1} 
(j,- 1) (2j,- 1)j,(2j,+ l) 

I ma= -2 

-J(ja-m- l)(j,-m)(j,-m+ 1) (j,-m+2) 
(2j, + 1) (2j, + 2) (2j, + 3) (2j, + 4) .J(j,-m- l)(j,- m)(j,-m+ 1) (j,+m+2) 

j,(2j,+ l) (j,+ 1) (2j,+4) -J3(j,-m-l)(j,-m)(j,+m+ 1)(j,+m+2) 
(2j,- 1)j,(2j,+2) (2j,+3) .J(j,- m.;... l) (j,+m) (j,+m+ 1) (j,+m+2) 
(j,- 1)j,(2j,+ 1) (2j.+2) -Ju•+m- l) (j,+m) (j,+m+ l) (j,+m+2) 

(2j,-2) (2j,- 1)2j,{2j,+ 1) 

ma=O 

3�,-m+2) �.-m+ 1)(j,+m+2)(j,+m+ 1) 
(2j,+ 1) (2ja+2) (2ja+3) (j,+ 2) m.J3(j,-m+ l)(j,+m+ 1) 

j,{2ja+ 1)(ja+ 1) (j,+2) 

3m2-j,(j,+l) 
-/(2j,- l1J,(ja+ l) (2ja+3) -J 3(j,-m)(j,+m) -m 

{j1- 1)j,(2j,+1)(j,+l) -J3(j,-m} (j,-m-1) (j,+m) (j,+m- 1} 
{2j,- 2) (2j,- 1)j,{2j.+ 1) 

I 0 
z rJJ 



1010 MISCELLANEOUS FUNCTIONS 

Table 27 .9.5 [By use of symmetry rela.tions, 
coefficients may be put in standard form j15,j25,j 
and m�O] 

7712 I m I h 

- % 0 * 
* 0 � * 1 

- 1  0 1 
0 0 1 
1 0 1 
0 1 1 
1 1 1 
0 * * 
1 � * 
1 * 

- 1  0 1 
0 0 1 
1 0 1 
0 1 1 
1 1 1 
1 2 1 

- %  � 1 

� 1 
* 1 

* � 1 
* * 1 

- }l 0 � * 0 
* 1 �-* 1 
* 2 * 

-* 0 � -% 0 
* 0 * 
* 0 , 

-}l 1 * 
* 1 * 
·� 1 * � 2 � * 2 

-* � 1 
* 1 
* * 1 
* * 1 

� * 1 
* 1 

j 

h=% 

1 
1 
1 

j2=1 

1 
1 
1 
1 
1 

* 
* 
* 
2 
2 
2 
2 
2 
2 

� 
� � * 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
* 

� 
* 

� 

v'% o. 70711 
v* o. 10111 

1. 00000 

0� 0. 70711 
0. 00000 

- v}l -0. 70711 
v'% 0. 70711 

- v% -0. 70711 
v% o. 81650 
v% o. 57735 

1. 00000 
-�� 0. 40825 
v'% 0. 81650 
-�� 0. 40825 
v'% 0. 70711 
v'}l 0. 70711 

1. 00000 

�6 0. 73030 
- v'M& -0.· 25820 
- v% -0. 63246 

v'% 0. 63246 - �6 -0. 77460 
v% o. 70711 
v% 0. 70711 

}l-/3 0. 86603 -
0. 50000 
1. 00000 
o. 50000 
o. 50000 

-0. 50000 
-0. 50000 

v% 0. 70711 
o. 00000 

- v}l -0. 70711 
""* o. 70711 

- -I* -0. 70711 �0 0. 54772 
� o. 77460 

v'Mo 0. 31623 
v% 0. 77460 
v% o. 63246 

1. 00000 

• 

Compiled ftom A. Slmo.n, Numerical tables or tbe Clebseb-Oordan coeftL. 
elents, Oa,lt Ridge National Laboratory Report 1718, Oak Ridge, Tenn. 
{19M) (With permt88ion). 

[27.25] E. U. Condon and G. A. Shortley, Theory of 
atomic _spectra (Cambridge Univ. Press, Cam
bridge England, 1935). 

[27.26] M. E. Rose1 Elementary theory of angular mo
memtum �John Wiley & Sons, Inc., New York, 
N.Y., 1955). 

[27.27] A. Simon, Numerical tables of the Clebsch-Gordan 
coefficients, Oak Ridge National Laboratory ReJ>?rt 1718, Oak Ridge, Tenn. (1954). C(jJ2i; m11n2m) for all angular moments <�. 
lOD. 

•see page a 
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29. Laplace Transforms 
29.1. Definition of the Laplace Transform 

One-dimensional Laplace Transform 

29.1.1 j(s)=.? { F(t)} = J:"' e-•1F(t)dt 

F(t) is a function of the real variable t and s is a 
complex variable. F(t) is called the original func
tion and j(s) is called the image function. II the 
integral in 29.1.1 converges for a real s=s0, i.e., 

lim fs e-•otF(t)dt 
A-HI JA � ... 

exists, then it converges for all s with :Jls>so, and _ 

the image function is a single v�lued analytic 

function of s in the half-plane Pls>s0• 

Two-dimensional Laplace Transform 

29.1.2 

j(u, v)=Jf{F(x, y)} = J:"' J:"' e-�a-orF(x, y)dxdy 

29.1.3 

Definition of the Unit Step Function 

u(t)-n (t<O) 
(t=O) 
(t>O) 

In the following tables the factor u(t) is to be 
understood as multiplying the original function 
F(t). 

29.2. Operations for the Laplace Transform 1 

29.2.1 

29.2.2 

29.2.3 

29.2.4 

29.2.5 

29.2.6 

29.2.7 

29.2.8 

29.2.9 

29.2.10 

Original Function F (t) 

F(t) 

Inveraion Formula 

1 fe+f"' -. e''f(s)ds 271"� e-ICD 

Linearity Property 

AF(t)+BG(t) 

Di.ft"erentiation 

I mage Functwn f(s) 

j(s) 

Aj(s)+Bg(s) 

sj(s)-F(+O) 

s"f(s)-s"-1F(+O)-s"-2F'(+O)- . . .  -Fc"-1'{+0) 

Integration 

i' F(r)dr 1 
-j(s) 8 

1 
82j(s) 

Convolution (Faltung) Theorem i' Ft(t-r)F2(r)dr=F1•F2 ft(s)j2(s) 

-tF(t) 

(-l)"t"F(t) 

f' (8) 

f"l (s) 

I 

Differentiation 

/ 
/ 

/ 

1 Adapted by permission from R. V. Churchill, Operational mathematics, 2d ed., McGraw-Hill Book Co., Inc., New 
York, N.Y., 1958. 

1020 



Original Function F(t) 

29.2.11 t F(t) 

29.2.12 e4'F(t) 

29.2.13 � F(D (c>O) 

29.2.14 

Translation 

29.2.15 F(t-b)u(t-b) (b>O) 
Periodic Functions 

29.2.16 F(t+a)=F(t) 

29.2.17 F(t+a)=-F(t) 

LAPLACE TRANSFORMS 

Image Function f(s) 
Integration J,"' j(x)dx 

Linear Transformation 
j(s-a) 

f(cs) 

j(cs-b) 

ia e-•'F(t)dt 
1-e-a• 

Half-Wave Rectification of F(t) in 29.2.17 I 

ia e-11F(t)dt 
l+e a• 

29.2.18 
"' 

F(t) � (-l) "u(t-na) n•O 
f(8) 

1-e 41 
Full-Wave Rectification of F('t) in 29.2.17 

29.2.19 

29.2.20 

29.2.21 

jF(t)j 

r p<r-ra> (a) t"-1 ea' � �-� �-:-: n-1 (r-n)1 (n- 1)! 

Ueavieide Expansion Theorem 

as j(8) coth 2 

p(8) -( )' q(8) = (s-a1) (8-aa) . . . (s-a,) q 8 
p(8) a polynominl of degree< m 

p(s) 
(s-a)' 
p(s) a polynomial of degree<r 

29.3. Tal>le of Laplace Transforms 2· 3 

1021 

For a comprehensive table of Laplace and other intrgral trn.nsforms sN' [29.9]. For n tn.blr of t'Yo
dimensional Laplace transforms see (29.11]. 

/(s) F(t) 

29.3.1 1 - 1 8 

29.3.2 
1 
82 t 

2 The numbers in bold type in the f(s) and F(t) columns iHdicate the chapters in which the proper tic� of the respective 
higher mathematical functions are given. 

a Adapted by permission from R. V. Churchill, Operational mathematics, 2d. eel., :\1cGraw-Hill Book Co., Lnc., �C\\' 
York, N. Y., 1958. 
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29.3.3 

29.3.4 

29.3.5 

29.3.6 

29.3.7 

29.3.8 

29.3.9 

29.3.10 

29.3.11 

29.3.12 

29.3.13 

29.3.14 

29.3.15 

29.3.16 

29.3.17 

29.3.18 

29.3.19 

29.3.20 

29.3.21 

f(s) 

1 
(n.=l, 2, 3, . . .  ) 

1 

{8 

(n=l,2, 3, . . .  ) 

r(k) 
7 

1 
s+a 

1 
(s+a)2 

1 
(s+a)" 

r (k) 
(s+a)k 

(n=1 , 2 , 3, . . .  ) � 

(k>O) 

1 
(a�b) 

(s+a) (s+b) 

8 
(a�b) 

(s+a)(s+b) 

1 . 
(s+a) (s+b) (s+c) 

(a, b ,  c distinct constants) 

1 
sz+a2 

8 
s2+a2 

1 
s2-a2· 

1 

1 

LAPLACEJ TRANSFORMS 

. F(t) 

tn-1 

(n- 1)! 

1 
.-r;t 
2-l* 

1 · 3 · 5  . . . (2n-1) ..j; 

ae-"'-be-b' 
a-b . 

(b-c)e-"' + (c-a) e-.b'+ (a- b)e-•' 
(a-b)(b-c) (c-a) 

1 . 
- sm at 
a 

cos at 

1 . h - sm at 
a 

cosh at 

1 
- (1-eos at) 
a2 

\ (at-sin at) 
a 

2�3 (sin at-at cos at) 



29.3.22 

29.3.23 

29.3.24 

29.3.25 

29.3.26 

29.3.27 

29.3.28 

29.3.29 

29.3.30 

29.3.31 

29.3.32 

29.3.33 

29.3.34 

29.3.35 

29.3.36 

29.3.37 

29.3.38 

29.3.39 

29.3.40 

8 

/(8) 

8 

3a2 
ss+aa 

4a8 
84+4a• 

LAPLACE TRANSFORMS 

F(t) 

t . 
2a SID at 

2� (sin at +at cos at) 

t cos at 

!. e-at sin bt b 

e-at cos bt 

-at ... , ( at.,fJ m . at.,fJ) e -e... cos -- - -v o SID --2 2 

sin at cosh at-cos at sinh at 

1 . . h 2a2 SID at SID at 

2�3 (sinh at-sin at) 

1 
2a2 (cosh at-cos at) 

-1--aea2t erfc a..fi ..j;i 

1023 

22 

7 

7 

7 

7 



1 024 

f(a) 

29.3.41 
1 

-v's(s+a2) 

29.3.42 
b2-az 

(s-a2) (b+-v'S) 

29.3.43 
1 

..[s({i+a) 

29.3.44 
1 

(s+a).Js+b 

29.3.45 
b2-a2 

..[s(s-a2) (..fs+b) 

29.3.46 (1-s)" 
s"+i 

29.3.47 
(1-s)"  s"+' 

29.3.48 .Js+2a 
..[s 1 

29.3.49 
1 

.Js+a../s+b 

29.3.50 r(k) 
(k>O) (s+a)1(s+ b )1 

29.3.51 
1 

(s+a)i(s+b)t 

29.3.52 ../s+2a- ..[s 
.Js+2a+..fs 

29.3.53 (a-b)1 
Ck>O) 

(.Js+a+ ..fs+b)2.t 

29.3.54 (.Js+a+ ..[s)-2• 
(v> - 1) 

..[s.Js+a 

29.3.55 
1 

--

.Jsz+a2 

29.3.56 (.Js2+a2-s) ' (v>-1) .Jsz+a2 

29.3.57 1 
(k>O) (s2+a').t 

LAPLACE TRANSFORMS 

6 

F(t) 

2 ia{i 2 
_ e-a2t eX d).. 
a� o 

ea2t [b-a erf a-Jt]-beb2t erfc b.[t 

e"21 erfc a..[t 

.J 1 r'" erf (.Jb-a..[t) b-a 

ea2' [� erf (a..[t) -1 ]+e621 erfc b..[i 

nl H (..[t) (2n) !.{;rl, 2n 

n! H (..[t) (2n+ 1) !.J; 2n+l 

ae-"'[11 (at) +Io(at)] 

e-;<a+bllfo (a z b t) 
( t y-j ca-b ) .J; a-b 

e-t<aHltf.t-i -2- t 

te-+<aH>t [Io (a 2 b t )+II (a 2 b t) J 
! e-"'l1(at) t 

� e-+<a+bllf�: (a 2 b t) 
� e-+a'l.(t at) a 

Jo(at) 

a•J.(at) 

.j?i ( t y-j 
r(k) 2a J�;_,(at) 

7 

7 

7 

7 

7 

22 

22 

9 

9 

10 

9 

9 

9 

9 

9 

9 

6, 10 



f(a) 

29.3.58 ( .../s2+a2-s)" (k>O) 

29.3.59 
(s- .../s2 a2Y 

(v>-1) 
.../s2 a2 

29.3.60 
1 (k>O) (s2-a2)l 

29.3.61 ! e-" 
8 

29.3.62 -.!.  e-l• 
82 

29.3.63 
1 -kl c�>o) - e  sl' 

29.3.64 
1 - e-t• 

8 

29.3.65 
1 l +coth !ks 

s(1- e A:•) 28 

29.3.66 
1 

s(eA��-a) 

29.3.67 
1 - tanh k8 8 

29.3.68 
1 

s(1+e k•) 

1 
29.3.69 """i tanh ks 8 

1 
29.3.70 s sinh ks 

1 
29.3.71 s cosh ks 

LAPLACE TRANSFORMS 

F(t) 

r�) (2�) k-t Ik-t(at) 6, 10 

u(t-k) Lc 
0 ' 

(t-k)u(t -k) 

b_ 
6 

u(t) -u(t-k) 

... 2: u(t-nk) 
11•0 

... 

0 • 

'0 2.)1, 

2: a"-1u(t-nk) 
'D•l I ct---r. 0 \ 2.11: 3k 

~ 
.. 

u(t)+2 2: (-l)"u(t-2nk) n-1 

... 2: (-l)"u(t-nk) h 
n•O 

� O 0 k 2tl lk 

1025 

tu(tl+2 i; (-ll"<Hmk)u(t-2mkl lliA/ 
0 �"' A\t GS;. 811 ... 

2 2: u[t-(2n+l)k] 
n-o In n 0 II !tl ��� 711. 
.. 

2 2: (-1)"u[t- (2n+l)k] 
71•0 
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29.3.72 

29.3.73 

29.3.74 

29.3.75 

29.3.76 

29.3.77 

29.3.78 

29.3.79 

29.3.80 

29.3.81 

29.3.82 

29.3.83 

29.3.84 

29.3.85 

29.3.86 

29.3.87 

29.3.88 

f(s) 1 - coth ks 8 

k 1r8 s2+Jc2 coth 2k 

1 

1 __! - e • 8 
1 _! - e • {8 
1 ! 

- e • {8 

1 _! 
(J.'>O) - e  • 

S" 

1 ! 
� e • 
S" 

e -k.[i 

1 -k..{f 
r:. e 

-vs 

<��->o) 

(k>O) 

(k�O) 

1 -h{; (k>_ 0) Si e 

1 -k..r. 
s'+i" e (n=O, 1 ,  2, . . .  ; k� O) 

fl-1 - -k..{; s 2 e (n=O, 1 ,2, . . .  ; k>o) 

e -k..{; 
a+{S 

(k�O) 

•t!ee page n. 

F(t) 

CD 

u(t)+2 � u(t-2nk) 
<�-1 

/sin kt/ ·b=vv 
... 

.:: l.!!. ' . 

� ( -l)� u(t-'T!Ilr) sin t 
n-o 

� cos 2,fkt 
-vrt 

b. cosh 2.Jkt, -vrt 

/ sin 2../ki. -vrk 

.k sinh 2,fkt 

(�) ";I Jll-1 (2,fkt) 

(
t)

.�<-1 k 2 ],.._, (2.;7d) 

k ( k2
) 2{;ts exp -4t 

erfc kr; 2-vt 
1 ( Jc2) .J;i exp -4� . 

0 w (\ 

2/; exp (-
!:)-k erfc 2�=2../i i erfc 2� 

( 4t)t" in erfc kr; 2-vt 

* 

9 

9 

9 

7 

7 

7 

22 

7 



29.3.89 

29.3.90 

29.3.91 

29.3.92 

29.3.93 

29.3.94 

29.3.95 

29.3.96 

29.3.97 

29.3.98 

29.3.99 

29.3.100 

29.3.101 

29.3.102 

29.3.103 

29.3.104 

29.3.105 

29.3.106 

LAPLACE TRANSFORMS 1027 

f(e) 

ae-1c{i 
s(a+..[i) 
e -k-/1 

..[s(a+..[i) 

e -Jc../ •<•+o> 
.../s(s+a) 

e -k../•2+o2 
.../s2+a2 

e -k../•'-c' 

.../s2 
a2 

e-t(../•'+o'-•) 
.../s2+a2 

-kl -k..j &2-+ot e -e 

e - A:  ./•'-a'-e -u 

a•e-k.J� 
.../s2+a2(...fs2+a2+s)' 1 - In s  

8 1 
Si ln s 

(k;::: o) 

(k;:::O) 

(k�O) 

(k�O) 

(k�O) 

(k�O) 

(k>o) 

(k>O) 

(v>-I,k�O) 

(k>O) 

ln s (a>O) s-a 

In s 
s2+1 

s ln s  
s2+1 

1 (k>O) - In (l+ks) 8 

1 s+a 0 s+b 
1 (k>O) - ln O+k2s2) 8 

1 - ln (s2+a2) (a>O) 8 

F(t) 

-e3eu.2t erfc ( a-/i+ 2
�)+erfc 2

� 

ea.tea2t erfc ( a-.[i +
_!:_) 
2...[i 

e-J4']0(!:a.../t2 k2)u(t-k) 

Jo(a.../t2 k2)u(t-k) 

l0(a.../t2 k2)u(t-k) 

J0(a.../t2+2kt) 

ak ..;te:k2 ..;te:k2 J1 (a t2-k2)u(t-k) 
2 

�11(a.../t2 k2)u(t-k) 
k2 

c-ky· 
t+k J,(a../t2 k2)u(t-k) 

-..,-In t("f=.57721 56649 . . .  Euler's constant) 

t.t- 1 
r(k) [Y,(k)-ln t] 

e4'[ln a+Et(at)] 

cos t Si (t) -sin t Ci (t) 

-sin t Si (t)-cos t Ci (t) 

E� (�) 
! (e-o'-e-<�') t 

- 2 ci (�) 
2 ln a-2 Ci (at) 

7 

7 

9 

9 

9 

9 

9 

9 

9 

6 

5 

5 

5 

5 

5 

5 
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29.3.107 

29.3.108 

29.3.109 

29.3.110 

29.3.111 

29.3.112 

29.3.113 

29.3.114 

29.3.115 

29.3.116 

29.3.117 

29.3.118 

29.3.119 

29.3.120 

29.3.121 

29.3.122 

29.3.123 

29.3.124 

29.3.125 

/(a) 
1 2 ln (82+a2) 8 

s2+a2 ln -82 
82-d2 In --82 

k arctan -8 

1 k - axctan -
8 8 

ek1'2 erfc k8 

!. et'•' erfc k8 8 
e"' erf c ..[fi 
1 {8 erfc -Jks 

_!_ ek• erfc ...fk8 -{s 
k erf --{s 

k' k 1 -
- e' erfc --{s {8 

(a>O) 

(k>O) 

(k>O) 

(k>O) 

(k;::::O) 

(k;::::O) 

K0(k8) (k>O) 

Ko(k..[i) 

1 - e"'K1(ks) 8 
.Js Ka (k..[i) 

- e1 Ko -1 k (k) 
{8 8 

.,.e-k•J o(ks) 

e -"']1 (ks) 

(k>O) 

(k>O) 

(k>O) 

(k>O) 

(k>O) 

(k>O) 
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7 

7 

7 

7 

7 

7 

7 

9 

9 

9 

9 

9 

9 

9 

F(t) 

� [at In a+sin at-at Ci (at)] a 
2 t (1-cos at) 
2 t (1-cosh at) 

1 
. k 1 sm t 

Si (kt) 

1 ( t2 ) k� exp 
-4k2 

t erf 2k 

-JIC 
.,.-Jt(t+k) 

1 - u(t-k) {;t 
1 

.J.,.(t+k) 

;t sin 2k..[t 

1 -2k..ff --:= e 
..;.,.t 

1 � u(t-k) 
k2 

2
1
t exp ( -�) 
�.Jt(t+2k) 

!. exp ( _k) k 4t 

.];,_ Ko(2.J2kt) 
t 

1 
.Jt(2k-t) [u(t)-u(t-2k)] 

k-t . [u(t)-u(t-2k)] 
.,.k.Jt(2k-t) 

5 

5 

7 

9 



LAPLACE TRANSFORMS 1029 

/(8) F(t) 

29.3.126 etuEs(as) (a>O) 5 
1 

t+a 

29.3.127 !-setuEt (as) (a>O) 5 
1 

a (t+a)2 

29.3.128 a1-"e41E,.(as) (a>O;n=O, 1 , 2, . . .  ) 5 1 
(t +a)" 

29.3.129 [�-Si (s) J cos s+Ci(s) sin s 5 1 
t2+1 

29.4. Table of Laplace-Stieltjes Transforms 4 

4>( s) 
29.4.1 J:.., e-"dif>(t) 

29.4.2 e-.u (k>O) 

29.4.3 1 
.(k>O) 1 - e  t• 

29.4.4 1 
(k>O) 1 +e-.u 

29.4.5 
1 

(k>O) 
sinh ks 

29.4.6 
1 

(k>O) 
cosh ks 

29.4.7 tanh ks (k>O) 

29.4.8 1 
(k>O) 

sinh (ks+a) 

29.4.9 e-��s 
(k>o, h>o) 

sinh (ks+a) 

29.4.10 sinh (hs+b) 
(O<h<k) 

sinh (ks+a) 
.., 

29.4.11 :E a,.e-.�o,., 
11"'0 

For the definition of the Laplace-Stieltjes 
transform see [29.7]. In practice, Lo.place-Stieltjes 
transforms a.re often written as ordinary Laplace 
transforms involving Dirac's delta function 8(t). 
This "function" may formally be considered as 

<J:I(t) 
4>(t) 

u(t-k) 

... 
:E u(t-nk) 
n-o 

... 
:E ( -l)"u(t-nk) 
n-o 

... 
2 :E u[t- (2n+l)k] 

n-o 

CD 

2 :E (-1)"i£[t - (2n+1)k] 
n-o 

CD 

u(t)+2 :E (-l)"u(t-2nk) 
n•l 

.., 
2 :E e-<2n+Uau,[t - (2n+l)k] 

n-o 
... 

2 :E e-c2n+l>au[t-h- (2n+l)k] 
n=O 

CD :E e-<2n+lla[ e0u(t+h-(2n+l)k] 
n-o 

- e-0u[t-h- l2n+ l)k]} .., :E a,.u(t-k,.) 
n-o 

the derivative of the unit step function, du(t) = 8(t) fr J.. {0 (x<O) 
dt, so that -

... 
du(t)= _.., 8(t)dt= 1 (x>O). 

The correspondence 29.4.2, for instance, then 

assumes the form e-t•= i"' e-018(t-k)dt. 

• Adapted by permission from P. M. Morse and H. Feshbach, Methods of theoretical physics, vols. 1, 2, McGraw
Hill Book Co., Inc., New York, N.Y., 1953. 
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2: n sum or product taken over all pri�e m1mbers P-

2: n sum or product overall positive divisors d of 11.. 
dJ• •!• 

J Cauchy's principal value of the integraL _ _ _ _  _ 
� approximately equaL _____________________ _ 

,.._ asymptotically equaL _ _ _ _ _ _ _ _ __ _ _ _ _ _ _ _ _ _ _ _  _ 
<. >, ::S � inequality, inclusion _ _ _ _ _ _ _ _ _ _ _ _ _  _ 
� unequal----------------------------------
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